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We investigate a well-studied system of a quantum dot coupled to a Coulomb box and leads, realizing a
spin-flavor Kondo model. It exhibits a recently discovered non-Fermi liquid (NFL) behavior with emergent
SO(5) symmetry. Here, through a detailed bosonization and refermionization solution, we push forward our
previous work and provide a consistent and complete description of the various exotic properties and phase

diagram. A unique NFL phase emerges from the presence of an uncoupled Majorana fermion from the flavor
sector, whereas Fermi liquid-like susceptibilities result from the gapping out of a pair of Majorana fermions from
the spin and flavor sectors. Other properties, such as a 73/2 scaling of the conductance, stability under channel
or spin-symmetry breaking, and a reappearance of NFL behavior upon breaking the particle-hole symmetry, are
all accounted for by a renormalization group treatment of the refermionized Majorana model.
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I. INTRODUCTION

Quantum dots (QDs) are among the most basic building
blocks of mesoscopic circuits [1], providing a testbed for
strongly correlated and entangled problems within the simple
context of a quantum impurity model. The physical properties
of QDs depend essentially on their level spacing §, charging
energy E., and precise form of the coupling to their surround-
ings: They can exhibit Coulomb blockade phenomena at low
temperatures [2] 7 < E, and build up entangled Kondo-like
states of various kinds [3—6] below the Kondo temperature
T < Tx. Within the Coulomb blockade regime, one may ei-
ther have small QDs dominated by a single quantum level
due to a large level spacing § > T, or large QDs which are
metallic grains with 6§ < T, referred to here as “Coulomb
boxes,” having a large density of states, yet displaying charge
quantization [7,8].

This combination of large charging energy and large
density of states has been a central ingredient in the first
experimental realization of the two-channel Kondo (2CK)
effect [9-11]. Here, multiple Coulomb boxes act as effec-
tive screening channels of a small central QD carrying an
unpaired spin, and the boxes’ charging energy completely
suppresses interchannel charge transfer. Its exotic non-Fermi
liquid (NFL) behavior is reflected in nontrivial electronic scat-
tering properties which were calculated using conformal field
theory (CFT) [12] accounting for anomalous experimental
signatures [10,11].

These experiments opened a line of research activity on the
quantum critical nature of this NFL state [13—17], the role of
charge fluctuations near charge degeneracy of the Coulomb
box [18-20], the nonlocal role of the Coulomb charging
energy [21], various transport [22-25] and capacitance [26]
properties, and multiple impurities generalizations [27] and
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related devices [28]. Also, the nontrivial entropy of these mod-
els was recognized as a possible way to realize non-Abelian
anyons [29,30]. More recently, Coulomb boxes were imple-
mented in the strong-magnetic-field regime [31-33] leading
to a convenient experimental platform to study multichannel
charge-Kondo effects achieved near charge degeneracy points
of the Coulomb box [8,32,34-38].

The lead-dot-box device of Refs. [9-11] on which we
focus (see Fig. 1) exhibits a rich phase diagram invoking
correlations between spin and charge degrees of freedom, as a
function of gate parameters controlling the charges of the box
and small QD. In particular, a certain tuning of parameters
gives rise to a spin-flavor Kondo effect: a phase in which
the spin-1/2 formed in the small QD, S, gets entangled with
a “flavor” pseudospin-1/2 operator T, associated with two
charge states of the box.

To model the lead-dot-box system in Fig. 1 we
study the low-energy Hamiltonian Hy + §H, where Hjy =
Dok Dw—LBo=1.] €4Cpyo Chao describes the leads (o = L) or
the box (@ = B), respectively, and

o? T
SH= )" J¢15¢S“+ 2:‘@¢15¢Tb

a=x,y,z b=x,y,z

+ ) QlotetyseT?,

a,b=x,y,z
QX = Qy = QLa

Here Pauli matrices o¢ and 7’ act in the spin and flavor
sectors, respectively. In Eq. (1) we suppress spin and flavor
indices; for example, Y 'o“thy = 3", 4, o Wl 08, Tl Wge,
where we define local field operators Yo = D, Ckao- In this
paper, we study the rich phase diagram of this Hamiltonian
with a number of additional perturbations.

V=V, =V,. 1
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FIG. 1. A quantum dot (d) coupled to a quantum box (B) and
source and drain leads (Ls and Ld).

Previous results and emergent symmetry

An earlier work on this model by Borda et al. [39] found
that at low energies, the ratios between the various coupling
constants J, Qp, and V, (b=1x,y,z=1,2,3) flow under
renormalization group (RG) to unity. Remarkably, the re-
sulting low-temperature fixed point has an enlarged SU(4)
symmetry. Using numerical RG (NRG) and CFT it was found
that this SU(4) symmetric state is a stable Fermi liquid (FL).
This high-symmetry state is featured in a number of QD
experiments [40-42] and theories [43-45].

Le Hur et al. [18,19] explored the consequences of this
stable SU(4) FL state on the conductance and capacitance.
The model in Fig. 1 was also elaborated on in a series of
papers by Anders, Lebanon, and Schiller (ALS) [46-48]. They
focused on the particle-hole (PH) symmetric case and found a
NFL ground state, rather than a FL behavior claimed by Le
Hur et al. Also, ALS found a smooth crossover from spin
to flavor 2CK NFL behavior as a function of the box’s gate
voltage.

Below, these two seemingly conflicting results will be rec-
onciled by the introduction of a NFL fixed point, located at the
PH symmetric point and characterized by an SO(5) symmetry
[49], exhibiting both FL-like susceptibilities and NFL frac-
tional entropy, along with a T3 scaling of the conductance.
While the key features of this SO(5) fixed point were found
in Ref. [49], here we provide a detailed analysis of the phase
diagram and interplay of different perturbations.

Our main endeavor is the investigation of this unique SO(5)
point along with its stability to the following perturbations:
magnetic field (AHp = BS?), flavor field (AHp, = B;T?),
channel symmetry breaking (AH,; = J_wT%I/IS:), and PH
symmetry breaking [nonzero V| and Q, in Eq. (1)]. We show
that the NFL phase at the SO(5) point is stable to the inclusion
of a magnetic field or channel symmetry breaking. While this
stability of the NFL state is reflected by a fractional entropy
of % log 2, other quantities such as the spin susceptibility show
FL-like behavior [18,19] of an inherently NFL state.

The addition of PH symmetry breaking including a flavor
field, however, can destabilize the NFL to a FL. Interest-
ingly, when both destabilizing perturbations occur, it is still
possible to tune them to cancel each other and restabilize a
NFL phase, which persists along a curve in the plane spanned
by the PH symmetry breaking perturbation and flavor field
perturbation (bold curve in Fig. 2). In the QD device in Fig. 1

FIG. 2. A schematic drawing of the NFL line (in bold) emanating
from the SO(5) fixed point in the plane spanned by B, and V|
perturbations. The NFL line becomes a NFL 2D manifold as we add
the J_ term as a third perturbation. We describe this curve explicitly
in Sec. VI using Eq. (61).

this corresponds to a curve in the phase diagram spanned by
the gate voltages V; and Vp (drawn in Fig. 5 for different
parameter choices). Adding a third axis representing, e.g.,
AH,, results in a two-dimensional (2D) NFL manifold in
Fig. 2. This means that the NFL line in the phase diagram
exists for generic ratios between the tunneling coefficients of
the leads and the box [49].

We also note that related works on the spin-flavor Kondo
model [50-52], which used bosonization and refermionization
methods as in the present paper, did not focus on the special
role of PH symmetry to be elucidated below, which stabilizes
the high-symmetry SO(5) NFL fixed point.

