Z3; parafermion in the double charge-Kondo model
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Quantum impurity models with frustrated Kondo interactions can support quantum critical points
with fractionalized excitations. Recent experiments [arXiv:2108.12691] on a circuit containing two
coupled metal-semiconductor islands exhibit transport signatures of such a critical point. Here we
show using bosonization that the double charge-Kondo model describing the device can be mapped
in the Toulouse limit to a sine-Gordon model. Its Bethe-ansatz solution shows that a Z3 parafermion
emerges at the critical point, characterized by a fractional %ln(?)) residual entropy, and scattering
fractional charges e/3. We also present full numerical renormalization group calculations for the
model and show that the predicted behavior of conductance is consistent with experimental results.

Quantum impurity models, which feature a few local-
ized, interacting quantum degrees of freedom coupled to
non-interacting conduction electrons, constitute an im-
portant paradigm in the theory of strongly correlated
electron systems [1]. They describe magnetic impurities
embedded in metals or other materials [2, 3], and nano-
electronic devices such as semiconductor quantum dots
[4-6] or single-molecule transistors [7, 8]. They are also
central to the understanding of bulk correlated materi-
als through dynamical mean field theory [9]. General-
ized quantum impurity models host a rich range of com-
plex physics, including various Kondo effects [10-19] and
quantum phase transitions [20-29]. Such models provide
a simple platform to study nontrivial physics which can
be difficult to identify in far more complex bulk materi-
als. Indeed, exact analytical and numerical methods for
quantum impurity models have given deep insights into
strong correlations at the nanoscale [30-34].

The two-channel Kondo (2CK) [10, 23] and two-
impurity Kondo (2IK) [21, 22] models are classic exam-
ples in which frustrated interactions give rise to non-
Fermi liquid (NFL) physics at quantum critical points
(QCPs) with fractionalized excitations. The seminal
work of Emery and Kivelson (EK) [32] solved the 2CK
model in the Toulouse limit using bosonization tech-
niques, and understood the QCP in terms of a free Ma-
jorana fermion localized on the impurity. In the 2IK
model [22, 35-39], a free Majorana arises from the compe-
tition between an RKKY exchange interaction coupling
the impurities, and individual impurity-lead Kondo ef-
fects. In both cases the QCP is characterized by a finite,
fractional residual impurity entropy of %111(2) [22, 31],
which is a distinctive fingerprint of the free Majorana.

Semiconductor quantum devices [4-6] can constitute
experimental quantum simulators for such impurity mod-

els, with in situ control over parameters allowing cor-
related electron phenomena to be probed with preci-
sion. The distinctive conductance signatures predicted
[24, 36, 37] for the 2CK model at criticality were since
observed [25, 27] (although the 2IK model has never been
realized [40]). More recently, Matveev’s charge-Kondo
paradigm [41, 42] has emerged as a viable alternative to
engineer exotic states, with both 2CK [28] and its three-
channel variant [29] being realized experimentally.
Given the intense experimental efforts to demonstrate
the existence of Majoranas in quantum devices [43, 44],
and the broader interest in realizing anyons for the pur-
poses of quantum computing [45, 46], the Kondo route to
fractionalization has gained traction [47-50]. Experimen-
tal circuit realizations of more complex quantum impu-
rity models offer the tantalizing opportunity to produce
more exotic anyons in tunable nanoelectronics devices.
This can be viewed as part of a wider effort to study
fractionalization in condensed matter systems [51-57].
However, despite the suggestive fractional entropies in
certain Kondo-type models [29-31, 58-60], the explicit
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FIG. 1. Schematic of the two-site charge-Kondo circuit de-
scribed by the DCK model. Two hybrid metal-semiconductor
islands are coupled to each other and to their own lead at
QPCs. Macroscopic island charge states mapped to pseu-
dospin degrees of freedom are flipped by tunneling at QPCs.



construction of parafermion operators in these systems
has not previously been possible. This is because — un-
like for the simpler case of Majoranas — parafermions can-
not arise in an effective free fermion system. Applying
the EK method yields an irreducibly strongly-interacting
model, which has hitherto hindered finding exact solu-
tions in which free local parafermions could be identified.

In this Letter we study the double charge-Kondo
(DCK) model describing a very recent experiment [59]
involving two hybrid metal-semiconductor islands cou-
pled together in series, and each coupled to its own lead,
at quantum point contacts (QPCs) — see Fig. 1. The
DCK model is a variant of the celebrated 2IK model,
but with an inter-island Kondo interaction rather than
an RKKY exchange interaction [21]. At the triple point
in the charge stability diagram of the device, a QCP was
found to arise due to the competition between island-lead
Kondo and inter-island Kondo [59]. Numerical renor-
malization group [33, 34, 61, 62] (NRG) calculations for
the DCK model showed a fractional residual entropy of
% In(3) at the QCP — suggesting an unusual anyonic state
(and not simply a Majorana). The same critical point
and fractional entropy were identified analytically near
perfect QPC transmission [63], although no Kondo ef-
fects occur in this limit.

Here we examine the “Kondo” case of weak-to-
intermediate transmission, and apply the EK mapping
[32] in the Toulouse limit. Even though the EK method
yields a highly nontrivial interacting model, we show that
it can nevertheless be solved using Bethe ansatz. Instead
of the free Majorana found by EK for the 2CK model,
we explicitly establish the existence of a Z3 parafermion
in the DCK model, and identify it as the source of the
% In(3) residual entropy. Analytic expressions for conduc-
tance near the QCP are also extracted, and we show that
experimental transport data are consistent with these
predictions. To complete the theoretical description,
we obtain the full temperature dependence of entropy
and conductance via NRG, which does not rely on the
Toulouse approximation.

