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The interacting SSH model provides an ideal ground to study the interplay between topologically insulating
phases and electron-electron interactions. We study the polarization density as a topological invariant and provide
an analytic treatment of its behavior in the low-energy sector of the one-dimensional interacting SSH model.
By formulating the topological invariant in terms of Green’s functions, we use the low-energy field theory of
the Thirring model to derive the behavior of the polarization density. We show that polarization density in the
continuum theory describes the usual topological insulating phases. Still, it contains an extra factor from the
fields’ scaling dimensions in the low-energy quantum field theory. We interpret this as a measure of the modified
charge of the new excitations in the system. We find two distinct contributions: a renormalization of the electronic
charge e of a Fermi liquid because of quasiparticle smearing and an additional contribution coming from the
topological charge of the soliton arising in the bosonized version of the Thirring model, the sine-Gordon model.

DOLI: 10.1103/PhysRevB.110.165145

I. INTRODUCTION

In the past two decades, noninteracting topological phases,
traditionally analyzed through electronic band theory, have
garnered significant attention due to the discovery of materials
exhibiting unconventional electronic properties [1,2]. Most
notably, the prediction of the quantum spin Hall effect in
graphene by Kane and Mele [3,4] initiated intense research
in the field of topological insulators, which are materials with
insulating bulk and conducting boundaries. Since then, the
theoretical understanding of these systems reached a high
level of sophistication. For example, the bulk-boundary corre-
spondence for two-dimensional (2D) time-reversal symmetry
broken insulators states that whenever the bulk Hall resistivity
of the system is quantized, there exist gap traversing states,
which are located at the boundary of the system [5]. On the
other hand, a 2D topological insulator respecting time-reversal
symmetry will exhibit the quantum spin Hall effect, where the
boundary states carry spin currents instead of charge currents.
This type of behavior does not only exist in 2D but also in
3D and in 1D, albeit when subjected to different spectral and
spatial symmetry constraints [6]. In 3D, for example, a strong
topological insulator respects time-reversal symmetry. It has
conducting surface states, which are very robust due to spin-
momentum locking and cannot be destroyed by the presence
of disorder or any symmetry-respecting perturbation [7,8].
It also features a rich variety of additional possible effects,
such as quantized magnetoelectric polarizability, providing a
realization of axion electrodynamics in a condensed-matter
setting [9,10]. In 1D, systems possessing inversion symme-
try feature a quantized polarization density. This fact can
be attributed to two significant results: the formulation of
the polarization as a Berry phase [11], and the fact that the
Berry phase is quantized to ¢ = 0,  for inversion symmetric
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systems [12]. In this case, it is possible to have anomalous
polarization corresponding to fractionalized charges on the
two boundaries of the system. The overarching theme in all
of these cases is that one can compute bulk quantities of these
systems and relate them to a corresponding boundary theory.

Additionally, they are called topological insulators because
these bulk quantities are often expressed as topological in-
variants [2,13]. For example, if an inversion-symmetric 1D
system also possesses sublattice symmetry, it is possible to
define a winding number v, directly proportional to the quan-
tized Berry phase, ¢ = mv. Another example would be a
time-reversal symmetry broken 2D system, in which the Hall
conductivity is quantized and given by a Chern number [14].
This is why physical properties related to these topological
invariants are very robust, as long as one respects the symme-
tries of the system and its gap is preserved.

All these systems may be described by a theoretical frame-
work based on noninteracting electrons [2,13]. This is usually
justified because many materials can be described by Fermi
liquid theories in 2D and 3D at low energies. However, this
description can break down in strongly correlated systems.
Furthermore, in 1D, no such description is possible, and one
cannot ignore the effects of electron-electron interactions.
This means that the most natural state in 1D is a strongly
correlated non-Fermi liquid, an example of which is the
Tomonaga-Luttinger liquid [15-17].

Most of the time, topological invariants are not connected
to observables in a simple way. A notable example is the
Chern number and its relation to the transverse Hall conduc-
tivity. This has the main advantage that one can use standard
many-body approaches in a meaningful way. In 1D, it appears
that in the noninteracting case, the polarization density and
the topological invariant can have the same form. While it

©2024 American Physical Society
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is unclear how and when the topological invariants can be
extended to a strongly interacting 1D system, this can be done
with the polarization density. We find that it serves as a marker
of topology and, in the existence of edge modes, also in the
case of a 1D interacting system, which is not easily connected
to noninteracting fermions.

The effect of interactions in topological insulators is not a
new subject, and a significant number of studies have already
been conducted in this direction [18—-26]. For instance, many
topological invariants have been generalized to expressions
that hold in the many-body case, or in weakly interacting
topological insulators [19-21]. In 1D, the paradigmatic model
for a topological insulator studied extensively is the SSH chain
[27]. Tt is a tight-binding model of noninteracting fermions
with nearest-neighbor alternating hopping strengths. Depend-
ing on the sign of the difference between the two hopping
parameters, both a trivial phase and a topological phase can
arise. In the topological phase, two degenerate edge modes
exist at £ = 0 due to sublattice symmetry. The inclusion of
interactions has been explored in various works [21-25,28—
31], relying on numerical or perturbative approaches. Some
other works have explored extensions of the model to longer
range hoppings [32] or to ladder systems [33]. The general re-
sult is that the topological phase usually survives the presence
of interactions up to some threshold value of the interaction
strength, after which the system transitions to a charge-density
wave state. Another noteworthy study of the SSH model
was conducted in Ref. [34], where they experimentally real-
ized a many-body topological phase of interacting hard-core
bosons. Unlike their fermionic counterparts, the many-body
bosonic representation of the protecting symmetry permits
next-nearest neighbor couplings, which break sublattice sym-
metry in the single-particle picture. Remarkably, this implies
that the many-body topological phase remains intact despite
the addition of such perturbations.