The plan of the paper is as follows. In Sec. II we present the
lead-dot-box Hamiltonian and map it to the low-energy form
of Eq. (1) by the Schrieffer-Wolff transformation. We examine
the system’s RG behavior with and without PH-symmetry-
breaking terms, and make the emergent symmetry explicit.
In Sec. III we apply bosonization and refermionization tech-
niques, obtaining a Majorana representation of the problem. In
Sec. IV, we analyze the spin-flavor phase at the SO(5) point in
terms of thermodynamic quantities (entropy, spin, and flavor
susceptibilities) and conductance. In Sec. V, we explore how
these quantities change under different perturbations, and in
Sec. VI we combine PH-symmetry-breaking perturbations to
show the emergence of a NFL line from the SO(5) point in the
phase diagram. Our field theory results in Secs. V and VI are
compared with our NRG calculations. We briefly conclude in
Sec. VIL

II. MODEL
A. Lead-dot-box model

As shown in Fig. 1, our system, studied in numerous earlier
works [9,13,19,20], consists of a central QD (d) connected to
source and drain leads (Ls, Ld), and to a quantum box (B). It
is described by the Hamiltonian H = Hy + Hp + Hy + Hyyp.
The hybridization term Hpyp =), Hyy, couples the small
dot with the various reservoirs. Here Hy = ), , € CLM Cruo
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TABLE I. Summary of interaction terms, their couplings, their LR and PH symmetries, their RG role with respect to the SO(5) fixed point,

and their Majorana fermion form.

Interaction, O; Coupling LR symmetry PH symmetry Role EK form
VAL J + + SO(5) ~id_y4
sz/fT Zy V. + + SO(5)
Vs T — et T )ys o + + SO(5) ~id,a_
e v, " - - SUM) N x-
Ty tereys 0. + - — SU@4) ~ia,y_
ARS ¢ + - marginally

irrelevant
VARESET J_ - + marginal ~id, x_
TGy S o7 - - irrelevant
1z _ .
Ty v - + irrelevant
VAR2Vs ¢_ — — marginal ~ia_a,
T* By - - marginal ~ia_a,

describes the three conduction electron reservoirs, consisting
of the two leads (o« = Ls, Ld) plus the one box (o = B) that
surround the small quantum dot. In addition,

Hg = E.(Np — No — ny)*, 2
H; = €esng +Unyny, 3

describe the box Coulomb interaction and the Hamiltonian
of the small dot, respectively, and the hybridization term is
given by H, = > ko (tradlcy,, +Hee.). Here, 0 = 1, | de-
notes (real) spin, and d, or ¢, are annihilation operators for
the dot or conduction electrons, respectively. n, = d;d(, and
ng = Za n, measure the number of electrons in the dot, and
Ny = ko ciBa Cyp, 18 the number operator for the box.

The dot and box occupations are controllable by gate
voltages

Vixn=es+ 31U, Vgocn,—1, )

respectively (see Fig. 1). We take equivalent conduction elec-
tron baths €, = €; with a constant density of states v (which
we set to unity). We define 12 = Y, [to|* and 17 = 1} +1},.
The two leads can be effectively treated as a single lead. Thus,
the combined lead (L) and box (B) act as two channels [13].
We will often refer to the lead and box as the left (L) and
right (R) channels. At n, = %, the box states with Ny and
Ny + 1 electrons are degenerate. Neglecting other high-energy
box charge states we may define a pseudospin—% operator
TH = |No+ 1)(No|, T~ = (TH),and T* = %(|No + 1) {(No +
1] — |No){No|). The charge pseudospin is flipped by electronic
tunneling between the dot and box. The lead-dot-box Hamil-
tonian is then

Hais = ) Y €ClyyChao + E«(T* 4 1/2 = no)* + Hy
a=L,R k,o

+ D ld}(trciq + tpeuso T ) + Hel. 5)
k,o

We refer to this model in which the tunneling terms are sup-
plemented by the T -pseudospin operator as the ALS model.

B. PH transformation

In the next section we map the lead-dot-box model to the
spin-flavor Kondo model, Eq. (1), perturbed by various terms.
Before doing so, we introduce a PH transformation allowing
us to distinguish various interactions. The PH transformation
takes

d — —ovd’,
T° — —T*. (6)

v = o'y,
TH > 1T,

For example, this symmetry takes ¥ t%y — —y T2y so the
(Y TT2yY)T? term (associated with the V, coupling) respects
the symmetry since 7'° also changes sign. On the other hand,
it takes ¥t Ty — —y Tty and TT — T~ so the +-flavor
Kondo terms (with coupling V) change sign and are PH
odd. Importantly, this PH symmetry holds only when both
conditions €, = —U/2 and n, = 1/2 hold. It is easy to check
that also Q, in Eq. (1) is odd under PH symmetry. Table I
summarizes the PH transformation of the various operators in
Eq. (1) as well as other perturbations that we discuss next.

C. Schrieffer-Wolff (SW) transformation

We expand the Hamiltonian at low temperatures 7 <
E., U around the two possible box charge states Ny, Ny + 1,
and around the two spin states of the small dot, using the SW
transformation [53]. To second order one generates the terms
that appear in Table I, which consist of the Hamiltonian

H = Hy+dHW,V,, Vi, Q:, Q1) + 8Hps(¢p) + AHp,(By)
+AHp(B) +8H_(J_,VZ, Q% , ¢_). (7

Here, 6H was introduced in Eq. (1). AHp, = B;T* describes
a flavor field, namely, an energy difference between the charge
states of the box,

Bf = Ec[(l — ng)2 — n;] = Ec(l - an)a (8)

(to zero order in the tunneling). We also included a magnetic
field term AHp = BS?, which requires spin-symmetry break-
ing. 6Hp5(¢) = ¢ is a potential scattering term.
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All terms in §H_ break channel symmetry. We refer to
the channel symmetry of exchanging the lead and box as a
left-right (LR) symmetry (see Table I). This symmetry also
takes T° — —T7, and is satisfied in Eq. (1). Among the terms
that break this symmetry in §H_, specifically J_ describes an
asymmetry in the spin-Kondo interaction.

We relegate full explicit expressions of the coupling con-
stants to Appendix A. PH-even couplings such as J, O, and
V, are generically finite, and specifically at the PH symmetric
point g = —U /2, n, = 1/2, are given by

4 t2E.+U/2 1t

J=_ tf—}—lg(;/) . 0, =418

U 2E. +U/2 U
E.t}

V,=4——">——.

UQRE.+U/2)

On the other hand, the PH-odd couplings vanish at the PH
symmetric point; for example, V, takes the form
E.(2ng—1)+2¢4+U

—I 1B .

(€a + Ec(2ng — 1))(eq + U)

V. = ©))

D. RG equations and emergent symmetries

In this section we consider the Hamiltonian H +
8H(J,V, Q). The analysis of the remaining terms, such as
channel asymmetry, and magnetic and flavor fields, is post-
poned to Sec. V.

We have seen that, away from the PH symmetric point
(ng, n) = (%, 0), generically all coupling constants J, V,, V|,
Q., and Q, in Eq. (1) are finite. They satisfy the following
weak-coupling RG equations [19]:

dJ

o =J*+ Q2 +207,

dV.

d—; = V24302,

dVv

d—f = V.V, +30.0,,

do

d; =2JQ, +2Vi0.,
dQ,

=201+ V.01 +Vi0.. (10)

Here [ is the logarithmic RG scale parameter. In a similar
fashion to the Kondo RG equations displaying the irrelevancy
of spin anisotropy, it was noticed [19,39] that the present
system of RG equations flows to a strong-coupling fixed point
with equal couplings. When the system reaches isotropy V =
Q = J, these RG equations become d.J/dl = 4J>. The system
flows to the upper fixed point in Fig. 3 on the Kondo scale
[19]:

T2V ~ De V¥, (11)

where D is the conduction electron’s bandwidth.