System and model.— The two-island circuit illustrated
in Fig. 1 is described by the DCK model at low tempera-
tures T' <« E¢ (with E¢ the island charging energies) for
weak-to-intermediate QPC transmissions, see Ref. [59]:

Hpex =<JL Stsg + Jg Sisg + Jo Se St so + H.c.) a
—h;S; —hpSh+ 157 5% + Helec

where Hgee = Za@k ekwlokwwk describes the elec-
tronic reservoirs either side of QPC o = L,C,R. Al-
though the physical electrons are spin-polarized [59],
we label electrons on the lead or island either side of
QPC L,R as 0 =t or |, and island electrons to the
left or right of the central QPC C as ¢ =1 or | — see
Fig. 1. We assume linear dispersion €¢; = vpk, with
momentum k. We then define pseudospin operators

sa = U, (0)1,:(0) and 5% = (s7)!, where 0,(0) is
defined at the QPC position. Confining our attention
to the lowest two macroscopic charge states of each is-
land |n,m) = |n);, ® Im)g, with n = N, N + 1 the num-
ber of electrons on the left island and m = M, M + 1
electrons on the right island, we introduce ‘impurity’
charge pseudospin operators S} =" |[N+1,m)(N,m|,
S5 = 3 HIN + Lm) (N +1,m| = [N, m) (N.ml], Sf =
S lne M +1)(n, M|, S5 =3, 4[|In, M +1)(n, M +1| —
In, M){n, M|] and S; = (SX). The first line in Eq. (1)
therefore corresponds to tunneling processes at the three
QPCs (with the tunneling amplitude J,, being related to
the transmission 7, of QPC «). Gate voltages on the is-
lands control Az, g and allow the charge stability diagram
to be navigated. I is a capacitive interaction between the
two islands. For Ji, ¢.g = I = 0, the four retained charge
configurations |n, m) are degenerate when hy, = hg = 0.
However, a finite Jo and/or I partially lifts this degen-
eracy to yield a pair of separated triple points (TPs) in
gate voltage space. As with the experiment [59], here we
focus on the vicinity of the TP at which the charge con-
figurations |N, M)/|N+1, M)/|N, M+1) are degenerate.
We hereafter neglect the term I, since it just renormal-
izes the TP splitting already induced by Jo > 0 and is
otherwise irrelevant [63]. The rest of this Letter is de-
voted to the nontrivial Kondo competition arising when
the couplings to the leads are switched on, Jr, g > 0.

QCP.— At the TP, the three ‘impurity’ states (the de-
generate charge configurations of the two-island struc-
ture) are interconverted by tunneling at the three QPCs:

IN, M) %5 [N +1,M) 45 |N, M +1) & |N, M)
The accompanying conduction electron pseudospin-flip
scattering at each QPC described by the operators SiC, R
in Eq. (1) give rise to competing Kondo effects. Since
island-lead and inter-island Kondo effects cannot be si-
multaneously satisfied, a frustration-driven QCP arises
when J, = Jg = J¢, as reported in Refs. [59, 63].

NRG solution.— In Fig. 2 we present numerically-exact
results for the DCK model tuned to the TP, obtained
by NRG [33, 34, 61, 62] (see [60] for details). We set
Jr = Jgp = J and vary J¢ in the vicinity of the QCP
arising when Jo = J. In panel (a) we show the impurity
contribution to the entropy Simp as a function of tem-
perature T. The critical point Jo = J, shown as the red
line, exhibits Kondo ‘overscreening’ to an NFL state on
the scale of Tx. The three degenerate charge states give
a high-T entropy of In(3), but the entropy is partially
quenched to %ln(?)) for T <« Tx,. Introducing channel
anisotropy J¢ # J induces a Fermi liquid (FL) crossover
on the lower scale of T, below which the entropy is com-
pletely quenched. The inset shows the extracted power-
law behavior,

T* /T ~ (|Je — J|/Tx)>? . (2)

The same form was reported for detuning away from the
TP in Ref. [59]. For |Jo — J| < Tk we have good scale
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FIG. 2. NRG results at the triple point of the DCK model. (a) Entropy Simp(T") in the vicinity of the critical point, showing
the flow In(3) — % In(3) on the Kondo scale Tk, and subsequently 3In(3) — 0 on the Fermi liquid scale T*. Plotted for
J/D = 0.2 and |Jo — J|/D = 1073,107*,...,107® (black lines) approachmg the critical point Jo = J (red line). D is the
conduction electron bandwidth. Inset shows the power-law behavior Eq. (2). (b) Universal conductance curve as a function of
T/Tk at the critical point; (c) Universal Fermi liquid crossover as a function of T'/T™. Conductance asymptotes are discussed

in the text.

separation T* < Tk, such that the crossover to the crit-
ical point is a universal function of the single scaling pa-
rameter T/Tg, whereas the crossover away from it is a
universal function of only T'/T*. This is reflected in the
behavior of series conductance, shown in panels (b,c). At
the highest temperatures T' > Tk, Kondo-renormalized
spin-flip scattering gives standard In~2(T/Tx) correc-
tions to conductance; whereas on the lowest temperature
scales T < T*, we observe conventional FL scaling of
conductance o< (T/T*)%2. Much more interesting is the
behavior in the vicinity of the critical fixed point [59],

(T/TK)2/3 )
(T/T*)~**,

T Tk (38.)

Go—G(T) ~ {

T>1T" (3b)
with Gy = €2/3h. Egs. (2), (3) are also obtained analyt-
ically and discussed in the following.

Bosonization and Toulouse point.— We now turn to
the details of our exact solution. Following EK [32], we
bosonize the conduction electron Hamiltonian Heje. and
obtain a simplified model in the Toulouse limit after ap-
plying a unitary transformation.

