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Non-Hermitian (NH) Hamiltonians describe open quantum systems, nonequilibrium dynamics, and
dissipative processes. Although a rich range of single-particle NH physics has been uncovered, many-
body phenomena in strongly correlated NH systems have been far less well studied. The Kondo
effect, an important paradigm for strong correlation physics, has recently been considered in the NH
setting. Here we develop a NH generalization of the numerical renormalization group (NRG) and
use it to solve the NH Kondo model. Our non-perturbative solution applies beyond weak coupling,
and we uncover a nontrivial phase diagram. The method is showcased by application to the NH
pseudogap Kondo model, which we show supports a completely novel phase with a genuine NH
stable fixed point and complex eigenspectrum. Our NH-NRG code, which can be used in regimes
and for models inaccessible to, e.g., perturbative scaling and Bethe ansatz, is provided open source.

The past two decades have seen immense interest in
open quantum systems, with non-Hermitian (NH) Hamil-
tonians describing the effective dynamics of dissipative
systems playing a key role [1–5]. NH Hamiltonians
present certain unique challenges, such as dealing with
complex eigenvalues, non-orthonormal eigenvectors [6, 7],
and exceptional points [8–18] – singularities in parame-
ter space at which eigenvalues and eigenstates coalesce.
NH systems with PT -symmetry [19–21] are somewhat
simpler, having real eigenvalues; but many systems of in-
terest do not fall into this class. Much attention has, to
date, focused on single-particle NH systems [3, 4], while
many-body counterparts remain far less well explored.
Although recent work has begun to address strongly-
correlated NH physics, non-perturbative numerical meth-
ods beyond exact diagonalization remain limited [22, 23].

The Kondo model [24] is a classic paradigm for strong-
correlation physics in the standard Hermitian scenario, so
the solution of its NH generalizations is naturally of im-
portance for understanding NH physics in the many-body
context. Furthermore, as shown in Ref. [25], ultracold
atom systems undergoing inelastic scattering with two-
body losses can be described by an effective NH Kondo
model. These factors have stimulated considerable inter-
est in a range of NH quantum impurity models [25–35].

The non-Hermitian Kondo model reads,

Ĥ = Ĥbath + JŜi · Ŝ0 , (1)

where J = JR − iJI is taken to be complex, Ŝi is a
spin- 12 operator for the impurity, Ĥbath =

∑
k,σ ϵkc

†
kσckσ

describes a continuum bath of non-interacting conduc-
tion electrons labeled by spin σ =↑, ↓ and momentum
k, and Ŝ0 = 1

2

∑
σ,σ′ c

†
0στσ,σ′c0σ′ is the local conduc-

tion electron spin density at the impurity position (here
c0σ =

∑
k αkckσ and τ is the Pauli vector). The bath is

characterized by its density of states (DOS) at the im-
purity, ρ(ω). For a standard metallic flat band, we take
ρ(ω) = ρ0Θ(D − |ω|). Eq. (1) does not possess PT -
symmetry, so generically has a complex eigenspectrum.

The standard Hermitian Kondo model is recovered for
JI = 0. For antiferromagnetic coupling JR > 0, the im-
purity spin is dynamically screened by surrounding con-
duction electrons via the Kondo effect [24] at low tem-
peratures T ≪ TK , with TK ∼ De−1/ρ0JR the Kondo
temperature. The physics is non-perturbative and non-
Markovian: even for small bare JR, the impurity becomes
strongly coupled to the bath at low T by formation of a
many-body Kondo singlet state inside a large entangle-
ment ‘cloud’ [36–38]. The Kondo effect can be under-
stood in the renormalization group (RG) framework [39]
as a flow from the unstable local moment (LM) fixed
point, corresponding to a free spin on the impurity de-
coupled from the bath, to the stable strong-coupling (SC)
fixed point in which the impurity is bound up in the
Kondo singlet. A full, non-perturbative solution of the
Kondo problem is provided by Wilson’s numerical renor-
malization group (NRG) technique [40, 41], which can
also be applied to generalized quantum impurity prob-
lems, and works with arbitrary bath density of states.
The Hermitian Kondo model in the wide flat-band limit
can also be solved exactly by Bethe ansatz [42].

The NH Kondo model was studied in Ref. [25] using
a combination of perturbative scaling and Bethe ansatz,
which provides a rather complete picture of the weak-
coupling physics up to |J |/D ≲ 0.25, beyond which the
methods break down. It was shown that sufficiently
strong dissipation (tuned by increasing JI) can produce
a quantum phase transition between the standard Kondo
SC phase and an unscreened LM phase, via a mechanism
analogous to the continuous quantum Zeno effect [43]. A
reversion of the RG flow was observed in the LM phase,
which violates the g-theorem for Hermitian systems [44].
The low-energy fixed points were found to be real, mean-
ing that the metallic NH Kondo model has an emergent
Hermiticity. However, this scenario has recently been
challenged, with the alternative Bethe ansatz results of
Ref. [28] appearing to show a different phase diagram,
with a new phase intervening between SC and LM.
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FIG. 1. Solution of the non-Hermitian Kondo model using NH-NRG. (a) Phase diagram in the (JR, JI) plane, showing the
numerically-exact boundary (black line) separating SC (blue) and LM (orange) phases. Red dot-dashed line shows the Bethe
ansatz result [25] which is valid for |J | ≲ 0.25 and agrees perfectly with NH-NRG in that regime (see inset). (b,c) RG flow of
the NH-NRG complex eigenvalues EN with iteration number N , showing the real and imaginary parts in the top and bottom
panels, for representative systems in the SC and LM phases. (d,e) Reversion of eigenvalue RG flow in the Argand plane for an
LM system (J = 0.1− 0.5i). N increases in the direction of the arrows towards the Hermitian Kondo fixed point value (green
point). Shown for different representative states in (d) and (e). NH-NRG calculations performed for Λ = 3 and Nk = 400.