In this work, we explore the polarization density as a
topological invariant and provide an analytic treatment of its
behavior in the low-energy sector of the interacting fermionic
SSH model, with symmetry-preserving interactions. Study-
ing the polarization density under interactions is meaningful
because it is a physical observable. We achieve this by formu-
lating the polarization density in terms of Green’s functions,
which are suitable for a many-body approach in the interacting
case. This method is similar to the quantum Hall effect, where
the transverse conductivity is quantized and proportional to
the filling fraction, identifiable as a topological invariant. This
identification justifies extending the study of topological in-
variants to interacting cases as long as the related physical
observable is well-defined and measurable. Using a field the-
ory formalism at low energy leverages many exact results in
1D for integrable models, in contrast to higher-dimensional
cases. A similar study was done for the non-Hermitian SSH
model with random disorder [35]. By combining various ar-
guments, we derive an exact expression of the polarization
density and provide a physical interpretation of the results,
consistent with previous studies. This paper’s main result is
that the continuum theory’s polarization density describes the
same two topologically distinct insulating phases as for the
noninteracting case. Still, it now contains an extra factor from
the fields’ scaling dimensions in the low-energy quantum field

FIG. 1. The SSH chain, with sublattice A (top) and B (bottom)
colored in red and blue, respectively. The dotted box shows a choice
of unit cell. The intracell hopping is v and the intercell hopping is w.

theory. The interpretation is that this measures the altered
nature of the excitations in the system. There are two con-
tributions: the renormalization of the electronic charge due to
quasiparticle smearing and an additional contribution from the
soliton’s topological charge. The latter cannot be explained
within the Fermi liquid framework and highlights the dif-
ference between the effects of interactions in 1D systems
compared to higher dimensions [17].

This paper is structured as follows. In Sec. II, we describe
the noninteracting SSH model, its topological invariant, and
the type of interactions that we will be considering. In Sec. II1,
we formulate the polarization density as a response to an
external electric field. In Sec. IV, we explore the effect of
interactions on the polarization density. We also provide an
intuitive understanding of the result, stating that an adiabatic
charge pumping procedure from a trivial to a topological
phase would pump one quantum of the renormalized charge,
which we have calculated exactly. Finally, in Sec. V, we
present our concluding remarks and give an outlook to addi-
tional extensions of our results beyond the regimes considered
in this work.

II. LATTICE SSH MODEL

The SSH model was originally introduced to describe the
behavior of electrons and the emergence of solitonic defects
in a polyacetylene molecule [27]. It is a nearest-neighbor
tight-binding model for spinless fermions hopping on a 1D
chain with two alternating bond strengths (see Fig. 1). The
Hamiltonian of the SSH model is given by

N N
N : :
H=v E CpjCBj W E Cp,jCAj+1 + H.c.,

j=1 j=1

w/a dk
=G c;k)H(m(cA*"),

x/a 27 CB,k

where v and w are intracell and intercell hopping, respec-
tively. The sum in the first line runs over cell indices, and A, B
refers to the two sites inside a unit cell with a lattice constant
a and periodic boundary conditions at the ends of the chain.
The momentum space formulation is shown in the second line,
where we have taken the limit N — oo. The main object of
interest is the single-particle Bloch Hamiltonian

H(k) = dx(k)gx + dy(k)ayv (D

where d, (k) = v + wcoska, d,(k) = —wsinka, and o; are
Pauli matrices acting in the A, B space. The two energy bands
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are given by

Ey =+ /d? +d2,

= +/v2 + w? + 2vw cos ka.

The two bands can touch and close the gap when v = +w, at
ka =0 (v = —w)and ka = 7w (v = w). This signals a change
between topologically distinct phases [36].

A. Symmetries and topology

The SSH model possesses two symmetries: sublattice sym-
metry A <> B, characterized by

o.H(k)o, = —H(k),
and inversion symmetry j — N — j + 1 characterized by
o H(k)o, = H(—k).

The former allows for the definition of a winding number
invariant [2], while the latter forces the quantization of this
winding number to just two values [12]. For a sublattice sym-
metric gapped Hamiltonian, the following equation defines a
winding number [2]:

w/a dk .
V= / L o H ()3H (). )
—7/a 4mi

This formulation allows one to write Eq. (2) in terms of
Green’s functions [19]. This will be used later to investigate
the invariant’s fate in the interacting system. For the SSH
chain, we show in Appendix A that this invariant yields

— O’
V= 1

We can relate the winding number v to the Berry phase ¢ of
the system at half-filling,

if [v] > |w],
if [v] < |w].

3

w/a
¢ = dk(u_(k)|id|u—(k)),

—m/a

where |u_(k)) is the lower band’s Bloch state. It is quantized
by virtue of inversion symmetry to ¢ = 0 for |v| > |w| and
¢ = m for [v] < |w|.

According to the modern theory of polarization [11],
the Berry phase is closely related to the position of Wan-
nier centers inside unit cells and, as such, indicates the
presence/absence of a “topological” polarization,

e

p—_
2

mode={(%)” Lfc‘ljz?i )
The mod e always appears in the definition of absolute po-
larization. It accounts for the 27 ambiguity of the Berry phase
and physically for the choice of a unit cell [11]. This polar-
ization manifests itself as a bulk-boundary correspondence: if
the system has open boundaries, there will be half-quantized
charges sitting at the boundary of the system. This, in turn,
means that there will be an anomalous response to an external
electromagnetic field [37,38].