As a first step we write oo = €% /\/a with a =
4mvp = 1 and introduce three chiral bosonic fields §¢, =
(bat — Pay) /V2 for a = L, R,C. The conduction elec-

tron pseudospin operators follow as s, = ei\/i‘s%7 and

hac 5 far (B

For hy = hg = I =0, we can cast the DCK model as,

HDCK = Helec + [JL Sﬂ_eiﬁ&bl‘ + JR Sgei\/i&lﬁR

+Jo SESpeVe L e, (5)

where all fields are implicitly taken at x = 0. To make
progress, we deform the original DCK model, which fea-
tures only transverse couplings J,, by adding an Ising
term Hpck = Hpck + Hi. Since pseudospin anisotropy
is RG irrelevant, Hy affects only the flow, not the sta-
ble fixed point itself. Therefore the critical fixed point
(and indeed the entire FL crossover in the limit 7* <« Tk
[36, 37]) is the same for any choice of Hy. We shall exploit
this property to identify an exactly-solvable Toulouse
limit. To do this we affect a change of basis,

Séa = (6¢r — 6pc — d¢r,) /V3,
Spp = (8¢1, + 6dr) /V2,
d¢p = (8¢, — 20¢c — d¢r) /V6 (6)

and introduce §¢; /o = 5‘% + Mﬁ. We now choose,

and rotate the Hamiltonian into UHpexUT = Helee +
Hgx using the EK unitary transformation [32]

U = exp |~id5{S7961(0) + S70620)}| . (8)
We then obtain

Higxc = [, ST + i S+ Jo ST Sz [eiV/399% 4+ Hee,
(9)
+ X[S70,061(0) + SE2065(0)]

where A = A\ — 1/(47)2. The Toulouse limit is obtained
by setting A = 0, for which the bosonic modes 0¥B.D
fully decouple and remain free. The symmetric charge
mode d¢pa thus controls the low-energy behavior follow-



ing Kondo screening. At the QCP with isotropic cou-
plings J;, = Jg = Jo = J, the model further simplifies,

010
Hgx =JoeVi%s tHe, o=[001], (10
100

where the operator ¢ circularly permutes the three im-
purity states [N, M)/|N +1,M)/|N,M +1).

Parafermion modes.— In analogy with the descrip-
tion of chiral Potts (clock) models by parafermionic
chains [64], we define a second operator 7 =
diag(1,w,w?), with w = e2™/3 in the impurity subspace.
The operators [64, 65] o and ¢’ = o7 then obey the
parafermionic properties,

od=0"?=1, oo’ = wd'o, (11)

and thereby generalize the Majorana operators to a 3-
dimensional space with circular Zs symmetry.

Importantly, Eq. (10) involves only o with o', and not
o’. Since oot = oo, the parafermion ¢ commutes with
Hgyk and remains free. Conversely, ¢’ does not commute
and it acquires a finite scaling dimension.

Sine-Gordon model and Bethe-ansatz solution.— We ro-
tate to the simultaneous eigenbasis of o and o' and write
Hgx = HO OHT ® H~, with

H™ = 2J cos (\/25¢A+T2;> , r=0,+£1. (12)

The DCK model reduces to three decoupled boundary
sine-Gordon models [66-69], related to each other by
a Zg circular shift of the field d¢s — dpa + 277/\/6.
They all have the same Bethe-ansatz solution describ-
ing the crossover from high to low energies (the same
crossover as an impurity in a one-dimensional electron
gas with Luttinger parameter K = 1/3 [66]). In partic-
ular, the residual entropy is predicted [70, 71] to decrease
by AS = 1 In(3) along the crossover. For the DCK model
we therefore expect a crossover in the impurity entropy
from In(3) to 1 In(3), as confirmed by the NRG results in
Fig. 2(a). The screening of one of the two parafermions
o, o' generating the threefold charge subspace simply
halves the residual entropy. The same residual entropy
was found in the quasi-ballistic limit [63].

Conductance at the critical point.— The linear conduc-
tance between left and right leads is obtained from the
Kubo formula G = —27 lim,,_,o[Im K(w)/w], with K (w)
the Fourier transform of the retarded current-current cor-
relator K (t) = —if(¢t)({I(t),1(0)}). Following the above

mapping, I = —i\/gﬁt@f‘, where © 4 is the field con-
jugate to d¢ 4. Since d¢4 is pinned at the critical fixed
point, O 4 is free, and so (O (t)Oa(0)) ~ —Int at T = 0.
This yields G = Gy = €2/3h: out of the three fields, only
¢ appears in Eq. (9), thus only © 4 transports electrons
yielding 1/3 of a perfect conductance.

Conductance scaling in the Kondo regime, T < Tk .—
We now turn to the leading finite-temperature correc-
tions to the T'= 0 conductance at the critical point. To
do this, we must perturb away from the exactly solvable
EK point by reintroducing finite A\. This is because the
RG flow to the critical fixed point is affected by X. The
leading irrelevant operator (LIO) at the QCP is given
by OLio = A[S70.0¢1(0) + S0,6¢2(0)]. As we show in
[60], the operators 0,0¢1 2(0) both have scaling dimen-
sion 1 and S} p have scaling dimension % This yields
Ario = 4/3, and therefore allows us to identify the lead-
ing correction to conductance (arising at order \?) as
0G ~ (T/TK)(Z(ALIO*U [60], which reproduces Eq. (3a).

FL crossover.— The QCP is destabilized by gate volt-
age detuning away from the TP (appearing as pseudo-
Zeeman fields hy g in the DCK model), or by channel
anisotropy dJ. The resulting FL crossover is controlled
by the FL scale T*. Assuming T* < Tk, we may again
utilize the Toulouse limit and set A = 0 to analyze the FL
crossover, since any finite A scales to zero anyway under
RG for T' <« Tk . Both perturbations hy r and J.J have
the effect of coupling the otherwise independent sectors
of Hgk given by Eq. (12). We focus here on finite hp for
simplicity. From Eq. (1), hr couples to S§, which in the

rotated basis is given by S§ = % (wT +w*7T). Analyzing

its action at the QCP [60], we identify 7 = e_i\/%gA,
where this operator circularly permutes the sectors r
in Eq. (12). S% thus inherits the RG-relevant scaling
dimension Ar = 1/3 of 7, such that finite hr gen-
erates a FL scale T ~ h}{/(l_AR). Since Sf and d0J
have the same scaling dimension Apg, in general we have
T ~ (him, h;/Q, §.J3/2) [60], which reduces to Eq. (2) in
the case of pure channel anisotropy. The leading correc-
tion in T/T™* to the QCP conductance Gy then follows
as 6G ~ (T/T*)***~Y vielding Eq. (3b). Addition-
ally, the free parafermion at the QCP is shown by noise
calculation [60] to scatter fractional charges e* = ¢/3.