In this Letter, we introduce the non-Hermitian numer-
ical renormalization group (NH-NRG) method, which is
fully non-perturbative, and can be applied to a wide
range of Kondo or Anderson-type impurity models and
their variants. With no restriction on coupling strength,
we uncover the full phase diagram of the NH Kondo
model (Fig. 1a), showing that at weak-to-moderate cou-
pling, the scenario of Ref. [25] exactly pertains. However,
for stronger dissipation (larger values of JI) we find re-
entrant Kondo behavior; whereas the LM phase is found
to terminate entirely beyond a critical value of JR. Unlike
the Bethe ansatz and other methods such as conformal
field theory that rely on linear dispersion [42, 44], NH-
NRG works with equal ease for any bath DOS. We apply
NH-NRG to a NH pseudogap Kondo model, showing that
the lower-critical dimension of the Hermitian model [45]
is shifted by finite JI , and an entirely new stable fixed
point appears that is fundamentally non-Hermitian.

Non-Hermitian NRG.– Here we generalize the stan-
dard NRG methodology to treat NH quantum impurity
problems. Although the basic algorithm proceeds along
similar lines to Wilson’s original formulation for Hermi-
tian systems [40, 41], incorporating NH physics involves
additional challenges. Below we describe the key points,
but full technical details and validation checks are given
in the End Matter and Supplemental Material [46].

In the standard NRG procedure for the Kondo model,
the first step is to logarithmically discretize the free
conduction electron bath and map it to a 1d Wilson
chain (WC). This is done by dividing up the density
of states ρ(ω) into intervals according to the discretiza-
tion points ±DΛ−n, where Λ > 1 is the NRG dis-
cretization parameter and n = 0, 1, 2, 3, .... The continu-
ous electronic density in each interval is replaced by a

single pole at the average position with the same to-
tal weight, yielding ρdisc(ω). We then map Ĥbath →
ĤWC =

∑∞
n=0

∑
σ(ϵnf

†
nσfnσ+tnf

†
nσfn+1σ+tnf

†
n+1σfnσ)

with the real parameters {ϵn} and {tn} chosen such
that the local density of states at orbital f0σ to which
the impurity couples is precisely ρdisc(ω). Due to the
logarithmic discretization [40], the WC parameters de-
cay asymptotically as ∼ DΛ−n/2. We now define a
sequence of Hamiltonians ĤN comprising the impurity
and the first N chain sites, satisfying the recursion rela-
tion ĤN = ĤN−1 + T̂N where T̂N =

∑
σ(ϵNf†

NσfNσ +

tN−1f
†
N−1σfNσ + tN−1f

†
NσfN−1σ). The sequence is ini-

tialized by Ĥ0 = JŜi · Ŝ0 [47] and the full (discretized)
model is obtained as N → ∞. Starting from the impu-
rity, we build up the chain by successively adding WC
sites using this recursion. At each step N , the Hamilto-
nian ĤN is diagonalized, and only the Nk lowest energy
states are retained to construct the Hamiltonian ĤN+1

at the next step. In such a way, we focus on progres-
sively lower energy scales with each iteration. The higher
energy states can be discarded at each step due to the
energy-scale separation down the chain. The RG charac-
ter of the problem can be seen directly in the evolution
with N of the many-particle NRG energy levels of ĤN .
This is done by specifying the NRG energies EN with
respect to the ground state energy of that iteration, and
then rescaling by a factor ΛN/2, so that the Nk retained
states at each step always span the same energy range.
Importantly, the NRG energy levels flow between fixed
points (e.g. from LM to SC). The calculation scales lin-
early in N , and the stable fixed point is reached after
a finite number of steps. NRG is thus able to capture
an exponentially-wide range of energy scales, from the
bandwidth D down to the Kondo temperature TK .
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FIG. 2. Non-Hermitian pseudogap Kondo Model. (a) Critical JR separating LM and SC phases, vs pseudogap exponent r, for
different JI . Lower-critical dimension of the Hermitian model at r = 0.5 shown as the dotted vertical line. (b-e) Eigenvalue
RG flow for systems indicated by the star points in (a). (b,c) Representative LM and SC flows for r = 0.35; (d,e) Flow for LM
and a new ‘complex strong coupling’ (CSC) fixed point for r = 0.525. NH-NRG calculations with Λ = 3 and Nk = 400.

In the NH case, ĤN in general has complex eigenvalues,
and its left and right eigenvectors are distinct. The itera-
tive diagonalization procedure in NH-NRG proceeds sim-
ilarly to the Hermitian case, but the recursion by which
ĤN+1 is obtained from ĤN must be carefully reformu-
lated to account for these crucial differences – see End
Matter and [46]. One may construct a bi-orthonormal
basis [6] if the spectrum is non-degenerate, and this pro-
vides substantial advantages in terms of the efficiency and
stability of the algorithm. Although quantum impurity
models do typically have many eigenvalue degeneracies,
the most significant source of these is from symmetries.
However, these symmetries can then be utilized to block-
diagonalize the Hamiltonian in distinct quantum number
subspaces [48]. In the present setting, labeling states by
the total charge Q and total spin projection Sz is suf-
ficient to separate all exact degeneracies into different
blocks [49]. It is anyway desirable to exploit symmetries
in this way since it reduces block sizes, and increases com-
putational efficiency [50]. We identify two other sources
of approximate degeneracy in these systems: accidental
and emergent. In both cases, the use of high-precision nu-
merics is found to overcome any instabilities associated
with bi-orthonormalization [46].

Another key aspect of the NRG procedure that must
be adapted is the Fock-space truncation at each step.
In Hermitian NRG, where the eigenvalues EN are real,
we retain only the Nk lowest-lying eigenvalues; but this
becomes ambiguous in the NH context when the eigenval-
ues are complex. We found that truncating by the lowest
real-part of the eigenvalues gives the most accurate and
stable results. We therefore identify the ‘ground state’ as
the one with the lowest real-part (consistent with existing
conventions in NH physics).

We have confirmed explicitly that applying NH-NRG
to a non-interacting NH resonant level model using this

truncation scheme perfectly reproduces the results of ex-
act diagonalization, as shown in the End Matter. This
provides a stringent test of the NH-NRG algorithm.

Our NH-NRG code is available open source to facilitate
future studies of NH quantum impurity models, see [51].

Solution of the NH Kondo model.– We now apply NH-
NRG to the metallic NH Kondo model (bandwidthD ≡ 1
hereafter). The full phase diagram obtained by NH-NRG
is presented in Fig. 1(a) as a function of the real and
imaginary parts of the complex Kondo coupling, JR and
JI . We find two phases, described by the SC and LM
fixed points of the Hermitian Kondo model, separated by
a first-order quantum phase transition. We identify the
phases from the NH-NRG eigenspectrum at large N after
convergence, which takes a distinct form in SC and LM
phases. In particular, the imaginary part of the eigen-
values Im(EN ) vanish in all cases at large N , indicating
the emergent Hermiticity of the fixed point Hamiltonian.
Since the fixed points are Hermitian, we can compute
their thermodynamic properties in the usual way [40]. As
expected, we find an impurity contribution to entropy of
kB ln(2) for a free spin in the LM phase, and 0 for the
screened Kondo singlet in the SC phase.