B. Interactions and the continuum limit

As we will be interested in the low-energy physics of the
topological phases, we shall first derive the continuum limit of
the noninteracting model at low energies. Since these transi-
tions happen at ka = 0 and ka = m, for the sake of simplicity,
we take all parameters to be positive and expand the Bloch
Hamiltonian around ka = 7 to linear order in ka,

0 v—w — iwka
H(n+ka):(v—w+iwka 0 )
= myo, + wkao,, (®)]

where my = v — w will serve as a bare mass parameter in the
field theory description. Note that for the transition at k = 0,
we need to replace w — —w. The real-space Hamiltonian is
obtained by replacing k — —id, (we set i = 1),

H= / dT ¥ (x)[moo, — ivpoyd, ] W(x), (6)
where we introduced the Dirac spinor
. 1 [eq s

Wx;)=—| ™|, 7

(x;) \/E|:CB,‘,':| @)

and dropped the j index when taking the limit a — 0. We
have also introduced the Fermi velocity vy = wa. This leads
to the interpretation of the sublattice structure as a pseudospin
degree of freedom. Using the gamma matrix representation
Yo = 0y, y1 = io., and ¥ = Wy, together with the slash no-
tation J = y90; — y10x, we have the usual free Hamiltonian
and Lagrangian densities of a Dirac fermion,

Ho(x) = W(x)(ivey: 0x + mo)W(x),
Lo(x) = W (x)(ived — mo)¥(x).

Because of the constrained spatial degrees of freedom, 1D
systems are generically strongly interacting—fermions cannot
move past each other without interacting [17]. To incorporate
this effect, we consider the simplest interaction term that
respects the symmetries of the system: a nearest-neighbor
repulsion between spinless fermions placed in the same cell
(intercell coupling would also break sublattice symmetry),

N
Hy=Vo ) najns;, ®)
j=1

where n, ; = cl‘ iCa,j» With o = A, B. Usually, the densities
are shifted by half to ensure half-filling and to respect particle-
hole symmetry. This can also be accommodated by adding
a chemical potential term in the free Hamiltonian. However,
these terms do not matter in the continuum theory that we
will be considering and will usually be treated using typical
prescriptions such as normal ordering. Using the Dirac spinor
Eq. (7), the continuum version of the interaction can be writ-
ten as

= / B )y, W)

where
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FIG. 2. Extended SSH chain. Only the simplest extension has
been considered in this figure, namely, the inclusion of J, and J;.

Combining all terms, the Lagrangian density for the contin-
uum limit of the interacting SSH model is given by

L= W@)(@vri —mo)¥(x) — g[‘j’(X)Vu‘I’(X)]Z, &)

which is the Thirring model [39,40].

C. Generalization: Extended SSH model

The SSH model can be generalized simply by including
longer-range hoppings that respect all previously discussed
symmetries. This model was studied in previous works to
understand the interplay between long-range hoppings and
disorder [41] and, more recently, the effect of interactions on
the topological phases [42]. An example of this extension to a
next-next-nearest neighbor is shown in Fig. 2. More generally,
one can keep adding these hoppings by skipping 2# sites each
time, resulting in the following Bloch Hamiltonian:

1
Hk =Y <h:(()k) hn(()k)>’ (10)

n=1

with h, (k) = J,e "Dk 4 J’ etk When [ = 1, this reduces
to the regular SSH model with J; = v and J; = w. Because
of its extended nature, higher winding numbers are possible,
resulting in multiple edge state pairs. However, because the
system still obeys inversion symmetry, the polarization Eq. (4)
is still quantized to 0 (even winding numbers) or 1/2 (odd
winding numbers).

Consequently, this system has more possibilities for gap
closings and transitions between two phases with different
winding numbers. Nevertheless, as long as the interaction
term (8) is still the same, the Thirring model is still the low-
energy theory that describes the physics near the transition
point, but with modified Fermi velocities and bare masses.
For example, we consider the model near the k = 7 transition
again. The bare mass and Fermi velocities are then given by

1
mo =Y [(=1)"""Jy + (=1)'J;],

n=1

1
ve=a) [(=D)"'n—DJ+(=D) (1D)

n=1

III. POLARIZATION AS A RESPONSE TO AN EXTERNAL
FIELD: NONINTERACTING CASE

This section aims to show that we can formulate the
electronic system’s response to an external electric field by
considering the effective action for a pure background gauge
field using statistical field theory. The polarization density can

be obtained by taking the derivative of the free energy with
respect to an external electric field,
1 0F

T VIE

where V is the volume of the system. We will focus on the

1D case and derive formulas for the lattice and continuum
versions of the SSH model.

(12)

A. Lattice model

Let us start by considering the general expression of a
noninteracting Hamiltonian on a lattice,

H= Z Z C:'r,uhg'vcf’” = Z Z CZ,Mhlljvck*“'
ij m,v k  pv
The indices i, j refer to a unit cell, while w, v refer to internal
degrees of freedom, such as sublattice, orbitals, spins, etc. In
a tight-binding formulation, the coupling to an external gauge
field is achieved by performing a Peierls substitution, which
stems from the principle of minimal coupling. That is, one re-
places f)" — "™, where A;; = [/ A(x)dx is the integral
of the gauge field from unit cell i to j. Approximating the field
to be constant on the scale of the unit cell and assuming weak
coupling, we can linearize the exponential with respect to A.
Subsequently, rewriting everything in momentum space yields

ant
I Y k
H = ck,uhll:UCkvV + Crtq/on ok Ch—g/20A—¢>
kv

kg nv

where we used
1 .
A= — § eiTxa g
J \/N - q

We are also neglecting the diamagnetic contribution, propor-
tional to A2. This approximation is justified when probing
the polarization response of the system using a weak electric
pulse. With the full matrix Bloch Hamiltonian as H (k) =
> 1 11) (v], we can write down the imaginary time action
as follows