Now consider the (ng, n) = (%, 0) point where V, = Q, =
0. A similar analysis of the isotropy of the remaining cou-
plings J,V,,and Q| , suggests a flow to an isotropic fixed point
(see lower fixed point in Fig. 3) with dJ/dl = 3J?, and the
partially isotropic Hamiltonian flows to the lower fixed point

\ FL SU(4)
v, ®
Q-

1.QLV, NFL SO(5)

FIG. 3. Schematic RG flow for the PH-even couplings (horizon-
tal axis) and PH-odd couplings (vertical axis). In the infrared, the
couplings flow to one of two fixed points: a NFL phase or a FL phase.
A quantum phase transition from the former to the latter distinct
phases occurs as the PH-odd couplings are turned on.

in Fig. 3, with a slightly smaller Kondo scale,

720 ~ De=V/3, (12)

1. SU(4) versus SO(5)

Consider the matrix of 15 generators:

0 o3 —0% o't! ol? ol13

-3 0 ol o%t! 02¢? o273

ab 1 o? —0o'! 0 o3t! o312 o313
T ol —olt! —o2¢! —63c! 0 13 12
—o't? —6212 —¢372 =3 0 !

—olt3 —6%13 6313 2 - 0

(13)

The 15 independent generators appearing in the upper triangu-
lar part (T = —T% witha, b = 1, ..., 6) satisfy the algebra
[T, T = —i(8pc T — 84T — 84T + 8,4T"). Hence
[54] they are 15 generators of SO(6), which is isomorphic to
SU(4). Specifically, these matrices form a four-dimensional
representation.

We can organize the impurity operators S and 7T into
generators of this SO(6) symmetry. One introduces a singly
occupied fermionic site carrying spin and flavor indices [55],
fi fas = 1,interms of which §* = fTZ"f, Tt = f“;f, and
289Tb = f7 "be f- Then the four impurity states form a repre-
sentation of SO(6):

fTTahf — Mab
0 ST -8 85T 28°TY 28°T¢
-5 0 St 289T* 29T 28T+
SY -5 0 28T 281> 28°T*

28 T* 28TF 28T 0 TT T
28TV 28T 28T ~T¢ 0 T*
—2§°T% —28'T¢ —2§°T* T¢ —T* 0

(14)

Evidently, the fully isotropic situation with J =V, =V, =
Q. = Q, allows us to write Hamiltonian H 4+ §H in Eq. (1)
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in SO(6) [or equivalently SU(4)] isotropic form,

15

Hso(6) =H0+JZJAMA, (15)
A=l
where JA = ¢ T4y and Y0 | = ZZ@_M:I.

The case with PH symmetry in our model corresponds to
Vi = Q, = 0. Then the Hamiltonian (1) can be written in
terms of the ten generators of SO(5), which is a subgroup
of SO(6). These ten generators are given by 7% with a, b =
1, ..., 5[given by the matrix in Egs. (14) by removing the last
column and row],

10
Hsogs) = Ho +J ) J*M*, (16)
A=l

10 5
where Y ,_ =D 0 et

2. Generalized anisotropic RG equations

The RG equations (10) assumed spin SU(2) symme-
try as reflected, e.g., in the Kondo coupling J. Similarly
it assumed flavor U(1) symmetry implying V, =V, and
O, = 0,. Motivated by the next section based on the
anisotropic Emery-Kivelson approach, in which the spin
SU(2) symmetry is broken, we now generalize the RG
equations to the fully anisotropic case of the form Hy +
26 1)\ab(l//*T‘lbw)(f*T“bf). We associate each of

a<b,a,b= ’ /
these terms with a coupling Ay:

0 L 4 O 0 O

0 L O O O

S L 0 O @ O
=0 & O G (17)

o O 0 0 V.V

Y V. 0V

[RR

o &V, Vi 0

Here, we defined Qj by generalizing the spin-flavor coupling
terms Q) in Eq. (1) to Q¢ oty S9T?, yielding 15 inde-
pendent coupling constants. As demonstrated in Appendix C,
these 15 coupling constants satisfy the RG equation

d)\.[j
— = Z.)\,-kxkj. (18)
k#i,j

For example, the RG flow of J, is given by

dle _dras _, + Agahaz 4 Aashss 4 A
dl - dl — A21/M13 24/N\43 25A53 2663
=L, + Q0+ Q0 + Q10 (19)

This system of equations is numerically solved in Appendix
C, showing that the isotropic fixed point is achieved for
anisotropic bare values including spin anisotropy, which cor-
responds to the Toulouse limit discussed in the next section.

III. MAPPING TO A MODEL OF MAJORANA FERMIONS
A. Bosonization and refermionization

In this section we apply the techniques that Emery and
Kivelson (EK) employed to the spin-2CK model [56], to solve

our spin-flavor model [Eq. (1)]. The resulting model consists
of a fixed-point Hamiltonian which is quadratic in terms of
bulk and local Majorana fermions. While in this section we
present the mapping to the various terms of the Hamiltonian
into the Majorana description, in Sec. IV we will apply this
approach to construct the phase diagram.

As discussed in detail in Refs. [57,58], the starting point
is to write the free part of the Hamiltonian in terms of chiral
one-dimensional fermions, Hy = ZW, ivp f_oooo g—;llfig 0 Voo
where vp is the Fermi velocity. We now treat the various
perturbations. We first consider the terms H; + Hy,, i.e., (i)
the spin-Kondo interactions in Eq. (1) which we assume to be
anisotropic,

Hy = 3.8 (Y Var — Vo Vay)
+ ST Yy STV, (20)
together with (ii) the V, term Hy, = %VZT%,WTZ v.
The EK transformation begins with the replacement of the

fermionic fields ¥, (x) with bosonic fields ¢ (x), using the
relation

Voo (X) = Fyga /2e7 e, 1)

Here a is a short distance cutoff [57,59] which we set to
unity. The Klein factors F,,, retain the fermionic commutation
relations. The spin-flip Kondo term becomes

Hj, = YJL(STF, Fype®e 1 + He.). (22)

We then use the bosonization identity [58] w:m O Veo (x) =
0y@quo (x) to bosonize the J, term,

Hj, = 3J.5%(0xPut — Oxbay ). (23)

Likewise, the free Hamiltonian maps to Hy=
D wo UF ffooo g—;%(axqbw )2. Next, the bosonic fields ¢, are
reexpressed in a basis of charge, spin, flavor, and spin-flavor
degrees of freedom, denoted by ¢4 (A =c, s, f, sf):

¢ = %(‘Pm + @1y + Py + d2y),
s = %(d’m —¢1y + P2y — P2,
dr = 3(d1y + b1y — d2y — b2y,

bsp = 3(1r — 1y — oy + P2y). (24)
Thus
Hy + H;
= b d—xl(a )’ 4 J.5%8:5(0)
_UF/_OO2712 I ps)” +J; Mon

1 . . .
+ EJLS+6_[¢Y [FITLFITe_“ﬁSf(O) + FZTlFZTe-H@f(O)] +Hec.
(25)

We proceed to perform unitary rotations generated by the S°
and T* operators,

U = @S otviTi¢s) (26)
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In the spin-flip term J |, the spin ladder operators transform as
Sy — Sie? yielding

H() + HJ + HVZ —
Ho + %JL(S+eiVV¢,v)g*i¢,v [FllFlTefi%f
+ F et ]+ He.
+ (JZ — VsVUF )Szax(bx + (VZ - vaF)Tzax¢f~ (27)

A particular choice of the anisotropy parameters J, and V_,
satisfying

V, .
=, vy == (Toulouse point), (28)
F VF

results in a cancellation of the last two lines in Eq. (27). In
addition, the vertex parts e~*4 of both spin and flavor sectors
cancel in all Kondo interactions, including those of the Q and
V operators, if y; = yr = 1.