At relatively weak bare coupling |J | ≲ 0.25, the NH-
NRG phase boundary (black line) matches precisely with
the Bethe ansatz prediction of Ref. [25], plotted as the red
dot-dashed line (see inset). However at stronger coupling
we find new features. For JR ≳ 0.55 the LM phase dis-
appears, and the Kondo effect dominates over dissipative
effects. For JR ≲ 0.55 we find re-entrant Kondo physics
as |JI | is increased. Therefore, the dissipation-induced
unscreened phase in fact occupies a bounded region in
the parameter space of the NH Kondo model.

We analyze the RG flow in Fig. 1(b-e) by tracking the
(rescaled) NRG eigenvalues EN as a function of itera-
tion number N . In (b) we plot the real and imaginary
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parts (top and bottom panels) for a system in the SC
phase, and observe clear RG flow between LM and SC
fixed points. Although the imaginary part of EN is fi-
nite for early iterations and initially grows, it decays to
zero as the stable fixed point is reached. Interestingly,
Im(EN ) becomes large along the crossover between fixed
points. The crossover at Nc between LM and SC can
be interpreted as a ‘temperature’ scale TK ∼ DΛ−Nc/2

corresponding to Kondo screening, and we numerically
extract the relation TK ∼ De−2DJR/|J|2 from the NH-
NRG data in the weak-coupling regime [46], consistent
with the perturbative scaling result of Ref. [25].

Fig. 1(c) shows the analogous plots for a system in
the LM phase, which starts off close to the LM fixed
point, evolves under RG, but then returns back to it at
large N . This anomalous RG-flow reversion, identified in
Ref. [25], is further illustrated in panels (d,e) which show
the evolution of two particular eigenvalues in the Argand
plane, with increasing N following the direction of the
arrows. Green points show the fixed point eigenvalues of
the Hermitian Kondo model to which they converge.

NH Pseudogap Kondo.– To further showcase the ver-
satility of the NH-NRG method, we now turn to the NH
pseudogap Kondo model. The pseudogap bath is char-
acterized by a density of states ρ(ω) = ρ0|ω|rΘ(D − |ω|)
with power-law exponent r > 0, and we focus on the
particle-hole symmetric case. The standard Hermitian
version of the model has been extensively studied using
a variety of methods including perturbative RG [45, 52]
and NRG [53, 54]. A transition between LM and SC
phases upon increasing JR through the critical value
J∗
R(r) was found for 0 < r < 1

2 , with r = 1
2 itself playing

the role of a lower-critical dimension rc, beyond which
the critical point disappears and Kondo screening is no
longer possible [45]. By contrast, for the NH variant with
J ∈ C we find that rc ≡ rc(JI) gets shifted to larger val-
ues as JI increases. Fig. 2(a) shows the phase transition
boundaries obtained from NH-NRG as a function of JR
and r for different JI . The blue line is for the Hermitian
case with JI = 0, which is seen to diverge at rc(0) =

1
2 as

expected from Ref. [53]. For JI > 0 and 0 < r < 1
2 our

analysis of the eigenvalue RG flow shows that the sta-
ble fixed points obtained at large N are identical to the
Hermitian pseudogap Kondo fixed points. Fig. 2 shows
the flow diagrams for JR < J∗

R in the LM phase (panel
b) and for JR > J∗

R in the SC phase (c). Likewise, the
LM phase for r > 1

2 in panel (d) shows RG flow to the
standard Hermitian LM fixed point. However, in the re-
gion r > 1

2 and JR > J∗
R that would be forbidden in the

Hermitian limit, we find an entirely novel stable fixed
point, see panel (e). Remarkably, in this phase the sta-
ble fixed point is intrinsically non-Hermitian, with a per-
sistent complex eigenspectrum and Im(EN ) that do not
decay with N . We dub this fixed point CSC for complex
strong coupling. We leave the detailed study of this phase
to future work. This behavior and the structure of the

FIG. 3. Comparison of eigenvalue RG flows for NH AIM
(left) and NH Kondo (right). (a,b) Convergence to the same
SC fixed point; (c,d) convergence to the LM fixed point. NH-
NRG calculations for Ud = 0.3, ϵd = −0.15, Λ = 3, Nk = 400.

full phase diagram is beyond the reach of perturbative
techniques [29] or methods relying on linear dispersion.
Non-Hermitian Anderson model.– Finally, we consider

the physics of the NH Anderson impurity model (AIM),

ĤAIM = Ĥbath + ϵd
∑

σ d
†
σdσ + Udd

†
↑d↑d

†
↓d↓

+V
∑

σ

(
d†σc0σ + c†0σdσ

)
, (2)

where the first line describes the isolated bath and impu-
rity orbital, while the tunnel-coupling between them is
given in the second line. Non-Hermiticity can be intro-
duced by making any/all of the parameters ϵd, Ud or V
complex. We focus here on the case where V ∈ C and the
bath has a flat density of states. Various aspects of An-
derson models describing loss and dephasing have been
considered before [30–33, 35], but our aim here is to con-
firm the mapping between NH AIM and Kondo models.
The Schrieffer-Wolff transformation [24, 30, 35] is per-
turbative and applies strictly only in the limit of large
Ud (and therefore small J). Is the low-energy physics,
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and especially the ground state, of the AIM described
by the Kondo model beyond the perturbative regime? Is
the full phase diagram of the NH Kondo model shown in
Fig. 1(a) accessible within the AIM?

We answer these questions using non-perturbative NH-
NRG. The mapping between Hermitian AIM and Kondo
models beyond Schrieffer-Wolff was first established in
Ref. [55] using NRG, and we adopt the same strategy here
for the NH case. In Fig. 3 we confirm explicitly that the
same stable fixed points are reached in the same way un-
der RG in both models, for both SC and LM phases [56].
NH-NRG results also confirm that the phase diagram
of the NH AIM in the (ReV, ImV ) plane has the same
structure as that of the NH Kondo model, including the
re-entrant Kondo behavior at large ImV [46] and the ter-
mination of the LM phase beyond a critical value of ReV .