Comparison with experiment.— Finally we turn to
the implications of our results for the experiments of
Ref. [59]. Although the experimental results were ob-
tained at large transmission 7, 7o, we expect the uni-
versal low-temperature behavior near the QCP to be
the same as that discussed above for the Kondo limit
[60, 63]. Since the maximum conductance measured is
slightly lower than the predicted value Gy = €%/3h, we
infer that the quantum critical state is not fully devel-
oped at experimental base temperatures. Detuning away
from the TP by varying the island gate voltages U gener-
ates a pseudo-Zeeman field h;, = hr in the DCK model,
while detuning and QPC transmission 7« (while keep-
ing 7 constant) maps to channel anisotropy d.J. Both
destabilize the QCP and generate a finite FL scale T*.
Without perfect scale separation, we expect,

Go — G(T) ~ cx(T/Tx)?? + ¢ (T/T*)~3 . (13)



In Fig. 3 we plot the experimental data vs T%/T, with
T* estimated [59, 60] for each combination of 7¢ and
U, while T = 20mK is kept fixed. The rescaled data
compare well with Eq. (13), when cx /Tf{/ ? and ¢, are
used as free fit parameters. This provides strong evidence
that the vicinity of the QCP in the DCK model is probed
experimentally in the device of Ref. [59].

Conclusion and outlook.— The two-site charge-Kondo
setup described by the DCK model can in the Toulouse
limit be mapped to a solvable boundary sine-Gordon
model by bosonization methods. At the QCP we show
that the residual entropy %ln(3) is due to a free Zj
parafermion, while a second parafermion mode is Kondo
screened. Exploiting the mapping, we also obtain exact
results for the conductance near the critical point that
agree not only with NRG results but also with exper-
imental data. This suggests that a Zs parafermion is
already present in the experimentally-measured device
of Ref. [59]. This could be demonstrated more explic-
itly by measuring experimentally the fractional entropy
of the parafermion using the methods proposed and im-
plemented in Refs. [72-74]. Our approach also opens the
door to studying other phases of quantum matter with
irreducible strong interactions using the Emery-Kivelson
mapping.
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FIG. 3. Scaling collapse of experimental data from Ref. [59]
(points) onto the asymptotic form of Eq. (13) (dashed line).
Experiment performed for 7 = 0.95 at T = 20mK with dif-
ferent T¢. Inset shows raw line-cut data as a function of gate
voltage U. See [59, 60] for experimental details, determina-
tion of T, and fitting procedure.
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S-I. TRIPLET POINT SPLITTING

The model for the double-charge Kondo experiment [1] is detailed in the main text following Eq. (1). Its Hamiltonian
takes the form

Hpox = (Jy SFsi, + Jp Stsq + Jo S ST g+ Hee.) = hySi = hpSh + IS7.S7 + Hotee (S-1)
and couples the four charge states of the two islands
[N, M), IN+L M), [NM+1), [N+1,M+1) (S-2)

to electron tunneling at the three QPC with amplitudes Jy,, Jo and Jg. The four charge states are conveniently identi-
fied with two pseudospins onto which the pseudospin—% operators Sf R 7 /R act. In the absence of electron tunneling,
Jr/r/c = 0, the four charge states are degenerate when hy, hr and I are all vanishing, and define a quadruplet point.
However, finite tunneling amplitudes .J;,, g /¢ # 0 resonantly couple the two state triplets |N, M)/|[N+1, M)/|N, M +1)
and |[N,M+1)/|IN+1,M)/IN+1, M +1). As the pair of states |N+1, M)/|N, M +1) participates in the two triplets,
their energies are decreased with respect to the states [N, M) and |N + 1, M + 1), effectively the same effect as the
capacitive interaction I > 0. As a result, finite J;,r/c and I split the quadruplet into two triplets states moving
symmetrically along the line hy, = hg.

The splitting is confirmed in NRG calculations. It has also been derived in the quasi-ballistic limit of very open
QPC [2]. In the main text, we focus on the region in the stability diagram close to one triplet point and correspondingly
shift the definitions of hy and hg such that this triplet point is located at the origin h;, = hr = 0. The capacitive
interaction [ is moreover discarded as it simply moves the location of the triplet point.

S-II. Zs; PARAFERMION

Following the general idea of Emery and Kivelson [3], the Toulouse limit is obtained by bosonization of the DCK
model (see main text) with the addition of an irrelevant term to reach an exactly solvable line. In the DCK model,
the solvable line is a boundary sine-Gordon Hamiltonian in three decoupled charge sectors with Luttinger parameter
1/3. Remarkably, the study of the corresponding infrared fixed point and its vicinity retrieves many NRG findings
and scalings, which confirms that the term added to the Hamiltonian is indeed irrelevant and does not affect the low-
energy behaviour. It also identifies a fractional entropy %1n3 associated with a free, or unscreened, Zs parafermion.
This result is completely analogous to, and in fact extends, the unscreened Zs Majorana fermion emerging in the
two-channel Kondo model [3].

* Present address: Materials Science Division, Argonne National Laboratory, Argonne, Illinois 60439, USA



A. Parafermion screening

We introduce two parafermion (clock) operators ¢ and ¢’ = o7. In the original charge basis |N,M)/|N +
1,M)/|N, M + 1), they act as matrices

010 10 0 0w 0
c=1001 7= 0w 0O d=100 w? (S-3)
100 00 w? 10 0
with w = €2"7/3 and obey the parafermionic rules
o =0"=1, oo’ =wao'o. (S-4)

They generalize the Majorana operators to the 3-dimensional space compatible with the circular Zs symmetry. o
and ¢’ generate the charge subspace in the sense that this three-dimensional subspace has the minimal dimension to
support the above parafermionic properties.

The Hamiltonian on the Toulouse line Hgx = J o eiV/350a + H.c. involves only ¢ and of. Since [0,07] = 0, o
commutes with Hgx and remains free. In contrast [0/, Hgk] # 0, the second parafermion o’ develops a non-trivial
scaling in the infrared as determined below. It is more convenient to change to a charge basis that simultaneously
diagonalizes o and of. The rotated clock operators take the new expressions

100 001 0 01
c=|0w O =100 o’ w 0 1 (S-5)

00 w? 010 0 w? 0

and the Hamiltonian turns into a block diagonal form
cos <\/§(5¢A) 0 0
Hix = 27 0 cos (/2604 + ) 0 —H'@H & H™ (S-6)
2 2w
0 0 cos (\/;&bA — ?)

