The Mott transition as a
topological phase transition

2= Ay .

Andrew Mitchell @7

with Sudeshna Sen and Patrick Wong —
University College Dublin LE T
PRB 102, 081110(R) (2020) Thaighde in Eiriam




Mott topology

Mott transition:
Metal-insulator transition in the Hubbard model and self-energy structure

Topological phase transitions:

Su-Schrieffer-Heeger (SSH) model, boundary Green's functions,
and domain walls

Auxiliary field mapping:
Exact dynamics reproduced in a fully non-interacting system

Topological properties of the auxiliary system:
Exact dynamics reproduced in a fully non-interacting system
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Mott transition

Metal-insulator transition driven by electronic interactions
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Hubbard Model

Local Coulomb repulsion competes with tunneling

H = Eltu lO']O']-I_UZ ]TC]TC]lC]l
i,j,0
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Hubbard Model

Local Coulomb repulsion competes with ‘runneling

H = z & ]0]+UZ

i,j,0
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Hubbard Model: metallic phase

t>>U : Treat interaction as a perturbaﬁon to tight-binding model
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Hubbard Model: metallic phase

t>>U : Treat interaction as a perturbation to tight-binding model

H = z[tu clocio| +H
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Hubbard Model: insulating phase

U>>t : Treat hopping as a perturbation to “atomic limit”
H=U z C]TTC]-,T chlcj, L
J
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Hubbard Model: insulating phase

U>>t : Treat hopping as a perturbation to “atomic limit”
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Mott transition

U ~ t: Non-perturbative

H = Eltu lO']O']-l_UZ ]TC]TC]lC]l

i,j,0

m) metal-insulator transition!
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Dynamical Mean Field Theory (DMFT)

One-band Hubbard model on the infinite-dimensional Bethe lattice

H = 2 & ]0]+UZ

i,j,0

Local self-energy

DMFT

PRL 62, 324 (1989)
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Dynamical Mean Field Theory (DMFT)

Hubbard model mapped to a single-impurity Anderson model
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Numerical Renormalization Group (NRG)

Impurity problem solved numerically-exactly using NRG
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DMFT-NRG for the Hubbard Model

Lattice problem:
Grate () = [0F — € = Ty (w) — t2Grae ()] \

Self-

consistency:
Giate(w) = Gimp (W)
Impurity problem: / Yiatt(w) = Zimp (w)

Gimp (w) = [w+ — €~ Z:i‘mp((i)) — Aimp ((U)]_l

NRG provides accurate x;,.,(w) for a given A, (w)

= zero temperature, high resolution, real frequency
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DMFT-NRG for the Hubbard Model

U/t =0.0
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DMFT-NRG for the Hubbard Model

us/t=1.0
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DMFT-NRG for the Hubbard Model

u/t=20
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DMFT-NRG for the Hubbard Model

U/t =3.0
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DMFT-NRG for the Hubbard Model

U/t =4.0
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DMFT-NRG for the Hubbard Model

U/t =5.0
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DMFT-NRG for the Hubbard Model

U/t =5.5

1.2

1.0 -
0.8 -

= 0.6

04 -
0.2 -
0.0 | | |

—10 -5 0 5 10

Andrew Mitchell, UCD PRB 102, 081110(R) (2020)




DMFT-NRG for the Hubbard Model

U/t =5.86
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DMFT-NRG for the Hubbard Model

U/t =59
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DMFT-NRG for the Hubbard Model
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DMFT-NRG for the Hubbard Model

u/t=7.0
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DMFT-NRG for the Hubbard Model

U/t =8.0
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DMFT-NRG for the Hubbard Model

u/t=9.0
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Structure of self-energy
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Structure of self-energy

U/t=90 Mott Insulator
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Structure of self-energy

U/t =5.86 Metal
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Structure of self-energy

Approaching transition from metallic side:

Self -energy develops double peak structure

As U - U; : peaks sharpen and coalesce
—tIm2(w - 0) ~ (w/Z2)* with Z-0

: SN
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Su-Schrieffer-Heeger (SSH) model

Paradigmatic model of a 1d topological insulator

Hsy = ):cc + (m Y. ¢ +ip Y g +He )

j odd ] even

Non-interacting!