Conclusion and outlook.– The numerical renormaliza-
tion group is often considered the gold-standard method
of choice for solving quantum impurity models [41]. Here
we generalized the method to treat non-Hermitian im-
purity problems, and applied our NH-NRG approach to
the NH Kondo and NH Anderson models. NH-NRG is
non-perturbative and can be applied equally well to non-
integrable systems and those without the linear disper-
sion property, such as the pseudogap Kondo model. The
method provides direct access to the RG flow of the com-
plex many-particle eigenvalues: it allows different phases
to be fingerprinted by identification of characteristic fixed
point structures, and emergent energy scales can be read
off from the crossovers between fixed points.

NH-NRG opens the door to studying the interplay be-
tween NH and strong correlation physics in a wide range
of models – for example systems with multiple impuri-
ties [57–61] and/or multiple baths [62–65], impurities in
unconventional materials [66–73], underscreened Kondo
effect with higher spin [74, 75], and critical phenomena
near impurity quantum phase transitions [76, 77]. NH-
NRG could be extended to compute zero-temperature
dynamical quantities, such as the impurity spectral
function [78]. This would allow non-Hermitian lattice
models [79, 80] to be studied within DMFT [81], using
NH-NRG as an impurity solver. Our NH-NRG code is
provided open source at Ref. [51].

Acknowledgments.– The authors acknowledge funding
from Science Foundation Ireland through grant 21/RP-
2TF/10019. We are grateful to Ralph Smith for provid-
ing the ‘GenericSchur’ Julia package [82].
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END MATTER

Iterative diagonalization.– Here we give an overview
of the NH-NRG algorithm, highlighting key differences
with the Hermitian formulation described in Ref. [41]. In
the following we assume a bi-orthonormal basis [6] such
that the inner product of left and right states satisfies
⟨n|m⟩L,R

= δnm. Further details can be found in the
Supplemental Material [46].

At step N+1 of the NH-NRG calculation, we construct
the Hamiltonian matrix Hb

N+1 with elements,

⟨N + 1; k; r|Lb ĤN+1 |N + 1; k′; r′⟩Rb , (E.1)

where L(R) refers to the left(right) states, and the b sub-
script denotes the basis states, which are decomposed as,

|N + 1; k; r⟩L(R)
b = |k⟩N+1 ⊗ |N ; r⟩L(R)

d . (E.2)

Here |N ; r⟩L(R)
d are the Nk retained left(right) eigen-

states of the previous iteration satisfying ĤN |N ; r⟩Rd =

EN (r) |N ; r⟩Rd and ⟨N ; r|Ld ĤN = ⟨N ; r|Ld EN (r); whereas
|k⟩N+1 = {|−⟩ , |↓⟩ , |↑⟩ , |↑↓⟩} are the four states of the
added orbital N + 1, labeled respectively by the index
k = {0,−1,+1, 2}, which are equal for L and R.

From the recursion relation ĤN+1 = ĤN + T̂N+1 and
Eq. (E.2), we may then express the matrix elements as,

⟨N + 1; k; r|Lb ĤN+1 |N + 1; k′; r′⟩Rb (E.3)

= ⟨k|N+1 ⟨N ; r|Ld ĤN |k′⟩N+1 |N ; r′⟩Rd
+ϵN+1

∑

σ

⟨k|N+1 ⟨N ; r|Ld f†
N+1σfN+1σ |k′⟩N+1 |N ; r′⟩Rd

+tN
∑

σ

⟨k|N+1 ⟨N ; r|Ld f†
NσfN+1σ |k′⟩N+1 |N ; r′⟩Rd

+tN
∑

σ

⟨k|N+1 ⟨N ; r|Ld f†
N+1σfNσ |k′⟩N+1 |N ; r′⟩Rd .

This expression simplifies to,

⟨N + 1; k; r|Lb ĤN+1 |N + 1; k′; r′⟩Rb (E.4)

= δkk′δrr′ (EN (r) + |k|ϵN+1)

+(−1)k tN
∑

σ
Mσ

kk′ ⟨N ; r|Ld f†
Nσ |N ; r′⟩Rd

+(−1)k
′
tN

∑
σ
Mσ

k′k ⟨N ; r|Ld fNσ |N ; r′⟩Rd

where in the last two lines we inserted the identity
between the creation and annihilation operators [46].

Here, Mσ
kk′ = (Mσ

k′k)
† denotes the trivial matrix element

⟨k|fN+1σ|k′⟩N+1 whose value does not depend on N .
Thus we can construct the Hamiltonian matrix Hb

N+1

at NRG iteration N +1 using information from iteration
N . Specifically, we need the set of complex eigenvalues
EN (r), and the matrix elements ⟨N ; r|Ld f†

Nσ |N ; r′⟩Rd and

⟨N ; r|Ld fNσ |N ; r′⟩Rd which in the NH case are not Her-
mitian conjugates and need to be computed separately.

With Hb
N+1 in hand, we diagonalize the matrix to

obtain the eigenvalues EN+1 and the left and right

eigenvectors |N + 1; r⟩L(R)
d . Specifically, Hb

N+1 =

UR
N+1H

d
N+1(U

L
N+1)

† where Hd
N+1 is the diagonal ma-

trix of eigenvalues EN+1 and U
R(L)
N+1 is a matrix whose

columns are the right(left) eigenvectors. Therefore we
can expand the eigenstates as,

|N + 1; r⟩R(L)
d =

∑

m,s

U
R(L)
N+1 (r;m, s)(†) |N + 1;m; s⟩R(L)

b

≡
∑

m,s

U
R(L)
N+1 (r;m, s)(†) |m⟩N+1 |N ; s⟩R(L)

d . (E.5)

We use this to construct the nontrivial matrix elements
required for the next step,

⟨N + 1; r|Ld f†
N+1σ |N + 1; r′⟩Rd (E.6)

=
∑

m,m′,s

Mσ
m′m UL

N+1(r;m, s)†UR
N+1(r

′;m′, s)

⟨N + 1; r|Ld fN+1σ |N + 1; r′⟩Rd (E.7)

=
∑

m,m′,s

Mσ
mm′ UL

N+1(r;m, s)†UR
N+1(r

′;m′, s)