The three blocks correspond to the charge sectors r = 0,£1. In this rotated basis of the original charge states,
we find three decoupled boundary sine-Gordon models, related to each other by just a Zgz circular shift of the field
ddpa — ddpa+2m/ V6. They all have the same Bethe-ansatz solution describing the crossover from high energies to the
infrared, the same in fact as an impurity [4] in a one-dimensional electron gas with Luttinger parameter K = 1/3. In
particular, the residual entropy is predicted [5] to decrease by AS = In(v/3) = 11173 along the crossover. Starting with
S = In(3) at high energy where the three charge impurity states decouple from the leads, it predicts the fractional
entropy S = In(3)—AS = % In(3) at the infrared fixed point, as confirmed by NRG calculations (see Fig. 2 in the main
text and Ref. [1]). The same prediction was moreover obtained [2] at large transparency using a different approach.

Overall, the physical picture at the stable fixed point is that the parafermion ¢’ is fully screened in the infrared
by the boundary term Eq. (S-6) and one is left with a single free parafermion o. The original charge space is thus

partially screened dividing the original entropy In(3) by a factor 2.

B. Scaling dimension of 7 at the low-energy fixed point

The scaling exponent of the screened parafermion 7 can be obtained at low energy without resorting to the Bethe
ansatz exact solution describing the RG flow. The picture in the infrared is that the boson field d¢ 4 is pinned to a
different value d¢4 = 0, F+/2/3 w in each charge sector r = 0, £1. As 7 switches between the (rotated) charge sectors,
see Eq. (S-5), it modifies abruptly the scattering for the bosons d¢a (x) controlled by boundary term Eq. (S-6). The
corresponding orthogonality catastrophe [6] results in a non-trivial dimension for 7 as we will now evaluate.

We are interested in the time correlator

(7} (0)7(0)) = (/e (5-7)

where H = Hy + Hgxk and the average is taken in the ground state. |GS,,r) denotes the ground state of H in the
sector r = 0, =1, whereas the second r index indicates the charge sector of the wavefunction. Since H acts diagonally
in the charge sectors, we have the obvious identity Hgk|GS,,r) = H"|GS,,r) and, for instance,

HEK (T|GS,, —>) = HEK|GS,7O> = HOT|GS,, —>7



where we have used the fact that 7 rotates from — to 0. With these rules in mind, we average Eq. (S-7) over the state
|GS_, —) and rewrite

(GS_, —|e"Ht/hpte=iHt/hp|GS | ) = (GS_, —|eiH t/he=iH t/h|Gg_ ). (S-8)
We make progress by defining the unitary operator
P=¢Viea (S-9)

with ©a being the conjugate field to ¢ satisfying {5¢>A, @A} = im. P is a translation operator for the variable d¢a,

2 2 2
P <\/;5¢A> Pl = \@&m + g (S-10)

permuting circularly the Hamiltonians PH"P~! = H"*t!. P is moreover transparent for the kinetic part Hy. With
these identities, we can rewrite Eq. (S-8) as

namely

(GS_, —|e!"t/hpe=tH™t/hp=1iGS_ ) = (GS_, —|P(t)P~*(0)|GS_, —). (S-11)

The average can also be performed over the states |GSg, 0), |GS;,+) with the same outcome such that we eventually
prove the identity

(r1(6)7(0)) = (P(t)P~(0)), (5-12)
and we can identify
r=P l=ciViea (S-13)

at the infrared fixed point (up to an unknown phase factor). Since the variable d¢ 4 is essentially pinned at low energy,
it implies that the conjugate field ©, is free with the zero-temperature correlation function (©4(t)04(0)) ~ —Int.
We find the power law

(0 (0) ~ 275 (5-14)

corresponding to a scaling dimension 1/3 for the operator 7. The operator ¢’ = o7 exhibits the same scaling exponent.

It is straightforward to verify that the operator n = 7 ¢V ©4 commutes with the Hamiltonian (S-6), and not only
at low energy, and thus defines a constant of motion. This is consistent with the identification 7 = P~!.

S-III. SCALING EXPONENTS OF THE CONDUCTANCE
A. Relevant and irrelevant perturbations

Despite being a deformation of the original (double-charge) Kondo model (irrelevant in the renormalization group
sense), the Toulouse Hamiltonian captures the exponents characterizing the vicinity of the quantum critical point.
Moving away from the triple point in the stability diagram of gate voltages is described by hy,r # 0. hy and hr
couple to the charge pseudospin operators, written in the original basis |N,M)/|N + 1, M)/|N,M + 1) as S} =
(1/3) diag(—1,2,—1) and S% = (1/3) diag(2, —1,—1) up to unimportant constant terms. They can also be expressed
as

Si = % (wrl +w*r), St =2 (w7l +wr), (S-15)

W=

and thereby inherit the scaling dimension A = 1/3 as 7 in the infrared.
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The remarkable property that the boundary term Hgk depends on ¢ and o which commute with each other holds
only for perfect channel symmetry Jy, = Jg = Joc = J. We describe a weak channel asymmetry with Jp, = Jg = J—6J
and Jo = J + 26J and write the Hamiltonian as Hgx = Hgk (0J = 0) + 26J Q with

cos (\/g&zSA + 2{) 0 0
0 cos (\/%MM — %’r)

0
0 0 cos (\/g&bA)

in the rotated basis. Following the same steps as Sec. S-IIB, we find that @Q obeys the same scaling dimension
Apr =1/3 as 7, namely

Q=7 + h.c. (S-16)

@' OQO) ~ 775 (5-17)

The operators S7, S% and Q all destabilize the QCP with the same exponent towards a FL regime where the
remaining parafermion is eventually screened (see Fig. 2c¢ in the main text). They generate a FL temperature scale
T* ~ h}%/(l_AR) (OI‘ h}//(l_AR), (;Jl/(lfAR))' ) )

So far, we have restricted our investigation to the fine-tuned Toulouse line A = 0. At low temperature, A # 0
governs the leading irrelevant temperature correction to observables. From Eq. (9) in the main text, it involves the
operator

Orio = 570:001(0) + SE0:0¢2(0) (S-18)

with dimension 4/3 = 1+ 1/3, the sum of the dimension Ar = 1/3 of St/r (1) and the dimension 1 of the operators
920¢1/2(0), or

(OLi0(H)OL0(0) ~ 1/ (5-19)
As shown below in Sec. S-III B, this operator yields the (7'/ TK)Z/ 3 low-temperature correction to the conductance

which confirms the NRG asymptotics of Fig. 2(b) (main text).