Bulk is a band insulator with gap & = |t, — tp|

Phys. Rev. Lett. 42, 1698 (1979); Asboth, Oroszlany, Palyi, Springer (2016)
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SSH boundary Green's function

1

G11(z) =
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SSH boundary Green's function
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SSH boundary Green's function

Trivial Boundary (t4 > fp)
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Boundary localized state

0.5

Transfer-matrix method: 04

3 0.3

. ] < 02}

zero-energy SSH eigenstate is 01 L
exponentially localized 0.0

on the boundary

[Yo(2n — 1)* ~ [Tz t2e—1/tox 0.6
~ exp(—n/&)with& ~ t /26

Robust: requires only t,—1 < toy, 0 20 40 60 80 100 120 140
Chain Site
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Domain Walls
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States hybridize and gap out: Ac ~ o Mdw/C
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Domain Walls

L ] l
0.7 -
0.6 -
= 05 -
04 - 1.0
0.3 - 0.8
0.2 s 1 1 1 1 1 ’
0 10 20 30 40 50 — 06 L
1 \§/
< 04 -
0 g
; 02 -
-1 _-os ﬂ m
2 0.0 L1,
S 3t 1 0 1
ry o
— _§5 L[
6L
_7 | | | | | b
0 10 20 30 40 50

PRB 102, 081110(R) (2020)

Andrew Mitchell, UCD




Bands of topological states
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Moment Expansion method

! | Problem: What is the CFE of a
! lr composite spectrum

|
st Alw) = + 3 wiAi(w)
< L
! given the CFE's of individual elements?
l Ui = % > wipig with ;e = fda) W A ()
Xin—1) X 1(n—2
12 = X, (n), where X, (n) = k(’; ) _ K 1(2" )
[ !
n—1 n—2
g;?rgaer;?fggit)Mﬁﬂef with X, (0) = po, Xk (1) =0,and 12, =15 = 1
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Domain wall states
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Topological phase?
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Auxiliary field mapping

Scattering from e-e interactions can be reproduced
exactly by coupling to auxiliary non-interacting dof's
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Auxiliary field mapping

Scattering from e-e interactions can be reproduced
exactly by coupling to auxiliary non-interacting dof's
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Auxiliary field mapping

Scattering from e-e interactions can be reproduced
exactly by coupling to auxiliary non-interacting dof's

Grart(@) = [wF — € = () — t2Grgee(@)] 71

\ ¢

Grate(w) = [w* — € — Ap(w) — t°Grge ()]

\ ¢

Ag(w) = Ve Gc(l)ux (w)
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Example: Hubbard atom

H=U(c{rCT —%)(cfcl —%)

1 1
Cecl0) = T U2~ 2(@) +_W/2)°
O T TR c
U (U/2)?
Z(w)=5+(a{+) = Ay (w) .
V)
U
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Example: Hubbard atom

H=U(c{rCT —%)(cfcl —%)

Cecl0) = T U2~ 2(@) ot W/2)°

C f

w
U/?2 2
(0{3 = 4o (@) OU_/ZO

Hrap =5 (ctf +Te)
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Example: Anderson dimer

H=U(C%I-CT —%) (cfcl —%)+ 1:2 (c;rda +d}Lca)

o)
Gee () :
cC w) = 12
a)++%—t2/w+—2(a)) °l d
O (/)% ‘ ‘ ;

(U - 2 + (3t)2 02 - c

C v

U
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Example: Anderson dimer

H=U(C%I-CT —%) (cfcl —%)+ tE (c;rda +d}Lca)

o

1
Gee(w) = U =
wt +5—t?/wt = E(w) wt ———
U U/2)>
2(@) = 2+ — (;@z = A ()
(U+ —

(1)+

U
Hppap = t (chd + d*c) + ;(chf1 + ffrc) + 3t ( Te + f;rfl)
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Non-linear canonical transformation

H = U(C%rCT —%) (CE-CL —%) + €979 + e f'f
\ J
|

gauge degrees of freedom

Majorana representation:

1 . 1 . 1 . 1 .
Cr =§(V1+Wz) Cfr=§()/3+l)/4) g+=§(ys+we) f+=§(y7+l)/8)

U € Ef

H=—_Y1¥2V3Va - 7giy5y6 —— i V7Y
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Non-linear canonical transformation

U Eg . Ef _
H = _Z)’ﬂ’z)’s)’z} — ?11’5)’6 — ?l Y7Vs
- - . - .0

NLCT: [ = RT Yj R with, R =exp [—lg Yz)’3)’4)’5]
U = —LV3V4Ys
H3 = +1Y2V4Ys >-H——gi & _&;
Uy = —i VyYaVe g L Vils = H2H3HaYe — "L V7Y 8
Us = +1V2V3Va

- Bazzanella, Nilsson, arXiv:1405.5176
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Non-linear canonical transformation

U Eg Ef

H=—=71yills = = HalishaYe = - L V7V8

Gauge choice: €;=0 and € =7

U .
H = —Zl(hﬂs + ¥7Ys)

C + 1 . + 1 .
Refermionization: a =2 (Y1 +iyg) B = > (Y7 +ivys)

H = U( +'B+'B+ ) jl> Gcc(a)) — Gaa(w)
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Auxiliary field mapping

Scattering from e-e interactions can be reproduced
exactly by coupling to auxiliary non-interacting dof's

Hint — Haux + thb

o0
Hux = ) ) ta(fi ufignpr + Hec)

i,0 n=1 |
—> |
thb =V Zi,a(cjaf:ia,l + f:i];,lcia)
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Auxiliary field mapping

Our strategy for the Hubbard model:

find the self-energy using DMFT-NRG
map to auxiliary 1d chains
analyze the properties of the auxiliary system

2(w) = Ag(w) = VZGc?ux(w) — V2
H
.
. t5
Continued z— -
Fraction ,_ 5
Expansion '
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Auxiliary field mapping

Continued Fraction Expansion of self-energy:

(w) = Ag(w)
An(@) =12 /[0 — Api1(0)]
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SE(w)

Metal: A

Insulator:

: 05
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Auxiliary field mapping
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Mott insulator

SSH model in the topological phase with hopping perturbations
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Mott insulator

SSH model in the topological phase with hopping perturbations
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Metal (fermi liquid)

Generalized (pseudogap) SSH model in the trivial phase
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Topological phase transition?

No bulk gap closing across Mott transition!
Double-peak structure in self-energy near the transition!

(i) Hubbard bands

i / (ii) Double peak

(iii) Pseudogap
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Topological phase transition?

Double peaks coalesce across transition
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Topological phase transition?

Peaks not poles!
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Low-energy pseudogap gives additional 1/n envelope
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Topological phase transition

U/t =5.82
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Toy model for the transition
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Topological integral invariant?

Luttinger integral

2 Y dX(w)
[ = —S dw G(w
L Hd/;m w G(w) dw

0 VU < U, Fermi liquid
1 VYU > U, Mottinsulator

» [; plays the role of the topological invariant

» Finite (infeger) value in topological phase

» Zero in trivial phase

» Similar form to Volovik-Essin-Gurarie invariant
» [; dependent upon X

» Topology is encoded in &

D. E. Logan and M. R. Galpin, J. Phys.: Condens. Matter 28, 025601 (2015)



Self-energy of Hubbard model mapped to auxiliary
non-interacting chain of generalized SSH type

Andrew Mitchell, UCD

Metallic phase:
"Pseudogap” SSH chain in trivial
phase. No localized states.

Near Mott transition:
Domain wall formation and
dissociation

Mott insulator:

SSH chain in the topological
phase with a single boundary
localized Mott pole state
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Multi-orbital Hubbard model coupled SSH chains
or cluster DMFT:

Momentum-dependent D-dim physical lattice gives
self-energy: (D+1)-dim auxiliary lattice
Non-equilibrium dynamics: Melting Mott insulator via

interaction quench

Superconducting phase: Auxiliary Kitaev chain
with Majoranas???
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