Note that only the ‘lowest’ Nk eigenstates are retained
at each step, meaning that the computational complexity
is approximately constant at each step. In practice this
Fock space truncation is done by retaining states with
the lowest real part of the complex eigenvalues EN .
As such, the chain can be built up iteratively, starting

from Ĥ0 consisting of just the impurity and the Wil-
son zero-orbital. Since states with large Re(EN ) are dis-
carded at each step, we focus on the states with pro-
gressively smaller Re(EN ) as the calculation proceeds.
To analyze the RG flow we specify EN with respect to
the state with the lowest Re(EN ) at that iteration, and
rescale by a factor of ΛN/2. It is these rescaled eigenval-
ues that are plotted in the figures.
Truncation schemes and numerical precision.–

Through extensive numerical testing, we found that
truncation to the Nk states with the lowest Re(EN ) at
each step yields the most stable and accurate results. In
this Letter we presented results for Λ = 3 and Nk = 400,
which we explicitly checked were numerically converged
with respect to increasing Nk (essentially no change
in the RG flow was observed by increasing Nk to 1024
kept states). In certain cases we observed numerical
instabilities in the diagonalization which were completely
resolved by using high-precision numerics. All of the
results presented were confirmed to be converged using
128-bit precision complex numbers [82].
Other truncation schemes (discussed further below)

were investigated. For example, truncation to the Nk

states with the lowest magnitude |EN | produces a some-
what different set of states being tracked along the RG
flow. However, retained states common to both trunca-
tion schemes were found to have exactly the same RG
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FIG. E1. Validation of NH-NRG method for the non-interacting AIM with Ud = 0. The full set of complex eigenvalues are
constructed from exact diagonalization of ĤN and shown in the Argand plane for N = 2, 3, 4, 5 as the black circle points. NH-
NRG results are shown as the red diamond points: the min(Nk, 4

N+2) retained states match precisely with the exact results.
Top row (a) shows NH-NRG truncation scheme ‘LowRe’ in which the lowest Nk states sorted by Re(EN ) are kept. Bottom row
(b) shows an alternative truncation scheme ‘LowMag’ where states are sorted by |EN |. Shown for Λ = 3, Nk = 1024, ϵd = 0,

V = 0.1− 0.08i. Eigenvalues rescaled by ΛN/2 are plotted with respect to the ‘ground state’ of that iteration.

flow, provided Nk was sufficiently large. Overall, trunca-
tion by lowest Re(EN ) is preferred due to advantageous
stability and accuracy with respect to Nk, and less fre-
quent need for high-precision numerics.

Validation and benchmarking of method.– The NH-
NRG method for the AIM works with equal ease for
any interaction strength Ud. In particular, the NH-
NRG algorithm works exactly the same for the trivial
case Ud = 0 as for the nontrivial interacting case with
Ud > 0. For Ud = 0 we can also simply diagonal-
ize the single-particle Hamiltonian matrix and then con-
struct the many-particle states from these. Thus in this
limit we can exactly diagonalize the full impurity-and-
Wilson-chain composite system without any truncation
or approximation. This provides a stringent check on our
NH-NRG results by direct comparison.

Our results of this testing are shown in Fig. E1 for the
Ud = 0 AIM (also known as the resonant level model) in
which a non-interacting impurity is coupled to the usual
(flat-band) Wilson chain of N+1 sites. We compare NH-
NRG results (red diamond points) with Nk = 1024 kept
states, and exact diagonalization of the tight-binding
model (black circle points). In the latter we construct
the full 4N+2 dimensional Fock space. Complex eigen-
values of ĤN are plotted for different N in the Argand

plane in Fig. E1. Top row (a) shows results for the trun-
cation scheme ‘LowRe’ in which the Nk states with the
lowest Re(EN ) are retained; whereas the bottom row (b)
is for the ‘LowMag’ scheme where the Nk states with the
lowest |EN | are instead kept. Although a different set of
states in the NH-NRG calculation is retained in either
case, these accurately match with the corresponding ex-
act diagonalization results from the tight-binding chain.
We note that the NH-NRG results for N = 5 in panel
(b) are highly degenerate, with the Nk = 1024 retained
states giving only three distinct eigenvalues. The kept
eigenvalues in (a) are far less degenerate. In the case of
high degeneracy, which poses a challenge for numerical
diagonalization and bi-orthonormalization of NH matri-
ces, we add a physically inconsequential on-site disorder
to the Wilson chain of width 10−7 which lifts the degen-
eracy. This precaution was not required for any of the
interacting models studied, which do not possess such
high degeneracies.
Additional examples of different truncation schemes

and benchmarking for different non-interacting models
are provided in the Supplemental Material [46]. We have
also checked that our NH-NRG code reproduces the re-
sults of standard NRG when Ĥ0 is Hermitian.
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• In Section S.I, we discuss some basic properties of non-Hermitian (NH) systems.

• In Section S.II, we provide the complete derivation of the iterative construction of the Hamiltonian used in the
non-Hermitian numerical renormalization group (NH-NRG) method.

• In Section S.III, we illustrate alternative truncation schemes for the NH-NRG procedure.

• In Section S.IV, we provide additional eigenvalue flow diagrams for the NH Anderson Impurity Model (AIM).

• In Section S.V, we discuss the evolution of the Kondo temperature TK .

S.I. NON-HERMITIAN SYSTEMS

Before jumping into the iterative construction procedure used in NH-NRG, we first provide a brief discussion of
NH matrices which will come in useful later. See also Refs. [1, 2] for discussions of bi-orthogonal quantum mechanics.

For an NH system, for which Ĥ ̸= Ĥ†, the left and right eigenvectors are defined such that,

Ĥ |Ej⟩R = λj |Ej⟩R , Ĥ† |Ej⟩L = λ∗
j |Ej⟩L (S.1)

⟨Ej |R Ĥ† = ⟨Ej |R λ∗
j , ⟨Ej |L Ĥ = ⟨Ej |L λj . (S.2)

Although the left and right eigenvectors are not individually orthonormal, they may form a bi-orthogonal basis if the
eigenspectrum is non-degenerate. In the following we assume this property, which can be defined as,

⟨Ei|Ej⟩LR
= δij . (S.3)

Here we have also bi-normalized the basis. We note that a bi-orthonormal basis is not the default output for left
and right eigenvectors from most standard numerical eigensolvers (e.g. via Python, Julia, or Fortran) and so the
bi-normalization typically has to be done manually.