The spin-flip term becomes

SILSTIF| | Fire ™ + F)\ Fyye™® 4+ He.  (29)

We proceed to define new Klein operators expressed in the
basis of A =c,s, f,sf, satisfying the following relations
[57,59]:

F;Ej = F;IFU’ EVFVT = F?TZFiz’
tpt = gt — Fipt
F/F/ = F\Fn, F'F =F\F, (30)
Then the spin-flip term becomes

Hj, = 3J1STIF(Fpe ™ + Fje®)] +He. (31

Finally we refermionize, i.e., rewrite these interactions in
terms of the new fermionic operators (either local or bulk
fermions),

Ya(x) = Fae Y (A=c,s, f,sf), (32)
d=F'S", a= FfTT’, (33)

where 14 are bulk fermions and d, a are local fermions,
corresponding to the spin and flavor impurity degrees of free-
dom, respectively. The bulk fermions can be used to define
Majorana fermion fields evaluated at x = 0,

_Yatva o _Yada

XA XA- (34)
! V2 iv2
We also define local Majorana fermions (“Majoranas’)
a"+a a'—a
ay = , a_ = , (35)
T2 iv2

and similarly for d... Notice that a’fa = 1 + 7% = % +ia_ay

2
and ai = % (and similarly for d).

Thus, after the EK transformation we ended up with (i) four
local Majoranas, accounting for the 2log2 impurity entropy
of the free fermion fixed point, due to the spin and flavor
impurity degrees of freedom S and T, and (ii) eight Majo-
rana fields ya+. Our J; term, for example, takes the form
iJ1d_xss+(0), which couples the local spin Majorana (d_)
and the conduction electrons’ spin-flavor degree of freedom
Xsf+-

B. Toulouse limit of the SO(5) fixed point

The PH-symmetric model which flows to the SO(5)-
symmetric point is obtained by combining the terms Hgq 5, =
Hy + H; + Hy, + Hp, . At the Toulouse point, it is given by

Hios) = Ho+ iJid_x4 —2Q%a_x4d_d,. —2iQrda_,
(36)

where X+ = Xsfi(x = 0)

We now consider the Hamiltonian Eq. (36) from a RG
perspective. With respect to the free-fermion fixed point Hy,
bulk fermions such as x+ have scaling dimension A, =1/2
(with correlation function decaying as 1/¢22x), while local
Majoranas have scaling dimension zero. Boundary operators
of scaling dimension < 1 are relevant.

First, the J, term resulting from the spin-flip interaction
is relevant (A;, = 1/2). At energies lower than the Kondo
temperature ~Ji the Majorana d_ gets “absorbed” into the
Majorana bulk field y, resulting in [60]

d o~ X (37)

VTx
Thus d_ picks up a scaling dimension 1/2 near the Kondo
fixed point.

The Q1 operator of dimension zero gaps out the d and
a_ operators. The product ia_d. obtains then an expectation
value. Replacing this operator in Q5 by a constant results
in a term of the same form as x,d_, which can be used to
redefine J, — J|. We end up with a Majorana fixed-point
Hamiltonian, whose couplings are represented visually in the
figure in column 1 of Table II,

Hiois) = Ho+ il d_x+ —2iQ1da_. (38)

1. Perturbations

Next, we add symmetry-breaking perturbation to the
Toulouse fixed-point Hamiltonian. Channel symmetry break-
ing represented by the J_ term in Eq. (7) takes the form

Hy =il d-dyy ¥ —iJ dyx. (39)

As will be discussed in Sec. IV, both terms are irrelevant since
dy is already gapped out. The least irrelevant (second) term
couples d; to x_, in addition to the couplings of Eq. (38) (see
figure in column 3 of Table II).

Additional key perturbations emerge from breaking PH
symmetry. First, those include V; and Q;:

Hy, o. = —iViaix- +2Q.(a—a;)d; x-
—Q.(a_ap)d-d Y ¥y (40)

As before, we can use the finite expectation value of id;a_
to see that the second term (Q,) simply renormalizes the first
term (V). Similarly the third term in the second line is less
relevant than the first two.

Second, one has the flavor field perturbation

Hp, = iBja_a,. 41)

In addition to the bare flavor field E.(1 — 2n,), this operator
corrects the coefficient of By due to higher-order terms includ-
ing ¢_. We thus consider this as a renormalization of 7.
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TABLEII. A summary of characteristics of different states of our spin-flavor model (rows and columns correspond to different observables
and states, respectively). The system’s states are as follows (from left to right): (1) SO(5) symmetry with both PH symmetry (n, = %, n = 0)and
LR symmetry (¢, and 5 tuned such that J_ = 0). (2) Broken spin symmetry with an external magnetic field B. (3) Channel asymmetry, where
the tunneling couplings #;, f5 are detuned such that J_ # 0. (4) PH breaking I: Upon adding generic PH asymmetry (e,/U # —1/2, n, # 1/2),
the system becomes a FL. (5) PH breaking II: PH-symmetry-breaking parameters are fine tuned such that a NFL is restored. The rows, from
top to bottom, stand for 7 — 0 impurity’s entropy, spin susceptibility, flavor susceptibility, and conductance between source and drain leads.
The final row illustrates the couplings between the local and bulk Majorana fermions. The red, blue, and green balls represent local-spin,
local-flavor, and bulk Majorana fermions, respectively. Dashed lines connect local Majoranas, while reddish strips represent couplings of a

local Majoranas to a Majorana field. Mixed-color balls imply that a Majorana basis rotation was performed.

(1) SO(5) (2) Magnetic field, (3) Channel asymmetry, (4) PH symmetry breaking (5) PH symmetry breaking
symmetry B I1(Bf, V1) II, NFL line
Simp %10g2 %logZ %logZ 0 %logZ
Xs 0] w w const
Xr w const const w const
3
5G(w) 23 G2 ()7 (£) ()7
" 00® & 05 ©00EH Qs @i
coupling @ @ @ e @ e @V@ G @ @
scheme

2. Deviations from the Toulouse point

Generically there are deviations from the Toulouse point
condition, Eq. (28), resulting in terms of the form

8H, = i(J; — vp)d_dy v,
8Hy = i(V; — vp)a_as ;. (42)

As we see in the following section, these terms are important
for the analysis of the effect of generic perturbations on trans-
port and thermodynamic properties of the system.

IV. NFL SO(5) FIXED POINT

The PH-symmetric NFL SO(5) point is located at ng = 1/2
and n =0, where in addition a channel symmetry is im-
posed by tuning the tunnelings #;,tg so that J_ = 0. Then
the effective Hamiltonian is given by Eq. (38). As summa-
rized in column 1 of Table II, in this section we present the
thermodynamic behavior in terms of entropy, spin and flavor
susceptibilities, and the conductance at the SO(5) point.

A. Entropy

Looking at Hg,s, in Eq. (38), the Hamiltonian with both
channel and PH symmetries, we see that out of the four local
Majoranas, only a. is decoupled (see schematic illustration in
column 1 in Table II).

Similar to the spin-2CK case with an unpaired Majorana
[56], this explains the fractional entropy of % log 2, observed
for T — 0 in either one of the NRG plots in the first row in
Fig. 4 where the perturbations are sent to zero [LR symmetry,
A = 1, 1in Fig. 4(a); zero magnetic field, B = 0, in Fig. 4(d); or
PH symmetry, n = €; + U/2 = 0, in Fig. 4(g)]. In contrast to
the spin-2CK model, in our case the free Majorana is assigned
to the flavor degree of freedom 7.