1T
S[A] = [z]/ dr ) Wk, r){ [ar — H(#)]Sm
0 ta

- akH(l%)A(q —k;t— f’)}‘l'(q, 7),

where the field W(k, 7) is a Grassmann-valued field obtained
by considering coherent states of the annihilation field oper-
ator in the second-quantization language. The integral over
imaginary time 7 runs from O to the inverse temperature 1/7
(with units /i = kg = 1). The partition function for this system
is then conveniently written as a path integral over the fields
W and ¥*, and has a formal solution

Z[A] = / DU*DWV exp (—S[A])

= exp[Tr ln(—Gil)],

where we wrote G~! = G, "1+ A, representing the Green’s
function as a formal operator, and Tr is a general trace op-
eration over discrete and continuous indices. We have split
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the contributions into a “bare” one and one coming from the
gauge field. The matrix A is the additional contribution from
the derivative of the Hamiltonian. The “bare” Green’s function
(in Fourier space) can be obtained by finding the inverse of the
following matrix:

Go(k, iw,) = [iw, + H(k)] ™",

with fermionic Matsubara frequencies w, = w(2n + 1)T. We
now expand the matrix logarithm to linear order in A,

Z[A] = Z[0] exp (=Ses[AD),

where the effective action is given by Seg[A] = Tr(Gp.A).
Working out the generalized trace yields

Tr(GoA) = ) Y P(g, imn)A(g, iwy),
noq

P(g. iwy) =Y t[Go(k, iw,)dH (K)184.0,
k

where tr is the trace over internal degrees of freedom. There-
fore we can express the free energy as

FIA]l = —T In(Z) = —T In(Zy) + T Ser[Al.

Using Eq. (12) for the polarization density, we see that the
functional derivative with respect to the electric field will only

pick up the effective action contribution:
T  5Set
P(qiw) = — —— .

V 3E(q. iw,)

We now choose a specific gauge where the applied electric
field is constant and corresponds to a pulse. For this, we use
a gauge potential A, such that £, = —9.A, = Eyé(t). This is
given by

e—ia),,r

A, 1) =ET ) (13)

iw,
Hence, the electric polarization density becomes

P(q, iw,) : /n dkt[G (k, iwa)OH (k)], (14)

Jiwy) = ———— —tr N10) )
o) = o1y | 2 N )%

where we have turned the sum into an integral over the Bril-
louin zone. The “static” version thereof, at zero temperature,
is given by
M

dk
Prot.o = TP(0, 0):[ %tr[Go(k, 003G, "' (k, 0)], (15)

-7
where we included the subscript 0 in P ¢ to indicate the non-
interacting case. We could write Eq. (15) because the Green’s
function at zero temperature is equivalent to the inverse of the
Bloch Hamiltonian. Note that this type of polarization is not

J

well defined for crystalline insulators, which is why the mod-
ern theory of polarization was developed in the first place [11].
This occurs because there is a gauge degree of freedom in the
choice of unit cells to define the dipole moment. However,
the formulation of Green’s functions is still beneficial. For
a sublattice symmetric Hamiltonian, the relative polarization
between sublattices Py is a well-defined and gauge-invariant
quantity, which we can obtain simply by multiplying the ex-
pression inside the trace by o, /2. Equation (15) then becomes

b2
Py = / d—k_tr[azGo(k, 003G, " (k, 0)]. (16)
g 4mi

which is equivalent to the winding number, Eq. (2). Similar
expressions have been discussed in Refs. [19,43,44], but we
derive ours in a different context here. We further note that
there is a factor two difference with the Berry phase definition
of polarization and that this formulation does not take into ac-
count the mod e ambiguity. Since we are mainly interested
in the continuum formulation, this should not be a problem as
it still indicates the two topologically distinct phases, as we
will see shortly.

B. Continuum polarization of the SSH model

From this point onward, we shall set vy = 1. From the
continuum Hamiltonian of the SSH model Eq. (6), we can
infer what the action functional of this system will be in the
imaginary time formulation:

S = /dxdr\ll*(x, T)[0; — ioydy — moo |W(x, T)

= - / dxdt / dx'dt'W*(x, t)Gal(x, T x, THw, 1),
where we introduced the Green’s function Gy, whose momen-
tum representation is
—iw, + ko, + myo,

w? +md + k>

Go(k, iwy) =

Instead of the Peierls substitution used in the lattice for-
mulation, we will directly introduce a background gauge field
through minimal coupling. That is, we replace d; — 9; +iA;,
where A;(x, ) = —i¢(x, T), with ¢(x, T) the electric poten-
tial, and A, (x, t) is the magnetic potential. This modifies the
Green’s function to G~ = G, ' — A, where

A=—A; +0,A,.

Note that we are omitting coordinates for simplicity. We now
integrate out the fermionic degrees of freedom in the partition
function to obtain an effective action, which, to linear order, is
given by Seir[A] = Tr(Go.A). The generalized trace operation
is given by

Tr(GoA) = /dxdr / dx'dt'tr[Go(x — X', T — THAWX, T/ — 1)8(x — x)]

= fdrdr’tr[Go(O, T — r’)/dxA(x, T — ‘L’):|. 7
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We choose a gauge potential in Eq. (13) that yields an electric
pulse at time 7. We can then write Eq. (17) as

dk
Tr(GoA) =T Z / 2 tlGo(k, iwn)ioy 1A iey).
Noting that 8kG51 (k, iw,) = —oy, we have
dk _ .
Tr(GoA) =T Z / ﬁtr[Go(’)kGO A, iwy).

This means we have the same expression for the polarization
as in the lattice model, Eq. (14). A direct calculation of the
relative polarization, with o,/2 inside the trace, yields (see
Appendix A),

1
Po = Esign(mo). (18)

The half-quantization condition above arises due to the inte-
gration over momentum space covering the entire real line.
Consequently, it is no longer a winding number, and there
is no reason for it to be an integer. Nonetheless, it remains
valuable in identifying the topological phase transition. Ad-
ditionally, the continuum polarization can effectively capture
the integer change in polarization across the transition, specif-
ically APy = 1 (in units of the free electron charge).