To bi-normalize the left and right eigenvectors, we first compute the overlaps,

LRj = ⟨Ej |Ej⟩LR
, (S.4)

and then, provided the corresponding left and right eigenvectors are non-orthogonal, we rescale the vectors,

|Ej⟩R → |Ej⟩R√
LRj

, |Ej⟩L → |Ej⟩L√
LRj

∗ , (S.5)

which ensures ⟨Ej |Ej⟩LR
= 1.

Assuming bi-orthonormality now, an NH matrix Ĥ can be decomposed in terms of its left and right eigenvectors,

Ĥ =
∑

j

λj |Ej⟩⟨Ej |RL , ⟨Ej |L Ĥ |Ek⟩R = δjkλj . (S.6)

With some bi-normalized basis |ϕj⟩L(R)
of left(right) states, we can construct the Hamiltonian matrix Hϕ with

elements [Hϕ]ij = ⟨ϕi|L Ĥ |ϕj⟩R. Numerical diagonalization of this matrix yields URHE (UL)† = Hϕ where [HE ]ij =
δijλj and the columns of the matrices UR and UL contain the right and left eigenvectors. It follows that,

(UL)†UR = I ; tr
[
(UL)†UR

]
= dim(H) . (S.7)
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However, note that (UL(R))†UL(R) ̸= I since the left and right sets themselves are not orthonormal.
Importantly, for bi-orthonormal systems the identity can be resolved as,

1 =
∑

j

|ϕj⟩ ⟨ϕj |RL
. (S.8)

One issue with the bi-orthonormalization procedure is that it requires a non-degenerate eigenspectrum [1]. In gen-
eral, degeneracies can arise in three ways: (i) due to symmetries of the system; (ii) accidental degeneracies; and (iii)
emergent degeneracies. For degeneracies due to exact symmetries of the bare Hamiltonian, the solution is to label
states by their associated conserved quantum numbers and block-diagonalize the Hamiltonian separately in each quan-
tum number subspace. A bi-orthonormal basis can then be defined separately in each block and different degenerate
components of a symmetry multiplet are treated independently. For accidental degeneracies, often numerical error
even at machine precision level is sufficient to distinguish states and eliminate problems with bi-orthonormalization.
These issues were discussed in a different context for NRG calculations in Ref. [3]. We note that the procedure is
stabilized by simply using 128-bit precision numerics, which is typically enough to distinguish accidental degeneracies,
which are of course always approximate in practice. Another simple solution is to add to the Hamiltonian a physi-
cally inconsequential disorder perturbation of very small magnitude, which has the effect of lifting the degeneracies.
Finally, in the context of quantum impurity problems, we note that low-energy fixed points can have larger emergent
symmetries than the bare model Hamiltonian. For example the one-channel, spin- 12 anisotropic Kondo model has an
isotropic strong coupling stable fixed point [4]; whereas the two-channel Kondo model has a large emergent SO(8)
symmetry at its critical point [5]. In these cases, one might expect additional degeneracies that cannot be separated
into distinct quantum number blocks. However, these emergent symmetries only pertain asymptotically after very
many NRG iterations, and at low energies. In practice, the degeneracies near the fixed point are always approximate
and again, the use of high-precision numerics solves the problem.

S.II. ITERATIVE CONSTRUCTION AND DIAGONALIZATION IN NH-NRG

In the following we assume that left and right vectors of NH matrices are bi-orthonormal. The NRG procedure is
defined by the recursion relation,

ĤN+1 = ĤN + T̂N+1 (S.9)

which is initialized by Ĥ0, consisting of the impurity degrees of freedom and the Wilson chain ‘zero’ orbital. Here the
operator T̂N+1 = T̂ a

N+1 + T̂ b
N+1 + T̂ c

N+1 is defined by,

T̂ a
N+1 = ϵN+1

∑

σ

f†
N+1σfN+1σ ; T̂ b

N+1 = tN
∑

σ

f†
NσfN+1σ ; T̂ c

N+1 = tN
∑

σ

f†
N+1σfNσ (S.10)

At step N + 1 of the iterative diagonalization process, we add on the new Wilson chain site |k⟩N+1, where the index
k = {0,−1,+1, 2} labels the four possible configurations of that site, |k⟩N+1 = {|−⟩ , |↓⟩ , |↑⟩ , |↑↓⟩} respectively. Since
the part of the Hamiltonian describing the Wilson chain is Hermitian, the left and right eigenstates for the isolated
Wilson orbital |k⟩N+1 are equal and so we do not specify a L,R superscript. At this step we need to construct the

Hamiltonian matrix Hb
N+1 with the following matrix elements,

[Hb
N+1]kr,k′r′ = ⟨N + 1; k; r|Lb ĤN+1 |N + 1; k′; r′⟩Rb (S.11)

where the b subscript denotes that these are basis states (rather than eigenstates), which are decomposed as,

|N + 1; k; r⟩L(R)
b = |k⟩N+1 ⊗ |N ; r⟩L(R)

d (S.12)

for left(right) basis states. The latter are given in terms of the left(right) eigenstates in the diagonal representation

(d subscript) of the previous iteration, denoted |N ; r⟩L(R)
d . Therefore, these satisfy ĤN |N ; r⟩Rd = EN (r) |N ; r⟩Rd and

⟨N ; r|Ld ĤN = ⟨N ; r|Ld EN (r) where EN (r) are the complex eigenvalues of the previous iteration.
We therefore have four terms to compute from Eqs. (S.9), (S.10):

⟨k|N+1 ⟨N ; r|Ld ĤN |k′⟩N+1 |N ; r′⟩Rd , (S.13)

⟨k|N+1 ⟨N ; r|Ld T̂ a
N+1 |k′⟩N+1 |N ; r′⟩Rd , (S.14)

⟨k|N+1 ⟨N ; r|Ld T̂ b
N+1 |k′⟩N+1 |N ; r′⟩Rd , (S.15)

⟨k|N+1 ⟨N ; r|Ld T̂ c
N+1 |k′⟩N+1 |N ; r′⟩Rd . (S.16)
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Since ĤN comprises only even products of operators and does not act on degrees of freedom in orbital N + 1,
Eq. (S.13) simplifies to:

⟨k|k′⟩N+1 ⟨N ; r|Ld ĤN |N, r′⟩Rd = δkk′ ⟨N ; r |N ; r′⟩L,R
d EN (r′) = δkk′δrr′EN (r) . (S.17)

Similarly, in Eq. (S.14) T̂ a
N+1 consists of a number operator acting only on degrees of freedom of orbital N +1 and

so reduces to,

⟨k|N+1 T̂
a
N+1 |k′⟩N+1 ⟨N ; r|N ; r′⟩L,R

d = δkk′δrr′ϵN+1|k| , (S.18)

where we used the fact that when using our convention for the index k, the spin-summed occupation number for state
|k⟩N+1 in orbital N + 1 is nk = |k|.