B. Spin and flavor susceptibilities

Consider the spin susceptibility () = (S*(¢)S*(0)). The
impurity’s spin can be written in the Majorana language as
§*=d'd — § = id_d, using Eq. (35). From Eq. (37) we then
obtain

1
Xs(1) o Te O+ @ x+(O))(d - (£)d1-(0)). (43)

For the dimension-1/2 fermion field x,, we have
(x+@®)x+(0)) x % We now study the behavior of
(d(1)d1(0)).

For comparison, in the spin-2CK model the Majorana
dy is decoupled and thus has no dynamics, in which case

(d4(1)d4(0)) = 1/4 and x;P" > (1) o< 1; Fourier transform-
ing, X" (w) o const. In other words, the impurity spin
operator admits a low energy expansion in terms of a

dimension-1/2 field,

S imack ~ \/LT_K xods (scaling dimension 1/2).  (44)
In our spin-flavor Kondo model, to find (d;(t)d.(0)) we
recall that dy is gapped out along with a_ by the Q7 term
in Eq. (38). This relevant term separates the Hilbert space
into low-energy and high-energy subspaces, with energy dif-
ference 2Q7, which are the +1/2 eigenspaces of idia_.
Equivalently we define a complex fermion f = %(a +

id;), so that fif =1+ia_d, and d; =
Hp, = —2iQtdia_ = 2QL (f"f — 1). The ground-state sub-
space ia_d, = —1/2 corresponds to fTf = 0, and the excited

subspace ia_d, = 1/2 to fTf = 1. We define projectors into
these subspaces,

Po=1-f'f, Pi=ff. (45)

The operators f' (f) appearing in S° bridge the low-
and high-energy subspaces. Therefore, PyS*Py = P1S*P; =
0, meaning that (d,(1)d,(0)) strongly oscillates as €221’

f Namely,
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(a) breaking channel symmetry (d) breaking spin symmetry (9) breaking particle-hole symmetry
3 T T T T 3 T T T T 3 T T
Q25 4 Q25 4 & 25 B
E of 1 E 1 F N
=15 = s =15
= 1 & = ]
[ g g
05 4 wos 4 w»os 4
0 1 L 1 L 0 | | 1 L 0 M 1
10" 10* 10° 10" 10° 10 10" 10% 10" 10* 10° 10 10" 10* 10* 10
T
(b) (e) (h)

FIG. 4. NRG results for the ALS model with different perturbations. Different columns stand for different perturbations: column 1, channel
asymmetry; column 2, magnetic field B # 0; column 3, particle-hole-symmetry breaking n # 0. Different rows stand for different observables:
row 1, the impurity’s entropy; row 2, the spin and flavor susceptibilities; and row 3, conductance. The LR asymmetry X is defined as A = &%} /12
where & is found numerically such that at t3 = &#; the system displays LR symmetry; we vary A for fixed #2(1 + A) = 0.02. In our NRG
calculations we measure energy in units of the bandwidth D = 1, setting E. = 0.1; for further details see Ref. [49]. The dotted curves in

(c) and (f) are power-law fits; see discussions in Secs. IV C and V B.

Similar to a SW transformation, to obtain the leading operator
expansion of S° at the spin-flavor fixed point, we perform
perturbation theory in off-diagonal operators with respect to
projectors Py;. We define for any operator O;; = P;OP;, in-
cluding for the Hamiltonian H;; = P;HP;. For the fixed-point
Hamiltonian Eq. (38), off-diagonal terms Hp;, Hjo do exist
and originate from deviations from the Toulouse point [see
3H, r in Eq. (42)], since they include only one Majorana out
of the pair d, a_. To second order in off-diagonal operators,
we find that the expectation value of any off-diagonal oper-
ator (like S?%) takes the form (O) = (Oy(E — Hy) " 'Hyo +
H\o(E — H;1)"'Oy), where E here is the ground-state en-
ergy. Using E — Hy; = —2Q7 for the excitation energy, we
see that off-diagonal operators do obtain an effective operator
form acting in the ground-state subspace,

1
Ooo.et = —— =17 (Oo1Hio + Hi0O10). (46)
—20*+
Thus, we obtain
J. —vr V.= +
SZ . ~ T s — I I a +. ..
spin-flavor 4Qi I/Is (4 zQi Te X+ Wf’pf +
47)

The first term has a scaling dimension 1, and coincides with
the spin current [61]. This term appears in any FL state. The
second term has scaling dimension 3/2 and the dots stand for
less relevant terms.

From the first leading term, the spin susceptibility decays
as tiz In frequency space this becomes x,(w) ~ w, as dis-
played column 1, row 2, in Table II, matching the linear
behavior of the NRG calculated spin susceptibility in Fig. 4.

The flavor susceptibility x () = (T*(¢)T*(0)) can be dealt
with in a similar manner using its fermionic form 7% = a'a —
% = ia_a. The leading term is

V, — VF
2 ~ e
401 ivite
which has scaling dimension 1 (with an additional dimension-
3/2 operator originating from J, — vp), leading to a FL-like
behavior xr(t) ~ zlz, or xr(w) ~ w, matching our NRG re-
sults in Fig. 4.

(48)

spin-flavor

C. Leading irrelevant operator and conductance

The temperature dependence of the conductance for the
multichannel Kondo effect probes the leading irrelevant
(boundary) operator at the nontrivial fixed point [13,62]. From
scaling analysis, a boundary perturbation of dimension A
yields to first order a temperature dependence of the conduc-
tance of the form §G ~ T2~

In the spin-2CK state there exists an anomalous operator
of dimension A = 3/2 originally found by CFT [62], leading
to the experimentally observed §G ~ T'/? scaling of the con-
ductance [10]. We can identify this dimension-3/2 operator in
the Majorana fermion language: In the spin-2CK case, with
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the Q7 term absent and hence d,. being a free Majorana, §H,
in Eq. (42) becomes

, i(J, — vF)
5, P20k 0 g
( ) m X+ Vs)d+

(scaling dimension 3/2). 49)

As discussed in Sec. IV B, in the spin-flavor model §H;
does not commute with Q1 and is off-diagonal in our two-
subspace decomposition, Eq. (45). The leading irrelevant

operator can be obtained from second-order perturbation the-
ory in off-diagonal operators,

Hooeft = Hot(E — Hyy) ™' Hio. (50

To obtain a nontrivial operator, this time we have to combine
8H, and §Hy to obtain

.(Jz - UF)(VZ -V
201V Tk
(scaling dimension 5/2). (G20

0Hyy = —

E i vy as

We see that the leading irrelevant operator involves both spin
and flavor degrees of freedom and has a total scaling dimen-
sion of 5/2. It leads to a conductance scaling §G ~ T2, as
observed in Figs. 4(c), 4(f), and 4(i) (see graphs for unper-
turbed cases).

V. PERTURBATIONS

Having analyzed the effective Hamiltonian and the re-
sulting physical properties at the SO(5) fixed point, as
summarized in the first column of Table II, we now dis-
cuss perturbations summarized in the remaining columns of
Table II.

A. Magnetic field

In the middle column of Fig. 4 we show NRG results for
the entropy, susceptibilities, and conductance in the presence
of a magnetic field B. We can see that a residual %logZ
entropy persists as T — 0, implying a NFL state. We also
observe a log2 intermediate temperature plateau, indicating
the quenching of the spin degeneracy at 7 < B, followed by a
NFL behavior. While neither the % log 2 entropy at T — 0 nor
the w scaling of the spin susceptibility are affected by B, the
flavor susceptibility x is no longer linear in w, and becomes
a constant instead.

