
The Mott transition as a
topological phase transition

Andrew Mitchell
with Sudeshna Sen and Patrick Wong

University College Dublin
PRB 102, 081110(R) (2020)



Mott topology

Mott transition:
Metal-insulator transition in the Hubbard model and self-energy structure

Topological phase transitions:
Su-Schrieffer-Heeger (SSH) model, boundary Green’s functions, 
and domain walls

Auxiliary field mapping:
Exact dynamics reproduced in a fully non-interacting system

Topological properties of the auxiliary system:

Exact dynamics reproduced in a fully non-interacting system

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)



Mott transition

Metal-insulator transition driven by electronic interactions

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

See e.g. RMP 70, 1039 (1998);  Nature Comms 7, 12519 (2016)



Hubbard Model
Local Coulomb repulsion competes with tunneling

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)
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Hubbard Model: metallic phase

t>>U : Treat interaction as a perturbation to tight-binding model
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Hubbard Model: metallic phase

t>>U : Treat interaction as a perturbation to tight-binding model
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Hubbard Model: insulating phase

U>>t : Treat hopping as a perturbation to “atomic limit”

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)
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Hubbard Model: insulating phase

U>>t : Treat hopping as a perturbation to “atomic limit”

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)
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Mott transition

U ~ t :  Non-perturbative

metal-insulator transition!

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)
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Dynamical Mean Field Theory (DMFT)
One-band Hubbard model on the infinite-dimensional Bethe lattice

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Local self-energy

DMFT
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PRL 62, 324 (1989)



Dynamical Mean Field Theory (DMFT)
Hubbard model mapped to a single-impurity Anderson model

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

See e.g. RMP 68,13, (1996);  Physics Today 57, 53 (2004)



Numerical Renormalization Group (NRG)
Impurity problem solved numerically-exactly using NRG

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

See e.g. RMP 55, 583 (1983);  RMP 80, 395 (2008);  PRL 83, 136 (1999)



DMFT-NRG for the Hubbard Model

NRG provides accurate            for a given

⇒ zero temperature, high resolution, real frequency

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Lattice problem:

𝐺𝑙𝑎𝑡𝑡(𝜔) = 𝜔+ − 𝜖 − Σ𝑙𝑎𝑡𝑡 𝜔 − 𝑡2𝐺𝑙𝑎𝑡𝑡 𝜔
−1

Impurity problem:

𝐺𝑖𝑚𝑝(𝜔) = 𝜔+ − 𝜖 − Σ𝑖𝑚𝑝 𝜔 − Δ𝑖𝑚𝑝 𝜔
−1

Self-
consistency:

𝐺𝑙𝑎𝑡𝑡(𝜔) = 𝐺𝑖𝑚𝑝(𝜔)

Σ𝑙𝑎𝑡𝑡(𝜔) = Σ𝑖𝑚𝑝(𝜔)

𝜮𝒊𝒎𝒑 𝝎 𝜟𝒊𝒎𝒑 𝝎



DMFT-NRG for the Hubbard Model
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DMFT-NRG for the Hubbard Model
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Transition 
occurs 

without gap 
closing

No symmetry 
breaking



DMFT-NRG for the Hubbard Model
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DMFT-NRG for the Hubbard Model

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)



Structure of self-energy

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

High energies:

Hubbard bands

Low energies:

−𝐈𝐦 𝚺 𝝎 ∼ 𝝎𝟐



Structure of self-energy

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Low energies:

Hard gap
+

Mott pole

High energies:

Hubbard bands



Structure of self-energy
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Structure of self-energy

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Approaching transition from metallic side:
Self-energy develops double peak structure
As          :  peaks sharpen and coalesce

with 
𝑼 → 𝑼𝒄

−

−𝒕 𝐈𝐦 𝚺 𝝎 → 𝟎 ∼ 𝝎/𝒁 𝟐 𝒁 → 𝟎



Su-Schrieffer-Heeger (SSH) model

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Paradigmatic model of a 1d topological insulator

Non-interacting!

Bulk is a band insulator with gap 𝜹 = |𝒕𝑨 − 𝒕𝑩|

Phys. Rev. Lett. 42, 1698 (1979); Asbóth, Oroszlány, Pályi, Springer (2016)



SSH boundary Green’s function

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)



SSH boundary Green’s function

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

… solve for boundary GF



SSH boundary Green’s function

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)



Boundary localized state

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Transfer-matrix method:

zero-energy SSH eigenstate is
exponentially localized

on the boundary

Robust: requires only



Domain Walls

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Localized states on the boundary and at domain walls

States hybridize and gap out:



Domain Walls

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)



Bands of topological states

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)



Moment Expansion method

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Problem: What is the CFE of a 
composite spectrum 

given the CFE’s of individual elements?

Vishwanath & Müller
Springer(1994)



Domain wall states

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)



Topological phase?