Eqs. (S.15) and (S.16) are more complicated since they connect the part of the chain spanned by ĤN to the added
orbital N + 1. To make progress we insert the identity,

1N+1 =
∑

m,s

|m⟩N+1 |N ; s⟩Rd ⟨N ; s|Ld ⟨m|N+1 , (S.19)

between the creation and annihilation operators of T̂ b
N+1 and T̂ c

N+1 in Eq. (S.10). Then Eq. (S.15) becomes,

tN
∑

σ,m,s

⟨N ; r|Ld ⟨k|N+1 f
†
Nσ |m⟩N+1 |N ; s⟩Rd ⟨N ; s|Ld ⟨m|N+1 fN+1σ |k′⟩N+1 |N ; r′⟩Rd (S.20)

= tN
∑

σ,m,s

(−1)k ⟨k|m⟩N+1 ⟨N ; r|Ld f†
Nσ |N ; s⟩Rd · ⟨m|N+1 fN+1σ |k′⟩N+1 · ⟨N ; s|N ; r′⟩L,R

d (S.21)

= tN
∑

σ

(−1)kMσ
k,k′ · ⟨N ; r|Ld f†

Nσ |N ; r′⟩Rd , (S.22)

where we have defined Mσ
k,k′ to denote the matrix element ⟨k|N+1fN+1σ|k′⟩N+1, which is independent of the value of

N . Note also that (Mσ
k,k′)† = Mσ

k′,k. The factor of (−1)k comes from the fermionic anticommutation when reordering
operators.

Similarly for Eq. (S.16), we obtain,

tN
∑

σ

(−1)k
′
Mσ

k′,k · ⟨N ; r|Ld fNσ |N ; r′⟩Rd . (S.23)

The nontrivial matrix elements ⟨N ; r|Ld f†
Nσ |N ; r′⟩Rd and ⟨N ; r|Ld fNσ |N ; r′⟩Rd must be computed at the previous step

and saved. Note that they are not simple Hermitian conjugates of each other and must be calculated separately.

From these expressions, one may construct the NH Hamiltonian ĤN+1 at step N +1 from information obtained at

step N – specifically, the eigenvalues EN (r), and the matrix elements ⟨N ; r|Ld f†
Nσ |N ; r′⟩Rd and ⟨N ; r|Ld fNσ |N ; r′⟩Rd .

With Hb
N+1 now constructed, we can diagonalize this matrix to obtain the eigenvalues EN+1 and the left and right

eigenvectors |N + 1; r⟩L(R)
d . In particular, we can write Hb

N+1 = UR
N+1H

d
N+1(U

L
N+1)

† where Hd
N+1 is the diagonal

matrix of eigenvalues EN+1 and U
R(L)
N+1 is a matrix whose columns are the right(left) eigenvectors. This provides the

set of complex eigenvalues EN+1 needed for the next step.

What about the matrix elements of the fN+1σ and f†
N+1σ operators? These are also needed for the next step. To

compute these, we expand the eigenstates as,

|N + 1; r⟩R(L)
d =

∑

m,s

U
R(L)
N+1 (r;m, s)(†) |N + 1;m; s⟩R(L)

b

≡
∑

m,s

U
R(L)
N+1 (r;m, s)(†) |m⟩N+1 |N ; s⟩R(L)

d . (S.24)

We use this to construct the matrix element,

⟨N + 1; r|Ld f†
N+1σ |N + 1; r′⟩Rd =

∑

m,s
m′,s′

UL
N+1(r;m, s)†UR

N+1(r
′;m′, s′) ⟨N ; s|N ; s′⟩L,R

d ⟨m|N+1 f
†
N+1σ |m′⟩N+1 (S.25)

=
∑

m,m′,s

Mσ
m′m UL

N+1(r;m, s)†UR
N+1(r

′;m′, s) (S.26)
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FIG. S1. Illustration of alternate truncation schemes for NH-NRG on the non-interacting (Ud = 0) NH AIM (also known as the
non-Hermitian RLM). The plots are analogous to those in Fig. E1 of the main text, and the same parameters are used. Top
row panels (a) show truncation to the lowest Nk states ordered by Im(EN ); bottom row panels (b) show a hybrid scheme in
which the ‘ground state’ with lowest Re(EN ) is first subtracted, and then states are sorted by magnitude, |EN −Egs

N |. NH-NRG
results as red-diamonds, exact diagonalization results as black circle points.

and similarly

⟨N + 1; r|Ld fN+1σ |N + 1; r′⟩Rd =
∑

m,m′,s

Mσ
mm′ UL

N+1(r;m, s)†UR
N+1(r

′;m′, s) (S.27)

Thus, we have all of the ingredients to proceed to the next step. In this way, the entire chain can be built up orbital
by orbital, starting from Ĥ0, which one explicitly constructs ‘by hand’ in the initialization step.

Without truncation, the Fock space would of course grow by a factor of four at each iteration. However, due to the
exponentially-decaying Wilson chain parameters, we have a scale separation from iteration to iteration that motivates
a truncation to just the Nk lowest-lying states at each iteration, meaning that the computational complexity of the
NH-NRG calculation scales linearly with N rather than exponentially. Of course, with complex eigenvalues EN at
each step, there is a subtlety about what is meant by ‘lowest lying’, and there are several truncation schemes that one
could envision. The simplest, and the one that is closest to that employed in regular Hermitian NRG, is to truncate to
the lowest Nk eigenstates ordered by Re(EN ). This turns out to be the most numerically stable and accurate scheme,
which we have confirmed reproduces correctly the exact results of exact diagonalization in the non-interacting limit.
These issues are explored in more detail in the following sections.