These behaviors can be accounted for within the Majorana
fermion framework. The magnetic field term —iBd,d_ can be
incorporated into the fixed-point Hamiltonian (38). It can be
readily combined with the —2iQ7d a_ term by a Majorana

rotation,
a_\ ([ cosap sinap)(a—
(d’_) - (— sinag  COS oe3> (d_>’ (52)

where sinop = yielding

__ B
01 rP+8>’

Hioes) — iBdyd_ = Ho + iJ' (cos(ap)d’ + sin(ap)a’ ) x4

—20d.d (53)

where Q' = ,/(Q1)*+ (B/2)>. We first notice that a re-

mains free (see scheme in column 2 of Table II), support-
ing the observed %logZ entropy at T — 0. Although the
Majorana rotation, Eq. (52), maintains the system in a NFL
state, it does modify certain correlation functions.

The operator expansion of the impurity spin operator S%,
to leading order in B, remains as in Eq. (47), governed by
the dimension-1 operator ¥ ¥, so that the spin susceptibility
remains FL-like.

On the other hand, the flavor impurity operator 7° = ia_a
now obtains a diagonal component in terms of the rotated
projectors Py 1, which are defined as in Eq. (45), but in terms
of the rotated Majorana pair (d,,a’ ) instead of (dy,a_).
In the expression T° = ia_a., the Majorana a, is free, and
a_ = cosapa_ — sinapd’ contains a component & sin g
B/(2Q1) which is diagonal in the low- and high-energy sub-
spaces associated with the Q' term. Thus,

B
T: ~ —[————x.a
( (+B))00 ZQi«/T_KX+ +
(scaling dimension 1/2). (54)

Hence, the magnetic field causes the flavor operator to scale
like the fermion field x., and acquire a scaling dimension 1/2.
As aresult x (1) ~ % (xf(w) ~ const).

To address the effect of the magnetic field on the con-
ductance, we identify the leading irrelevant operator. In the
absence of B the leading operator of dimension 5/2 in Eq. (51)
resulted from combining §H and 8Hy, each of which in-
dividually bridges the low- and high-energy sectors of Q7.
However, in the presence of B and the associated Majo-
rana rotation, §H, alone contributes to the leading irrelevant
operator

SH{™ = (8Hp)oo = —i(V. — v Vpay,

(55)
which has scaling dimension A = 3/2. Thus, the conductance
scaling is modified into a §G ~ T'/? form. This is indeed
observed in Fig. 4(f).

B .
F)2Qi_—m(x+wf

B. Breaking channel symmetry

We now consider broken LR symmetry while still preserv-
ing PH symmetry. Among the list of operators in Table I, this
case includes J_ and V. The most relevant term is 6H_ =
—iJ_d; x_ [see Eq. (39)]. This extra coupling between y_ and
dy, shown in Table II, column 3, still leaves the a; Majorana
decoupled, implying a fixed point with % log 2 entropy.

To determine the low-energy behavior of the spin suscepti-
bility, we look at the operator expansion of S°, which in the
absence of J_ is given by the dimension-1 operator w‘f /2
in Eq. (47). The leading-order expansion of S° = id_d, is
obtained from Eq. (46) where Hjg, Hy; o J_. However, due to
anticommutation relations, Eq. (46) yields a vanishing contri-
bution in this case. Hence the FL-like behavior of y; persists.

As for the flavor susceptibility, the flavor impurity operator
T? = ia_a; now combines with J_ according to Eq. (46) to
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yield a dimension-1/2 operator of the form

. . J-
T ~ —IEX_@_. (56)
Namely, the flavor susceptibility acquires NFL behavior at
low energy.
Finally, the leading irrelevant operator stems from 6Hy
combined with H_ in Eq. (50). It yields a dimension-3/2
operator

J-(V; —vp)
SHig ~ —i—————x-(¥J¥p)ay, (57)
207
which leads to a T'!/? scaling of the conductance as confirmed

in Fig. 4(c).

These low-energy limits of the entropy, spin and flavor
susceptibilities, and conductance are summarized in Table II,
column 3.

We now further discuss these results from our NRG simu-
lations. In Fig. 4(a) we see the impurity entropy as a function
of temperature for (ng, n) = (%, 0) and for various ratios be-
tween the left and right tunnelings A oc t7/t3. While the T =
0 fixed-point entropy remains %10g2 in all cases, channel
asymmetry changes the way in which the entropy goes to
its fixed-point value. As asymmetry grows, two successive
crossovers appear: one from log(4) to log(2) on a scale T,
and a second from log(2) to log(2)/2 at a scale T¢ < T.
This is in contrast to the symmetric case which shows a single
drop from log(4) to log(2)/2. In the strongly asymmetric limit
one can associate [63,64] the first drop with a 1CK screening
of the spin degree of freedom, while the %logZ drop is a
nontrivial signature of a 2CK partial screening and relates to
the flavor degree of freedom. This claim is supported by our
NRG calculation of the magnetic susceptibility in Fig. 4(b),
where only one crossover is observed at 7. This indicates
that the second crossover at T,? for large asymmetry occurs in
the flavor sector.

C. Breaking particle-hole symmetry

PH symmetry is broken away from the point (n,, n) =
(%, 0). As can be seen in our NRG calculations in the right
column of Fig. 4, in this case the NFL is destabilized, with a
drop of the entropy to zero in Fig. 4(g). Notice that the flavor
field which is turned on for ng # 0, breaks PH symmetry as
well as LR symmetry. Thus we should consider all the cor-
responding terms in Table I (V., O;;¢5J_, 07, V", ¢7;By).
We focus on a subset of these perturbations which leads to a
relevant instability of the SO(5) NFL state.

Asin Sec. V A, we begin with incorporating the Majorana-
Majorana flavor coupling, iBfa_ay, into the fixed-point
Hamiltonian. It can be combined with the —2iQ+1d a_ term

by another Majorana rotation,
c?+ _ [ cosap, sinag, \ (dy (58)
ay) \—sinap, cosap )J\ay)’
. B . .
where sin op, = ———L——, yieldin
B = Jaor VOAne

Hios) — iBraga_ = Ho+ iJod_xy —i20d a_, (59)

where O = ,/(Q1)? + (By/2)?. We first notice that instead of

a., at this stage a. is free (see Majorana scheme in column 4
of Table II). However, adding generic perturbations that break
PH and LR symmetry, no Majorana remains free. We identify
three perturbations, V,, Q,, and J_, that when turned on,
take the form of a dimension-1/2 coupling ia, x_. Explicitly,
keeping only relevant operators in Hy, o + §H_ in Egs. (39)
and (40), we find

HVLQ; + SH_ —> —iVZl+X_,
V = cosag, (VL + Q;) —sinag, J_. (60)

Due to the coupling V which is generically finite when PH
symmetry is broken, the so-far-free Majorana a, is coupled
to the conduction electrons; hence the residual entropy is
quenched, and the system turns into a FL [see Fig. 4(g)]. In
this case, resorting to the methods developed above, one can
show that the system shows no anomalous NFL behavior;
i.e., the impurity spin and flavor operators acquire scaling
dimension 1, and the leading irrelevant operator has scaling
dimension 2. This is summarized in column 4 of Table II.
However, as we discuss next, the NFL state can be recovered
even in the PH- and LR-symmetry-broken phase, upon fine
tuning.