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Mott insulator
self-energy

Topological SSH
boundary GF



Auxiliary field mapping

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Scattering from e-e interactions can be reproduced
exactly by coupling to auxiliary non-interacting dof’s



Auxiliary field mapping

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Scattering from e-e interactions can be reproduced
exactly by coupling to auxiliary non-interacting dof’s



Auxiliary field mapping
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Scattering from e-e interactions can be reproduced
exactly by coupling to auxiliary non-interacting dof’s

𝐺𝑙𝑎𝑡𝑡(𝜔) = 𝜔+ − 𝜖 − Σ𝑙𝑎𝑡𝑡 𝜔 − 𝑡2𝐺𝑙𝑎𝑡𝑡 𝜔
−1

𝐺𝑙𝑎𝑡𝑡(𝜔) = 𝜔+ − 𝜖 − Δ0 𝜔 − 𝑡2𝐺𝑙𝑎𝑡𝑡 𝜔
−1

Δ0 𝜔 = 𝑉2𝐺𝑎𝑢𝑥
0 (𝜔)



Example: Hubbard atom

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)
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Example: Anderson dimer

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)
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Example: Anderson dimer
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Non-linear canonical transformation

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)
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𝛾7 + 𝑖 𝛾8
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𝑼
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Non-linear canonical transformation

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

𝐻 = −
𝑈

4
𝛾1𝛾2𝛾3𝛾4 −

𝜖𝑔

2
𝑖 𝛾5𝛾6 −

𝜖𝑓

2
𝑖 𝛾7𝛾8

𝝁𝒋 = ෡𝑹† 𝜸𝒋 ෡𝑹NLCT: with,    ෡𝑹 = 𝒆𝒙𝒑 −𝒊
𝜽

𝟐
𝜸𝟐𝜸𝟑𝜸𝟒𝜸𝟓

𝜇2 = −𝑖 𝛾3𝛾4𝛾5
𝜇3 = +𝑖 𝛾2𝛾4𝛾5
𝜇4 = −𝑖 𝛾2𝛾3𝛾5
𝜇5 = +𝑖 𝛾2𝛾3𝛾4

𝐻 = −
𝑈

4
𝑖 𝛾1𝜇5 −

𝜖𝑔

2
𝜇2𝜇3𝜇4𝛾6 −

𝜖𝑓

2
𝑖 𝛾7𝛾8

Bazzanella, Nilsson, arXiv:1405.5176



Non-linear canonical transformation

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)
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Gauge choice:              and 𝝐𝒈 = 𝟎 𝝐𝒇 =
𝑼

𝟐
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𝑈

4
𝑖 𝛾1𝜇5 + 𝛾7𝛾8

Refermionization: 𝜶† =
𝟏

𝟐
𝜸𝟏 + 𝒊 𝜸𝟖 𝜷† =

𝟏

𝟐
𝜸𝟕 + 𝒊 𝜸𝟓

𝐻 =
𝑈

2
𝛼†𝛽 + 𝛽†𝛼 𝐺𝑐𝑐 𝜔 = 𝐺𝛼𝛼 𝜔



Auxiliary field mapping

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Scattering from e-e interactions can be reproduced
exactly by coupling to auxiliary non-interacting dof’s



Auxiliary field mapping

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Our strategy for the Hubbard model:
find the self-energy using DMFT-NRG
map to auxiliary 1d chains
analyze the properties of the auxiliary system

Σ 𝜔 → Δ0 𝜔 = 𝑉2𝐺𝑎𝑢𝑥
0 (𝜔) =

Continued
Fraction
Expansion



Auxiliary field mapping

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Continued Fraction Expansion of self-energy:

Σ 𝜔 → Δ0 𝜔



Auxiliary field mapping

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Metal:

Insulator:



Mott insulator

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

SSH model in the topological phase with hopping perturbations



Mott insulator

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

SSH model in the topological phase with hopping perturbations

Mott pole corresponds to
boundary localized state:



Metal (fermi liquid)

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Generalized (pseudogap) SSH model in the trivial phase



Topological phase transition?

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

No bulk gap closing across Mott transition!
Double-peak structure in self-energy near the transition!

(i) Hubbard bands

(ii) Double peak

(iii) Pseudogap



Topological phase transition?

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Double peaks coalesce across transition



Topological phase transition?

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Peaks not poles!

Low-energy pseudogap gives additional 1/n envelope



Topological phase transition

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)



Toy model for the transition

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)



Topological integral invariant?



Summary

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Metallic phase:
“Pseudogap” SSH chain in trivial 
phase. No localized states.

Self-energy of Hubbard model mapped to auxiliary 
non-interacting chain of generalized SSH type

Near Mott transition:
Domain wall formation and 
dissociation

Mott insulator:
SSH chain in the topological 
phase with a single boundary 
localized Mott pole state



Outlook

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)

Multi-orbital Hubbard model coupled SSH chains
or cluster DMFT:

Momentum-dependent D-dim physical lattice gives
self-energy: (D+1)-dim auxiliary lattice

Non-equilibrium dynamics: Melting Mott insulator via 
interaction quench

Superconducting phase: Auxiliary Kitaev chain 
with Majoranas???