S.III. ALTERNATIVE TRUNCATION SCHEMES

S.III.A. Non-Hermitian resonant level model

In the main text, we presented results for strongly-correlated quantum impurity problems obtained by NH-NRG
using a truncation scheme (‘LowRe’) in which the lowest Nk states were kept at each step, sorted by Re(EN ). In the
End Matter we presented some justification for that, by consideration of the non-interacting limit of the AIM (Ud = 0),
also known as the ‘resonant level model’ (RLM). Being quadratic, the RLM can be solved exactly by diagonalizing
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FIG. S2. Illustration different truncation schemes for NH-NRG for the free Wilson chain with imaginary on-site potentials. The
four truncation schemes discussed in the text are shown, comparing NH-NRG results (red diamonds) with exact diagonalization

(black circle points) for the complex eigenvalues of ĤN for different iterations N . The full spectrum from exact diagonalization
is shown in each case; NH-NRG reconstructs a different part of this spectrum due to the different truncation schemes employed.
Plotted for Λ = 3 and Nk = 400.
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FIG. S3. Non-Hermitian Anderson impurity model (Ud = 0.3, ϵd = −0.15, Λ = 3, Nk = 400, 128-bit precision): Eigenvalue RG
flow diagrams as Im(V ) is made more negative, showing (a) SC phase; (b) LM phase; and (c) re-entrant SC phase.

the Hamiltonian in the single-particle sector (an (N + 2) × (N + 2) matrix at step N), and then constructing the
4N+2 many-particle states as simple product states from these – a trivial combinatorial exercise. As such, the full
eigenspectrum of the NH-NRG Hamiltonian ĤN can be obtained by exact diagonalization for essentially any N of
interest, without any truncation, in this non-interacting limit. On the other hand, NH-NRG works in precisely the
same way independently of Ud and so the interacting AIM and non-interacting RLM are treated identically from an
algorithmic point of view. The non-interacting RLM therefore provides a stringent check of our NH-NRG results.
Fig. E1(a) confirmed that truncation by lowest Re(EN ) correctly reproduces the exact eigenvalues at each step, for the
retained states. One can also truncate by keeping the lowest Nk states at each step, sorted by the absolute magnitude
|EN |, as shown in Fig. E1(b) – although in practice we found this to be less numerically stable. We dub this scheme
‘LowMag’.

In Fig. S1 we consider two other truncation schemes. In the top row panels (a) we show truncation (‘LowImag’)
to the lowest Nk states ordered by Im(EN ), which targets a different set of kept states. While this method works
initially, after a few steps it starts to break down. For N = 5 we see that the NH-NRG eigenvalues no longer match
those from exact diagonalization.

In the bottom row panels Fig. S1(b), we use a hybrid scheme (‘LowReMag’) in which the ‘ground state’ with the
lowest Re(EN ) is first subtracted, and then states are ordered by their magnitude, |EN−Egs

N |. This truncation scheme
also works very well and seems to be both accurate in reproducing the results of exact diagonalization, as well as
being numerically stable.

In both cases we plot the rescaled many-particle eigenvalues, comparing NH-NRG (red diamonds) with exact
diagonalization (black circle points).

S.III.B. Free Wilson chain with imaginary potentials

As a further demonstration, we consider NH-NRG for the free Wilson chain (no impurity). We introduce non-
Hermiticity to the Wilson chain by using complex Wilson chain potentials. Specifically, we choose ϵn = −itn, where
tn are the usual Wilson chain hopping parameters for a metallic flat band with bandwidth D = 1 as before. For the
Hermitian symmetric flat-band Wilson chain, ϵn = 0, so introducing imaginary potentials down the chain simulates
a kind of open Wilson chain where each site is subject to dissipation and the states have a finite lifetime. This
setup can be treated in NH-NRG very simply – in practice we project out the impurity by setting Ud = V = 0 and
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FIG. S4. Kondo temperature for the non-Hermitian Kondo model at weak coupling. The crossover iteration Nc between LM
and SC fixed points is extracted from NH-NRG eigenvalue flow diagrams for various JR and JI in the weak coupling (small
|J |) regime. Shown for Λ = 3, Nk = 400.

ϵd ≫ D. The resulting NH Wilson chain is simply a non-interacting tight-binding chain and can be solved exactly as
per the results in the previous section. In Fig. S2 we compare NH-NRG results (red diamonds) with those of exact
diagonalization of the tight-binding model (black circle points), for the four truncation schemes discussed above. We
again give results for the rescaled many-particle eigenvalues. The results vividly show that NH-NRG works well in all
cases, just reconstructing different parts of the spectrum when different truncation schemes are used.

S.IV. ADDITIONAL ANDERSON IMPURITY MODEL DATA

In the main text we presented NH-NRG results for the NH AIM. Here in Fig. S3 we show that by increasing the
magnitude of the imaginary part of the impurity-bath hybridization V , one first observes a quantum phase transition
from SC to LM, and then back to SC. This re-entrant Kondo behavior is predicted from the NH Kondo model (see
Fig. 1(a) of the main text), but is also accessible in the parent AIM. In both cases the transition is first-order. For
strong enough Re(V ) the LM phase disappears entirely. Thus the topology of the phase diagrams for Kondo and
Anderson models is the same (albeit that naturally the details are somewhat different). This lends further support
to the mapping between AIM and Kondo in the non-perturbative strong-coupling regime beyond Schrieffer-Wolff.

S.V. KONDO TEMPERATURE

Here, we numerically extract the crossover iteration number Nc, characterizing the flow between LM and SC fixed
points from the RG flow diagrams of the NH-NRG. In Fig. S4, we plot the extracted Nc as a function of the complex
coupling J = JR − iJI . At weak coupling (large Nc), we find excellent agreement with the predicted form of TK

discussed in the main text. The running NRG energy scale [6] is given by E ∼ DΛ−N/2 and so we identify the
Kondo ‘temperature’ TK ∼ DΛ−Nc/2 in terms of the crossover iteration Nc. Our data is consistent with the relation

TK ∼ De−2DJR/|J|2 which implies Nc = a + bJR/|J |2 with a an irrelevant constant that depends on the specific
definition of TK used, and b = 4/ ln Λ.

Near the phase transition between SC and LM phases, we identify in a similar way a vanishing crossover scale
Tc ∼ D|J − Jc| where Jc is the coupling at the transition point. The linear scaling in the perturbation suggests a
level-crossing (first-order) quantum phase transition. From the RG flow diagrams close to the transition, we do not
observe a distinct critical fixed point in the NRG level structure.
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