VI. EMERGENCE OF NFL LINE FROM SO(5) POINT
IN THE (ng-n) PHASE DIAGRAM

The coupling constant V in Eq. (60) depends on the tunnel-
ing amplitudes of the lead-dot-box model through the explicit
forms of the various couplings, obtained through the SW
transformation in Appendix A. The condition

V(_,Vi,0.,Br)=0 (NFL) (61)

implies that the system is fine tuned to a NFL state with a
residual % log 2 entropy.

For a given 1./t one can solve the equation
V(eq,U,E.,t;,t3) =0 for ng as a function of 5. The
resulting function is a NFL curve in the (#,, n) phase diagram
which approaches the SO(5) point. This is plotted in Fig. 5,
where we solved Eq. (61), V(es, U, E., tiRCa, tiR%) = 0
for different tunneling ratios. The cutoff scheme in NRG is
different, allowing one fitting parameter o which is found to
give optimal fitting for « = 0.11. We see that these curves
qualitatively match the observed NRG NFL lines in the
proximity of the n, =0.5,7 =0 point. While our NRG
results of Ref. [49] extend in the entire (ng, 17) phase diagram,
which is periodic in n, — ng + 1 (see Fig. 1 in Ref. [49]), our
SW mapping which considered a limited number of charge
states is restricted to the vicinity of point n, = 1/2.

While the fit shows the various NFL curves emanating
from the SO(5) point with a LR-asymmetry-dependent slope,
the Toulouse limit approach is expected only to reproduce
reliably the scaling properties (summarized in Table II), but
not the detailed dependence on model parameters.

Along the NFL curve, the Majorana @, remains decoupled.
At the SO(5) point, By = 0, it coincides with a, from the
flavor sector [see Eq. (58)]. As B/ increases, the free Majorana
tends towards d from the spin sector. This indicates a smooth
rotation in the spin and flavor space [46—48].
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FIG. 5. Numerical solutions of Eq. (61), representing the evo-
lution of the NFL curve in the ng,-€; plane in the proximity of
the n, = % point. These numerical solutions (continuous curves)
are qualitatively fitted to NRG results using a single parame-
ter ; see main text. The caption denotes the values 7NRC =
0.08,0.09, 0.1, 0.11, 0.092235 and ty®° = 0.12 used in the NRG
calculations for the ALS model.

Physical properties

We see that if we deviate from the SO(5) point along a
specific direction, the system’s NFL nature persists. We then
have a free Majorana fermion, @, as illustrated in the scheme
in column 5 of Table II. Rather than the SO(5) NFL, we have
generically on the NFL line a behavior similar to the spin-2CK
NFL state, as implied by the physical signatures discussed
next.

Using Egs. (37) and (58), the spin operator contains the
terms S° =id_d, = ij—%((cos(aBI yd, + sin(ap, )iy ). Keep-
ing only its low-energy component,

()0 ~ J% Sin(atp, )ix sy 62)
Comparing with Eq. (44) in the spin-2CK case, the spin
susceptibility along the NFL curve contains a NFL compo-
nent o sin’(ag ) which vanishes at the SO(5) point, xs(w)
const X sinz(o:Bf) + O(w).
As for the flavor susceptibility, since we generically have
a finite J_ operator on the NFL line, we have the same
dimension-1/2 operator as in Eq. (56) leading to a NFL fla-
vor susceptibility. Similarly, there is a dimension-3/2 leading
irrelevant operator o J_ as in Eq. (57).

VII. SUMMARY

We revisited a quantum impurity problem describing a
quantum dot device where two channels of electrons interact
both with an impurity spin and with an additional “flavor”
impurity. Using bosonization and refermionization, we con-
structed a consistent picture describing the coupling of the
impurity degrees of freedom with the conduction electrons,
and allowing to compute the various observables. Our field
theory results are consistent with our numerical renormaliza-
tion group calculations, and with a non-Fermi liquid fixed
point exhibiting SO(5) emergent symmetry.

So far, it was believed that the device displays exotic two-
channel Kondo behavior upon tuning the channel asymmetry
to zero. Our study shows that the NFL behavior is much
more robust and extends to generic values of the channel
asymmetry, upon tuning of the quantum dot level position.
As demonstrated here in great detail, we reached this under-
standing from the high-symmetry fixed point. Using NRG,
as already demonstrated in Ref. [49], we found how this
SO(5) fixed point connects in the phase diagram to the more
conventional spin-two-channel Kondo state. Our predictions
within the system’s complex phase diagram can be tested
experimentally, in terms of conductance [10,11] and also more
recent entropy measurements [65-67].
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APPENDIX A: SCHRIEFFER-WOLFF (SW)
TRANSFORMATION

We derive the effective Hamiltonian (1) among the various
additional interaction terms summarized in Table I, starting
from the lead-dot-box model. The system is initially either in
the (N, No + 1) or (Ny + 1, Ny) charge state of the lead and
box, with one electron (with spin up or down) in the small
dot. To second order in the tunneling amplitude, depending
on the initial state, the system visits one of the four interme-
diate states depicted in Fig. 6. As long as the lead and box
are equally treated as left and right reservoirs, the left and
right sides of Fig. 6 are related by left-right transformation.
Here, solid and dashed arrows represent the first and second
tunneling events, respectively. For later use we detail the asso-
ciated energies at zero tunneling. The energy is obtained from
Egs. (2) and (3), E = E.(Ng — Ng — ng)* + €qng + Unyny.
For the two initial states, E®0-M+D = E (1 — n,)* + ¢4 and
EMNFLN) = E.n? + €. We assume without loss of generality
that ny < 1/2, so the ground-state energy is Egs = EM+1:N0),
For example, the energy of the first intermediate state in
Fig. 6, in which an electron tunnels from the small dot to
the box, is 8?’ =E.(2— ng)z, while ¢ = Ecné. We define
EjjE = FEgs — sf (j =1, 2, 3,4), which are given explicitly by

El =€+ 4E.(ng— 1),

Ef =€ +EQn,—1)=E;,
Elf =—e,+EQ2n,—1)-U,
Ef=—-€,—-U=E,,

E =e¢,

E; = —€;—E.(2n, +1) - U.

(AD)
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FIG. 6. Schematic representation of virtual transitions considered in our SW expansion. The two middle columns of the first row represent
the two possible initial charge states (Ny, Ny + 1) on the left and (Ny + 1, Ny) on the right. The red circle represents the dot, the blue
ellipse represents the box and/or leads, and the small open or solid circles indicate occupancy by electrons. The two outer columns show
the intermediate states. Solid arrows represent the direction in which electrons hop to reach the intermediate state, and dashed arrows represent

the electronic hopping yielding final state. The intermediate states’ energy is denoted by &

. For instance, the process that begins with an initial

state of (N + 1, Ny) becomes (N + 1, Ny — 1) after an electron hops from the box to the dot, through the intermediate state of energy &5 .

To perform perturbation theory in the hybridization, we
start from the ALS model,

Hus = 3 3 i Vi + Ee(T§ — No — ny)” + Hy

a=L,R k,o

+ ) 1@} Vhao T, +He),

kao

(A2)

where in comparison to Eq. (5), we added another pseudospin
T operator to the lead for convenience. Denoting the lead as
the left (L) reservoir, and the box as the right (R) reservoir, we
thus have two pseudospin operators 77 g, whose z component
measures whether the corresponding reservoir is in the Ny + 1
state (T, = 1/2) or Nj state (T, = —1/2) and T increases the
charge from Ny to Ny + 1.