IV. EFFECTS OF INTERACTIONS

We have so far seen that the polarization density for a
noninteracting system can be expressed, in the lattice and
continuum theories, in terms of the noninteracting Green’s
function. We have used an imaginary time formulation to
derive those expressions. Still, since we are interested in the
static polarization, which does not contain any Matsubara
frequency, we might as well consider a generic field theory
instead of an Euclidean one. Equipped with this knowledge,
we will now explore the effects of interactions in a more
general setting.

A. Expectations from scaling properties

Before we compute the polarization explicitly, here we
present arguments as to its expected behavior in the case of the
Thirring model Eq. (9), which is an integrable massive quan-
tum field theory (discussed in more detail in Appendix B).

Consider the full Green’s function (including
nonsymmetry-breaking interactions that only contribute
to the off-diagonal matrix elements) in its most general form,

_( O S k)
Gk, 0) = <f*(k) 0 ) (19)
where

fl) = |fK)le ™.

By substituting Eq. (19) into Eq. (16), we obtain the polariza-
tion
A

1
P = lim - dkdp(k), (20)

A—o0 27T _A

where we have introduced a cutoff A, which we will come
back to later. In other words, the polarization is a winding

of the Green’s function’s complex phase ¢ from k = —o0 to
k = 0o. As such, its contributions can only come from zeros
or poles. Since the massive Thirring model, given by Eq. (9),
is integrable, we can safely assume that it is continuous and
differentiable everywhere on the real axis, except possibly
at |k| =0, 00 (see Appendix B). Moreover, we also know
from the Lehmann representation that the poles of the Green’s
function still correspond to excitation energies, even in the
interacting case where they are renormalized. Assuming that
these are nonzero (since the theory is massive), the only con-
tribution to the winding number would come from possible
zeros at the IR and UV points |k| = 0, oco. It is thus sufficient
to study the behavior of the Green’s function at the fixed
points of the renormalization group (RG) flow (IR and UV
regions). The UV behavior of any theory can be accessed
from the conformal field theory (CFT) at the UV point. If this
theory is connected to a massive IR fixed point through the
RG flow, then the Green’s function behaves as follows:

r, ifr— 0,

8 ~ {e o oo 1)

where y is the CFT scaling dimension of the field and m is
the mass of the lightest particle. In momentum space (see
Appendix C for a derivation), this becomes

P71 ifk - oo,
g(k)”{ﬁ, itk — 0. 22)

Because of the mass gap, the topological invariant is well de-
fined, as the integral Eq. (20) does not contain any divergence
and can be written as

1
P = 7 Algnoo [p(A) — (—A)].

The only relevant contribution will be from negative large
momenta, since then an extra phase e arises, as can be
inferred from Eq. (22). Hence, the polarization must be of the
form P = +y/2, fory < 1.

The main conclusion is that y, the scaling dimension of the
field, redefines the amplitude of the continuum polarization.
As for the sign, which determines the topological phase tran-
sition, it is still fully determined by the mass parameter,

P= %sign(m)y =yP, (23)

where Py is the noninteracting polarization density from
Eq. (18). The reason for this is the following (see Fig. 3): the
integration runs along the real axis, and the winding function
has a branch cut parallel to it, with branching points at infinity
and at the Green’s function’s zero. The choice of Riemann
sheet for either ¢™ or e~ is crucial and is enforced by
the mass parameter. It dictates the direction from which the
branch cut is approached, i.e., the Riemann sheet of the wind-
ing function over which the integration runs. If the mass gap
vanishes, the integration runs precisely over the branch cut
and does not produce a well-defined result. This is consistent
with the fact that the polarization is not defined for a gapless
system.

These assumptions can be explicitly verified in the free
case, when g(k) = " with

—k
¢(k) = arctan <—>
m
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Im(k)

+ 3 —|—|m|

\ 4
Y

b —|m|

FIG. 3. Different integration paths: above (red) or below (blue)
the branch cut, depending on the sign of the mass.

Since ¢(k) has a logarithmic branch cut, the Riemann sur-
face contains an infinite number of different sheets. However,
physically, only the difference between two adjacent sheets
is relevant. This result holds for any chiral invariant model,
emphasizing the importance of a mass gap to protect the
topological phase.

B. Polarization for the Thirring model

Our next goal is to use insights about the Thirring model
to derive exact results for the polarization Eq. (16), using the
interacting Green’s function. As shown in the previous sec-
tion, one may expect to find all the information in the scaling
dimension of the fermionic field, provided that the system is
gapped. The Thirring Lagrangian, given by Eq. (9), has two
parameters: a bare mass mg (which is just the dimerization
of the chain) and the local self-interaction coupling strength
g, considered strictly positive in our analysis. However, since
this is a quantum field theory, the physical mass m and effec-
tive coupling B are not equal to the respective bare quantities
from the Lagrangian. To extract nonperturbatively the rela-
tions between physical and bare parameters of the field theory,
we can exploit the mapping between the Thirring and the
sine-Gordon model [45] (for more details, see Appendix B).
The Lagrangian of the latter is

v% 2 mg
Lsg = E(a"q)) + p(cosﬁ¢ = 1),
where ®(x, t) is a bosonic scalar field, and the effective cou-
pling is
_ 1 1
21 —g/n’

/32

The sine-Gordon model describes a theory of stable soli-
tonic excitations, which interpolate between different classical
vacua of the theory &¢, = 2nm /8. This correspondence al-
lows one to link the fermionic fields W of the Thirring model
to the operators in the sine-Gordon model that create or an-
nihilate solitons, ¢'#®/ 2(9}_}3 /- Here, (9/13 /2 18 a string operator,
which accounts for the symmetry among the classical vacua

® — @ 4 2nm/B. This symmetry is also present in the quan-
tum theory.