B. Linear conductance
The charge current through the double-charge setup can be expressed as

. e 2
P= %\/; 2,04 (S-20)

In principle, the full expression also includes the fields ©p,p but they carry no average current since the corresponding
conjugate fields are free. The linear conductance is expressed using the Kubo formula as

G = £ (41,0 (i) (s-21)
= —— iwn, —iwy, , -
3how \A A iwp —0+
where w,, = 27nT'/k are bosonic Matsubara frequencies and the Fourier transform is defined as
h/T ,
O (iton) = / dre®n O, (7). (5-22)
0
In the path integral formulation, the action at the quantum critical point is simply quadratic in © 5
So=>_ on] 104 (iwn)]? . (S-23)
~ 2m

The linear conductance at the QCP is readily obtained from the Kubo formula Eq. (S-21) with the result G = Gy =
e?/(3h). Away from the QCP, the action acquires corrections to the action

h/T
S1 :/ dr [Lp(7) 4+ Lr(T)], (S-24)
0



with

4k \F 27 _ 4hg 2 27
Lr = 3cos( 3@A+3> Lr= 3 cos( 3®A 3) (S-25)

where we used the operator identification (S-13). In addition, energies are cut off at the Kondo temperature scale Tk .
The first order correction due to L /r vanishes. Expanding the action to second order and evaluating the gaussian
integrals [2, 7], we arrive at

e2

G:—[lfcl

B2 +h2 —hphgr (T \*?

TZ T

where C is a dimensionless coefficient which can be absorbed into a redefinition of the Kondo temperature. The
combination h% + h? — hphg predicts an anisotropic conductance in the plane of gate voltages (stability diagram).
Rephrased with the energies of the individual charge states, 0F; /5,3, measured relative to the QCP, it takes the
symmetric form h% + h% —hphg ~ 0E? + 0E3 + 6F3.

A finite hy or hp destabilizes the QCP with unitary conductance Gy and drives the system towards a new Fermi
liquid point with zero entropy and vanishing conductance. The exact same crossover is driven by channel asymmetry
§J # 0. The onset of this relevant perturbation is given by Eq. (S-26), with the behaviour (7'/7*)~%/3. The crossover
scale T* depends on the pseudo-magnetic fields as 7% ~ (h2 + h% — hphg)**//Tx (or T* ~ §J3/2/\/Tk), or
T ~ Ng3 /2 where Ny is the gate voltage distance to the triple point, in agreement with our NRG data and the results
of Ref. [1, 2].

The finite temperature correction at the QCP can be similarly evaluated by including the leading irrelevant operator
AOr1o (Eq. (9), main text). The action is supplemented by

B h/T
SLIO = /\/ d’l‘ OLIO (T), (8—27)
0

where the imaginary-time correlator of the leading irrelevant operator is deduced from Eq. (S-19) by conformal
invariance

1 =T 8/3
{OL10(7)Or10(0)) = TI2</3 <TK Sin(?TTT)) (8-28)

The linear conductance is finally computed perturbatively to second order in A

2 7\ 2/3
G = ;—h ll —Crio <TK> ; (5-29)

where C1 70 o A? is a dimensionless prefactor. The first order in A vanishes. The exponent agrees with the experimental
results of Ref. [1] as well as with the power law extracted from the NRG (Fig. 2(a) in the main text) and the quasi-
ballistic power law in Ref. [2].

C. Non-linear current

The effect of a finite voltage biasing of the two-charge Kondo circuit is readily addressed close to the triple point
(QCP). The field ©4, conjugate to d¢pa, is a sum of chiral fields

0 = 2an— OaL (S-30)

V2

moving in opposite directions. The outgoing field © 4 r acquires a time dependence with the applied voltage V'

1 eVt
V3 h
whereas the incoming field ©, 1, is unchanged. Right at the triple point, inserting this time dependence into the
current expression Eq. (S-20) directly recovers the unitary form I = GV where Gy = €2/(3h). In the interaction

Oar = OaRr — (S-31)



representation, the Hamiltonian corresponding to Eq. (S-25) at finite hg/;, # 0 takes the form Hp /1 (t) = Tr/r(t) +

7I£/L(t), with the operator
r/Llf) = = g/L P <Z\/; OaF % B 263> . (5-32)

Then, following linear response theory, the current operator Eq. (S-20) is expanded in powers of Hp,r,. A careful
analysis must account for the fact that the current operator is taken at a position x = ¢ distant from the outermost
right QPC located at x = 0: Tr/r = Tr/r(0) in Hr and I = I(¢) in Eq. (S-20). Using the commutation relations

[0:©0A,r/L(t, ), 07 r/L(t',0)] = =2imd(t — ' F £/vF)

expressing causality, we obtain the expansion I = I + I, + I with [2, §]

o e /2 eV
I(t) = —%\/gat@A(t,E) + T

Lt)y=i— > [T;(t—t/vp) =T, (t — t/vp)] (S-33)

j=R/L

b =5 [ w0 Ym0 - T

T jj'=R/L

where we introduced the fractional charge e* = ¢/3 and ¢, = t — fvp accounting for the transit time from the right
QPC. The first order term I; has a vanishing average whereas [2, 8]