Treating the tunneling operators as a perturbation, Hars =
Ho + Huy, where Ho = Hy + Hp + Hy, to second order the
effective Hamiltonian is

SHetr = Hhyp E_;H()thb, (A3)
where E = Egg, giving
SHogp = Z tat,g<df,ckagT - 17-[ T, ck, dy
kK o, B,0,67
+T, ¢l do ! dT,ck/,gU«Tﬁ_) (A4)
aw o gy %o

The first term corresponds to hole processes with an empty
small dot intermediate state (states sftz in Fig. 6) while the
second corresponds to particle procesées involving a doubly
occupied small dot (states sf 4 in Fig. 6). The energy denom-
inator represents (minus) the energy difference between the
virtual and initial state as given in Eq. (A1). We now reduce
the two pseudospin operators back to a single one representing
the pair of states (Ny, No + 1) or (Ny + 1, Ny), defined as

TY=T, T, T-=TT;, T°=T; =-T;. (A5)

We also define projection operators, P,,P_, into the
(No, No + 1), (No + 1, Ny) states, respectively:

P.=1/24+T* P_.=1/2-T% (A6)

The effective interactions can be separated as 6H.g = Hy +
H_ depending on whether the system starts in the + or — state,
each of which contains four terms linked with the processes in
Fig. 6. For the (Ny, Ny + 1) initial state we have

1 N _ .
= |: Z II%F(dJCkRaTR TR Clogerdor)
k,k' 0,0’ 1

+ > ik +(az Crao Ty T} 4 o)

k.k' o, 0,0

+ Z tL +(T+CkLad d;/ck’La’TLi)
k,k' 0,0’

D

kk'a,0,0" 4

R (] dodf o Ty )}P+ (A7)

Similarly, from the (Ny + 1, Np) state (right side in Fig. 6) we
generate the interactions

1. o
H_ = [ > i — (ko T T ¢ o do)
’ ’ El
k.k' 0,0

+ Z IRty 7=

k.k' 0,0’

(d Ckao Ty T, ck,Rad )

1
2 —
+ § tR—E7(TRJFCZRUde;ck/Rg/TR)

k.k' 0,0’ 3
I8 _
+ Z 2L (Trel dod curoT] )j|P_. (A8)
o, k,k' 0,0 4

Defining local fermion operators Yoo = ) ; Ckao and impu-
rity spin § = d’ &”2"' dy, the resulting effective Hamiltonian
can be written as §Her = ), A;O;, where the local operators
O; and coupling constants A; are listed in Table 1. Each oper-
ator has a well defined left-right (LR) transformation and PH
symmetry.

We separated the coupling constants into (i) a pair
of operators that transmit charge from left to right (V.
and Q) containing 7%, (ii) four operators which are LR
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even (J,V;, O., ¢), (iii) LR-odd versions of the former four
J_,V._,Q,_,¢_), and (iv) the flavor field T=.

Following a tedious but straightforward algebra, the cou-
pling constants can be obtained. The explicit form of the
pseudospin-flip operators are

1 1
=i — + — ),
(on RL<E2+E4>

tt(l 1)
IR\ =% — =7 |
Ef E;

The four couplings which have a LR-odd version, such as J,
can be written as J = JX + J® and J_ = JL — JR, and simi-
larly for V,, O, and ¢ where

R t,%<1+1+1+1>
2\E E, E; E)
QR_II% 1 1 1 1
© 2 \ES E; E; Ef)]
12 1 1 1 1
o=l ) Gl
SL\Ef E E; E;
12 1 1 1 1
yR= R —_ — — |,
: 4[(E3 E4+>+<E1+ E2>:|

and J*, QF, g%, V- are obtained from these expressions by in-
terchanging E;’ pas EJ_ and fg <> 1. Similarly, the flavor field

Vi (A9)

is given by BR = t,%(EL+ - El—,). This term correcting Eq. (8)
1 2
leads simply to a shift in the definition of n,.

APPENDIX B: PH TRANSFORMATION OF BOSONIC
AND MAJORANA FIELDS

Under the PH transformation Eq. (6), Yot — —il//; ’ and

Yoy — it//OfT. Rewriting this in terms of boson fields and
Klein factors using Eq. (21), we have

Fyre™% — —iF, ",

F, e — iFjTe"M (B1)
This transformation rule is consistent with
Fypy — Fal, F, — +FJT’ (B2)

and
¢a? - _¢a¢ + 7[/27 ¢o¢¢ - _¢aT - 7'[/2- (B3)

Here we made a choice attaching the minus sign in the PH
transformation to the bosons rather than Klein factors.

Moving to the A =c¢, s, f, sf bosons using Eq. (24), we
have

s —> Psp, s —> G+,
¢ —> —bf, e => —Pc. (B4)

The relevant perturbation V, in Table I is PH odd. It adds
to the Hamiltonian the perturbation —iV, a, x_, which con-
sists of the Hermitian operator

e=(a" +a) Wy — V) (BS)

wherea = F/T~. (The notation ¢ relates to our CFT solution
of the problem [49], where this field belonged to the Ising
CFT.) We would like to show that € is PH odd. Explicitly

€= (FT + F;T—)(ste—i@f + ije"w). (B6)

Now we perform the PH transformation on the pair of Klein
factors,
fpt
Fyly =
In the last equality we used the relation in Eq. (30) and the
unitarity of Klein factors. We conclude that under PH symme-
try Fy — —F;. Combining this with TT — T, we see that
€ > —€.

i T T i
FITFZT — F1¢F2¢ = —F2¢F1¢ = _vaFf (B7)

APPENDIX C: WEAK-COUPLING RG EQUATIONS
AND FLOW TOWARDS THE SO(5) FIXED POINT

Derivation of Eq. (18)

We begin with a derivation of Eq. (18) following the per-
turbative RG approach [68]. Consider a fixed-point theory
described by a set of operators O; having scaling dimensions
A;, and satisfying the operator product expansion (OPE)

Oc(y)

(c— AR A

OO =Y cije

k

(ChH

——————————————————

Ve V3, 0%, @2, @2

(b)

FIG. 7. (a) The value of the couplings (there are 15 of them in
total) normalized by J,, as a function of the RG scale parameter ¢, for
an initial value where all couplings are equal to u = 0.00018, except
for J; = 1.5u, V, = 1.1y, and V,, V,, O, O%, Q% = 0. We see that all
ratios of couplings flow to unity. (b) For the same RG flow we display
on a logarithmic scale the absolute values of the couplings. We see
that isotropy is reached together with strong coupling, in which the
weak-coupling RG equations become uncontrollable.
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Now consider the fixed-point Hamiltonian H* perturbed by
8H =Y, 24;O;. In our case all these operators are marginal,
A; = 1. Then the perturbative RG equations are determined
by the OPE coefficients [68],

dhi/dt = Z Cijkh i (C2)
jk

We have 15 operators Oy =(1NTA1ﬁ)(fTTAf) with Ty
given in Eq. (14). PH symmetry reduces this to 10
operators. We can gain further insight into the proper-
ties of O4 by analyzing its two factors. In Sec. IID1
we defined M® = fIT®f and J% = ¢ T%y, such that
Ae€(ab) (a,b=1,...5 a<b). The impurity operators
M satisfy [M, M = —i(8pM — 8,.MP? — §,;M +
8aaM?®). The J% operators satisfy a similar OPE. This can

be seen if we define a vector of Majorana fields £ via

>

%_ = (Xerv Xs—s Xsf+s Xf—> Xf+> —Xsf—s Xc+> ch)-
(C3)

By explicitly using the EK bosonization and refermionization
one can show that J% = i&,&, (a,b=1, ..., 6). The OPE of
the J’s then follows from Wick’s theorem, and from this one
can obtain the OPE satisfied by the O4 operators, leading to
the RG equation [Eq. (18)].

Numerical integration

In Fig. 7 we integrated Eq. (18) starting with anisotropic
finite values of the ten PH symmetric couplings. We see a flow
to the isotropic SO(5) fixed point.
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