As an example of this mapping, it was shown [46] that the
physical mass of Thirring fermions and sine-Gordon solitons
scales as a power law of the bare mass

n(my. g) = C(g)(m2) 77, 24)

where C(g) is a function of the bare Thirring coupling g. This
exact result was obtained by using nonperturbative bosoniza-
tion methods in Ref. [46] (see Appendix B for explanations).
Additionally, the repulsive regime of the Thirring model,
/2 > g > 0, corresponds to the regime 1/2 < 82 < 1 in the
sine-Gordon model. In this case, Thirring fermions and an-
tifermions, carrying a renormalized electronic charge e*, are
mapped into solitons and antisolitons, carrying a topological
charge. The latter is defined as

B[
0 = / dxd, D (x,1). (25)
27 J_ o

Note that, in this case, the term topological refers to how the
field ®(x, t) interpolates between the different minima of the
sine-Gordon potential, i.e., the symmetry between different
ground states of the model, and not to the topological phase.

Exploiting this mapping even further, the zero frequency
Green'’s function of the Thirring model, defined as

+o00 dx ) _
G(k) = / — " (W(x)W(0)), (26)
—oo 2T
can be computed in terms of the form factors of the soliton-
creating operator of the sine-Gordon model, O = PO }, /25

EC®.....0,) = (01016, ....6,).

where 0; are the rapidities of particles related to their momenta
via p; = msinh 6; (see Appendix B for more details and the
soliton-creating operator’s exact form). The Green’s function
then takes the form

X [t dxdo,  dO, ... )
G(k) = — 2 F9 @y, .. L0,
“ nX:(;/—oo 2w 27 2 ¢ |”(l )}

x 8| k—m) sinho; |. Q27)
j=1

Using the UV-normalization proposed in Ref. [47], the scaling
dimension of the Thirring fermionic field (which is the expo-
nent of the power-like scaling at large momenta, discussed in
Sec. IV A) is found to be

L -2 28
y_E(l—g/n+ _;) 28)

This result can be numerically verified from Eq. (27)
using the Feynman gas method [48]. The scaling of Eq. (26) in
the UV region is also consistent with conformal perturbation
theory [49]. The exponent y can be identified as the scaling
dimension of the field in the related CFT (more details are
available in Appendix D).

Therefore the polarization density of the interacting SSH
model in the continuum limit may be readily computed using
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(a) (b) g
0.75 A
_/ 17/2 gapless
|P| 0.50
trivial topological
0.25 1 AP = e*
0 n/4 n/2 0
g m

FIG. 4. (a) Continuum polarization as a function of the in-
teraction strength of the Thirring model. The deviation from the
noninteracting value is relatively small in the region where the inter-
action strength allows for a well-defined polarization, i.e., 0 < g <
/2. (b) Phase diagram for the low-energy sector of the repulsive
interacting SSH chain in the region where the polarization is well
defined. We identify trivial and topological regions from the exact
mapping established at the level of the free theory (i.e., along the m
axis). The introduction of interaction in the system does not spoil the
topology of the chain until the interaction overcomes the threshold
(represented by the wiggling line) and the system undergoes a phase
transition. The jump in the polarization, here represented by a change
of color from blue to red, along the g axis, signals the passage from
a trivial into a topological phase, accompanied by a change in polar-
ization AP = ¢*, where e* is the charge carried by the excitations of
the theory.

Egs. (23) and (28),

b 8
P_4<1—g/n+l n>51gn(m). 29)

This is the main result of this paper. However, there are limi-
tations.

It is known that when the interaction is strong enough
(i.e., g > m/2), the system becomes gapless [45]. In this case,
the interaction makes the massive term irrelevant in the RG
sense. It does not drive the system out of the critical region
but explores it, as the Hamiltonian is neither gapped nor
conformal. The physics of this scaling region is closer to
the Luttinger liquid and is not captured by the behavior of
the polarization, which is well defined for gapped systems as
insulators. Additionally, an important property of the physical
mass is that the gap is closed when the effective coupling
B reaches an essential singularity (i.e., 2 =1 or g=m/2)
of Eq. (24). Otherwise, the sign of the mass never changes.
This means that the polarization jumps along the same line
mo = 0 of the free case, and the effect of interactions does
not change the shape of the phase diagram in this massive
regime.

The polarization of the continuum limit of the interacting
SSH model and the corresponding phase diagram are shown
in Figs. 4(a) and 4(b), respectively. We note that the phase
diagram in the continuum limit is different from that of the
lattice model. This is because we are considering different
approaches: we are studying the polarization in the contin-
uum limit using field theoretical tools, while most numerical
studies consider the behavior of different order parameters on
the lattice. This means the continuum limit does not capture

boundaries, finite-size effects, and excited state properties of
lattice models, such as band curvature. It might fail to de-
termine what other order parameters can be captured, such
as the different shapes of critical lines in the original lattice
model. For instance, the gapless straight line in Fig. 4(b) is
different from the one obtained in the literature, where numer-
ical schemes were used to compute similar phase diagrams
[32,33].

One of the main interpretations of these results is that the
polarization is only modified to account for the fractional-
ized charge of the excitations of the theory. Indeed, the term
(1 — g/m)~! and its inverse, appearing in Eq. (29), come from
two contributions: the renormalized electronic charge of the
Thirring fermion and a second term that is a consequence
of the degeneracy of the ground state, carried by the string
operator accompanying the soliton creation operators, respec-
tively. Thus electron-electron interactions do not change the
qualitative description of the topological phases but do quan-
titatively modify it to account for the renormalization of the
polarization. The situation is somewhat similar to the study
of the topological invariant in the presence of interactions
in the integer quantum Hall effect. In this case, it has been
shown that it does not drive a topological phase transition
[50].