. o2 [ 2) 3n\ /3
(I2) = —e T2/3) (371) (hi + h — hphg) (e‘/) t§/3. (S-34)

to ~ h/Tk is the short-time cutoff of the effective model. The final result for the total current is thus

v

1-D; , (S-35)
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with the dimensionless coefficient Dj, or a conductance correction ~ (V/T*)~%/3. A similar calculation shows that
the channel asymmetry 6.7 yields exactly the same scaling ~ (V/T*)~4/3 with T* ~ §.J3/2//Tk.
We can also utilize Eq. (S-33) to predict the shot noise. Following similar calculations in Refs. [2, 8], we obtain the
Fano factor
S 1

F:—:f -
I(hgy,=0—1 3 (5-36)

corresponding to the backscattering of fractional charges e* = e/3. The very same prediction was done in the
quasi-ballistic limit investigated in Ref. [2] suggesting that the scattering of fractional charges is independent of the
transmission of the QPCs and requires only proximity to the QCP. This somewhat extends the prediction of Ref. [9]
where a charge e* = e/2 was scattered in the two-channel Kondo model. Here, the Z3 parafermion scatters the
charge e* = e¢/3 and it should be straightforward to show that cascading N consecutive islands isolates a free Zy 41
parafermion scattering e* = e/(IN + 1) charges. This result was confirmed close to the ballistic regime in Ref. [2].

S-IV. NRG CALCULATIONS

The NRG calculations presented in the main text were performed on the model Eq. S-1, in which the two retained
charge states of each island in Eq. S-2 are mapped to ‘impurity’ Spin—% degrees of freedom Sy, and Sg. Since we are
interested in the universal behavior of the critical point arising at a triple point (TP) of the charge stability diagram
[1], we consider explicitly the limit where states |A) = [N, M), |B) = |N + 1, M) and |C) = [N, M + 1) all have the
same energy E4 = Fgp = Ec = F (when J;, = Jg = Jo = 0), while |D) = |N + 1, M + 1) has much higher energy
Ep >> FE, and is projected out. This is achieved in practice by setting hy = hr = —%I and sending I — +oo. The



influence on the physics of neighbouring TPs is therefore eliminated. This is justified at low temperatures if we focus
on the close vicinity of the critical point, since the capacitive interaction I is RG irrelevant. This reveals the universal
physics of the critical point most cleanly. We therefore study with NRG the reduced model for the TP,

Hrp = Hieaas + (J1, 87| B)(A| + Jo 35|C)(B| + Jz 35| A)(C| + Hee.) (S-37)

which is a highly nontrivial generalized quantum impurity model, featuring a three-state impurity whose configurations
are interchanged by scattering between six spinless conduction electron channels (physically, these channels are the
electronic reservoirs either side of each of the three QPCs in the two-island device).

We focus on (i) the critical point arising with finite J, = Jg = Jo = J; and (ii) the Fermi liquid crossover generated
by perturbing away from the critical point by setting J, = Jg = J but Jo # J.

The model is then solved using a variant of Wilson’s NRG method [10], in which the channels are interleaved in a
generalized Wilson chain [11], coupled at one end to the impurity. This more efficient ‘iNRG’ method is required for a
model of such high complexity, especially along the experimentally-relevant Fermi liquid crossover where symmetries
are broken.

For all iNRG calculations presented in this work, we use a logarithmic discretization parameter A = 4, retain
Ny = 35000 states at each iteration, and exploit all abelian quantum numbers. The impurity contribution to the
entropy Simp(T") = Stot(T) — Selec(T') is obtained in the usual way for NRG from the partition function [10], where
Stot is the full entropy for the coupled impurity-lead system, while Sgjec is the entropy of the isolated free electronic
reservoirs.

The series dc linear response differential conductance,

L dI

C=av

(S-38)
V=0

is defined in terms of the current I = —e(Np4) flowing into the drain lead (R 1 in Fig. 1) due to a bias voltage V
applied to the source lead (L ). Here NRT = %NR¢ and Nop = >, wl’rkwa’rk' An ac voltage bias on the left lead can

be incorporated by a source term in the Hamiltonian, Hy.s = —eV cos(wt)N L+, where w is the ac driving frequency.
The dc limit is obtained as w — 0.
We use the Kubo formula [12] to obtain the desired conductance,

G =" lim ——— (S-39)

where K (w) = ((Np1; Ngy)) is the Fourier transform of the equilibrium retarded current-current correlator

K(t) = —if(t){([Nzt, Nps()]). Within iNRG, ImK (w) may be obtained from its Lehmann representation using the
full density matrix technique [13] in terms of the Anders-Schiller basis [14] established on the iNRG generalized Wilson
chain [11]. The numerical evaluation is substantially improved by utilizing the identity ImK (w) = w*Im((Nz1; Ngt))
as shown recently in Ref. [15]. We use this method to obtain the NRG conductance results presented in the main
paper.

S-V. EXPERIMENTAL DATA FITTING

The experimental data of Fig. 3 was taken from Ref. [1], where a full description of the experimental setup is given.
Charge stability diagrams are made by measuring the series conductance for a particular configuration of 7, 7, while
a gate voltage on each island is varied. Then, line cuts (inset of Fig. 3) are extracted along the line between a pair of
TPs with equal left and right island gate voltage detuning U, where U = 0 is defined as the point midway between a
pair of TPs. Multiple line cuts of the same 7, 7¢ values are also averaged to reduce the noise. Due to a single point
of ‘switching’ noise (see Supplement of Ref. [1] for an example), there is an apparent discontinuity in the 7o = 0.998
(red) curve near small positive U. However, this does not show up in the scaling collapse as we only display one tail
of the line cut, starting from the TP and moving to larger |U].

T* is determined using the expression T* = T¢ + b| cos (2nU/é7p) — Arp|?/? [2], which accounts for the periodic
structure of the TPs. drp corresponds to the spacing from one TP pair to another TP pair, and Arp to the splitting
between the TPs of a single pair. Both are experimentally determined for each 7¢ line cut from longer line cuts
spanning multiple pairs of TPs from the same stability diagram or other charge stability diagrams with the same
7,7¢ values. The prefactor b = 1 mK is the same value used in Ref. [1], which is found from fitting b of each line cut
to best match an NRG calculated universal curve and then averaging the resulting b values of all four line cuts. Tj



accounts for the detuning in 7o and is determined for each line cut by a fit, such that the line cut best collapses onto
the others. To fix an overall free parameter in the definition of the Fermi liquid scale T, we take a practical definition
in which it corresponds to the conductance half-width-at-half-maximum at the TP, such that G(T = T*) = Go/2,
with G = €?/3h the critical point conductance.