Moreover, if one were to construct an adiabatic charge
pump, such as the Rice-Mele charge pump [36], the quantized
charge transferred after one cycle would now be fractionalized
to this new value. Indeed, the induced current results from a
change in polarization, driven by a change in configuration in
the insulator’s bound charges. The Rice-Mele pump is known
to adiabatically modulate a 1D chain, such that it is tuned from
the trivial to the topological phase of the SSH model and back
again to its trivial phase [51]. As a result, the change in polar-
ization is AP = 1 (recall that we are working with units where
e = 1). This picture is still valid in the continuum model, with
AP = 1. As such, we can interpret the modification of the
amplitude of the polarization in Eq. (29) as a result of the
modification of the charge of the elementary excitations of
the theory, i.e., AP = ¢*, as sketched in Fig. 4.

Finally, we would like to point out that all the results
derived in the last section also hold when one considers
the generalization to the extended SSH model Eq. (10).
Even though the winding number of the lattice theory might
take higher values, signaling multiple topologically distinct
phases, the polarization itself is only nontrivial whenever the
winding number is an odd integer [see Eq. (4), which is
defined modulo the uncertainty quantum e]. The general case
contains infinitely many topologically distinct atomic limits,
half of which are of the obstructed nature [6]. When taking the
continuum limit near a phase transition, the Thirring model
describes two topologically distinct phases corresponding to
neighboring winding numbers. In other words, it models the
transition between a phase with nontrivial polarization and
one with zero polarization. The only change occurs in differ-
ent definitions of the Fermi velocities vp and mass parameters
myg, which are given in Eq. (11).

To gain a deeper understanding of these results, we will
employ perturbation theory, the renormalization group, and
terminology from Fermi liquid theory to provide additional
physical insights and interpretations.
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C. Perturbation theory

Perturbation theory requires regularization schemes, such
as introducing a cutoff A in momentum space, which we can
consider proportional to the inverse of the lattice spacing in
the related fermionic chain problem. Such a cutoff A is needed
when the interaction parameter g is considered because per-
turbation theory produces divergent contributions. These are
resolved either by considering counterterms in the Lagrangian
or are regularized by the presence of the cutoff A and elimi-
nated by a convenient redefinition. In practice, an infinitesimal
redefinition of the cutoff A — A + §A can be performed,
leading to a shift in all other parameters of the theory subject
to a renormalization, i.e., the coupling constants and the field
prefactors,

g — & +0gi

W (1 + 80V,

~ 88 9gi

é’éz—Ai:— & ,
SA dln A
1) d

y:—A—n:— il ,
SA 0ln A

where i = 1, 2, with g; = m and g, = g. We have also defined
the RG beta functions Brg of the parameters g; and implied a
change in the scaling dimension y because of the redefinition
of the field through 7. Additionally, the correlation functions
containing » fields transform as

G(A, g) — (1+n8n)G™(g).

Requiring that their form must be independent of the value of
the cutoff A leads to the so-called Callan-Symanzik equation:

d
dIn A

Gk, ...,k A, g) =0,

ad d
A— — G"(ky, ... . kis A, g)=0.
[8A+Zﬂm<g>agi+w} (ky )
(30)

Using the fact that frg — 0 in the UV limit, Eq. (30) results
inln G ~ 2y In(k/A). Therefore we find that the argument of
the two-point function is

k
k) ~—ilnG = —-2iyIn( — |,
o~ = -2y (£)

which corroborates the dependence of the polarization on the
scaling dimension of the fermionic field. Taking k — A and
then A — oo also confirms that the polarization is indepen-
dent of regularization schemes and the form of the cutoff.
Although perturbation theory in 1D systems differs sig-
nificantly from higher-dimensional cases [17], it can pro-
vide valuable insights for interpreting results. For instance,
Eq. (23), derived nonperturbatively, can be analyzed using
Fermi liquid terminology. This approach paves the way for
potential generalizations of our arguments to interacting topo-
logical fermionic systems in 2D or 3D. This can be shown by
associating the renormalization group procedure with Fermi
liquid theory. The simplest way to do so is by considering the
many-body Green’s function close to its poles, which takes

the form
Z
w—ek)’

where €(k) is the energy of the excitations with momen-
tum k. The shift §n, dictated by the scaling dimension of
the fermion field, induces a shift of the quasiparticle weight
Z. In the Fermi liquid framework, this quantity measures
Fermi-liquid behavior: as long as Z ~ 1, excitations behave
as free electrons with dressed mass and electric charge, i.e.,
they are the system’s quasiparticles. When this is the case,
we do not expect the polarization to be affected by interac-
tions, except for the “trivial” renormalization of the electronic
charge. However, our result Eq. (29) contains an additional
contribution related to the degeneracy of the ground state of
the dual bosonic model, breaking the Fermi liquid picture
and signaling the fact that the fermionic excitations are not
reducible to dressed electrons but are entirely different. Let us
now compute the lowest order corrections to the polarization
given by Eq. (16), but with the full interacting Green’s func-
tion. The polarization can be expanded as

g
2
The lowest order expansion of the exact solution of the
polarization Eq. (29) is of order g2. Thus we expect that per-
turbation theory reproduces this functional relationship, i.e.,
PD =0and PP #0.