From the analytic form for the leading corrections to the critical conductance given in Eq. 13 of the main text, cg,
Tk and c* are left as free parameters in a fit to the experimental data. However, since the value of 7 = 0.95 is kept
fixed for all data sets shown (it is 7¢ and hence T™* that is varied), the value of Tk is taken to be a constant. Therefore
the correction to the fixed point conductance Gy = €?/3h at T* = 0 is taken to be a constant, Go —G(T* = 0) ~ 0.021
e?/h. This yields Tk /(cx)?/? = 6.42 K (we do not separately determine the prefactor cx since its value is somewhat
arbitrary, depending on the definition of Tk used). The remaining variation in the conductance as a function of 7¢
and |U| in the data plotted in Fig. 3 is captured by the T term in Eq. 13, from which our fit to experimental data
yields ¢* ~ 0.23. The fit is also consistent with our NRG results.

S-VI. PARAFERMIONS IN KONDO MODELS

The emergence of a free (unscreened) Majorana fermion in the two-channel Kondo model has been established with
an explicit construction via the Emery-Kivelson method [3]. It has also been reproduced by starting from the opposite
quasi-ballistic limit related to the two-channel charge Kondo model [7]. Some other Kondo models have been argued
to host free parafermions at their fixed point. However the identification was done by analogy of the residual entropy
with the quantum dimension associated with a parafermion operator, not with an explicit derivation, in contrast
with what is done in the main text of this Letter and in Sec. S-II, where we construct the parafermion operator and
relate it to the original variables of the model. The ability to do this had previously been hindered because models
hosting parafermions are irreducibly interacting, and therefore more challenging to solve than their non-interacting
counterparts that can host the more simple Majorana modes.

Let us review which Kondo models exhibit a residual entropy suggestive of a local unscreened parafermion mode.
The standard multi-channel Kondo model with N channels has the residual entropy [16]

S=1In [2 cos (5-40)

T
2+ N |
The result S = In[(1 + +/5/2)] in the three-channel case suggests a local Fibonacci anyon [17]. In the four-channel
Kondo model [6], which has similarities with the model studied here, S = 1In(3) indicating a local Z3 parafermion.

The topological Kondo model with SO(M) symmetry [18], the residual entropy is S = %lnM for M odd and

S = $1n(M/2) for M even, suggesting a local parafermion in all cases and notably a Zj parafermion for M = 3.

Z3 parafermions have also been mentioned in the context of the three-channel charge Kondo model [17] but with
a totally different meaning. There, the renormalization group flow starting from the quasi-ballistic limit has been
argued [19] to map onto the boundary three-state Potts model. The Zj parafermions are then bulk operators that
appear in the conformal field theory description of the Potts model. Firstly, those Z3 parafermions are delocalized
objects extending in the leads and differ from the local operators discussed in this work. Secondly, the fixed point of
the three-channel Kondo model does not seem to decouple one of the Zs parafermions but rather a Fibonacci anyon

as indicated by the residual entropy.

S-VII. KONDO VS QUASI-BALLISTIC LIMITS

The physical device studied experimentally in Ref. [1] consists of two hybrid metal-semiconductor islands, both
of which host a macroscopically-large number of charge states. The islands have a finite capacitance and hence a
finite charging energy F¢, which in practice is found to be much larger than the experimental base temperature,
kpT. The islands are connected to each other and to metallic leads by QPCs. The island-lead transmission 7 and
the island-island transmission 7¢ can be tuned in-situ within a single device from the weak-tunneling (Kondo) limit
(1, 7¢ < 1) through to the quasi-ballistic limit (7, 7¢ ~ 1). Ref. [1] studied both limits, and the evolution of behavior
between them, experimentally.

However, no single theoretical technique can treat this system exactly for all values of the QPC transmissions. In
this Letter we have considered the weak-tunneling (Kondo) limit using our modified EK approach [3] and NRG [10].
In this limit, one can rigorously derive [1] a low-energy effective model in which only two charge states per island
are retained — the DCK model. The EK and NRG methods employed here are suited to analyzing such generalized
quantum impurity models. The regime of applicability of NRG was extended to intermediate transmission in Ref. [1]



by generalizing the DCK model to include several (but still a finite number) of charge states per island. However, larger
transmission remains out of reach for EK and NRG because a diverging number of charge states become involved in
transport [7] and the quantum impurity model description breaks down. On the other hand, the quasi-ballistic limit,
near perfect transmission, was studied recently in Ref. [2] using Matveev’s bosonization approach [7]. In that work, a
continuum version of the model is mapped to almost-free bosons, in which the interaction is treated perturbatively.
Different models and methods are therefore used in the two limits. Note however that electronic interactions play a
decisive role in both cases.

Remarkably, the low-temperature physics near the critical triple point is the same in both limits: both the DCK
model and the quasi-ballistic model capture the same behavior. Fundamentally this is a consequence of universality
near the critical point: the rescaled low-energy physics is the same, independently of the microscopic details of the
bare model, such as the values of the bare transmissions. This universality can be exploited to use results obtained
at small transmission and apply them in the experimental setting at larger transmission, provided we are at low
temperatures and confine attention to the vicinity of the critical point. This correspondence was demonstrated
in Ref. [1] and again in the present work when comparing theoretical predictions to experimental data. We note
that the same approach has been adopted previously for single-island devices connected to two and three channels
in e.g. Refs. [17, 20, 21], to establish quantitative agreement between NRG results obtained in the weak-tunneling
Kondo regime, and experimental data obtained at larger transmission. The latter is preferable experimentally since
then Kondo scales are boosted far above base temperatures, allowing the universal regime to be accessed.
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