To perform the calculations, we first recall that the fully
interacting Green’s function obeys the self-consistent Dyson
equation, which is formally given by

Gk, w) = 3D

P=PO+gP"+ PPy

G:GO+GO*E*G
=G0+Go*f)*GO—{—GO*EJ*GQ*EI*GAO—I-n-,
(32)

where the hat is used to denote the formal operators and the
stars denote their multiplication. The self-energy 3 represents
all the one-particle irreducible diagrams in the expansion of
the two-point correlation function (i.e., the Green’s function).
The inverse of the Green’s function is simply

G'=6G'-%. (33)

Substituting Egs. (32) and (33) into Eq. (16), one obtains two
terms, which will be considered separately,

Tr[0.G3:G, '] (34)
and
Tr[o.Gd; 2]. (35)

To first order, the self-energy ¥ does not depend on momen-
tum (see the Feynman diagram in Fig. 5). Thus only the first
term Eq. (34) contributes to the first-order correction to the
self-energy, i.e.,

) e dk -
gP = 4—mTr[aZGOEG08kGO ]- (36)

[e.¢]

To compute X, we will use the fully relativistic propa-
gators, vertex functions, and the Feynman rules depicted in
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(a) (b) m

FIG. 5. The two relevant corrections to the Green’s function.
(a) The self-energy is momentum-independent in this case. (b) The
lowest correction to the self-energy acquires a linear momentum
dependence, resulting in a g* correction to the polarization.

Fig. 6. The self-energy depicted in Fig. 5(a) then reads

dzq
M = gf myHGO(k’ w)y"

d*q 1

(27)? w? — k? — m?

Without proceeding with the calculation of this divergent
integral (which requires a careful renormalization with a

counterterm in the Lagrangian), we can nevertheless see, after
multiplying by —o, (see Fig. 5), that

> = wgo,, 37

= 2mgl

where « is the constant obtained by carrying out the integral.
Substituting Eq. (37) into Eq. (36), we obtain

+90 gk (k% — m)k
gP(') = —g«a _—
o 21 (K24 m2)?

which is zero because the integrand is an odd function of %,
confirming that there are no corrections to the free theory at
first order in g.

The second-order contribution to the polarization comes
from a term of the second type of first order contributions
Eq. (35). This means that we require a momentum-dependent
self-energy correction, for which the simplest example is
shown in Fig. 5(b) and given by

d2 q dz q/

gmzz/
&) any”

This expression is rather lengthy and leads to divergences
if evaluated without proper regularization. For the sake of
simplicity, we assume a linear dependence on momentum. In

LGotk + g — 4y Go(@)y" Go(q)ys.

b
S

Y

S o P Re't

FIG. 6. Feynman rules for the propagator in momentum space
and the interaction vertex. The relation to the initially used propaga-
tor is obtained by multiplying it from the left by —o,.

some limiting cases, this linear dependence can be derived
explicitly (see Ref. [47] for a specific example). Then, we take

3
E(z)—g—ZZa o,k
_2 2 el
n=0

where now oy =1, and o;, with i = 1,2, 3, are the usual
Pauli matrices. The simplest term that can contribute to the
polarization to second order is then

%273(2) _ _g_zfd—k.Tr[ozGoakE(z)]
g2 / dk ak — arm

2t K4+m?
We can calculate the integral explicitly and obtain

@__%

P = 5
confirming our expectations that the first correction in pertur-
bation theory to the polarization should be of order g>.

The absence of a first-order contribution also highlights
that charge renormalization is not the only process contribut-
ing to the polarization response in the Thirring model [52].
If it were, a term proportional to g/ would be present. This
supports the mathematical assumptions made using nonper-
turbative arguments and the renormalization group. From a
physical perspective, it confirms that the breakdown of the
Fermi liquid paradigm in 1D models also affects the topolog-
ical properties related to their linear response.

(3%)

V. CONCLUSION

An analytic determination of topological properties of
interacting fermionic systems has always proven to be a
daunting task; so far, numerical results have been widely
used in the field, but in this work, we have explicitly eval-
uated the topological invariant Eq. (16) in the low-energy
regime of the interacting SSH chain with nearest-neighbor
density-density coupling. The physical interpretation of this
quantity was given in the free case as the relative polarization
between sublattices. The interaction term that we considered
respects the symmetries of the noninteracting system, and its
continuum limit yields the Thirring model, which enabled the
formulation of the problem using this framework and allowed
us to obtain exact analytic results. We find that the IR and
UV regions play a prominent role in the continuum theory.
Namely, the presence of a mass gap in the infrared regime
protects the result obtained by the characterization of the
ultraviolet regime in terms of the scaling dimension of the
fermionic field. The role of the mass parameter in determining
the topological phase transitions of the lattice model is akin to
how the interplay between the Semenoff mass and the Hal-
dane mass dictates topological phase transitions in the Chern
insulator [53]. Our result can be readily generalized to cases
where longer-range hoppings are included. Such models allow
for more topological phase transitions. Still, in the vicinity
of each of them, they can all be modeled by Thirring field
theories where the details of different transitions are encoded
by the various masses and the Fermi velocities Eq. (11). The
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jump in the relative polarization is then computed in the same
way as for the interacting SSH.

Moreover, its interpretation in terms of polarization and
a quantized charge-pumping argument facilitates the de-
scription of topological phases through the bulk-boundary
correspondence. This enables the construction of a phase di-
agram within the applicable regime. The modification of the
polarization amplitude can be understood as coming from the
renormalized charge, together with a quantity that weighs the
degeneracy of the ground state carried by the excitations of the
interacting theory. Although our results only apply to a family
of 1D lattice models described by integrable interacting field
theories in the continuum limit, they provide numerous in-
sights regarding the nature of topological phase transitions in
interacting models. For instance, the most relevant effects of
interactions are the renormalization of the charge and, in this
case, the degeneracy of the ground state. Additionally, most
of the topological properties in the low-energy regime are de-
termined by the scaling regions of the RG flow, where the UV
regime influences the magnitude of the polarization Eq. (23)
and the IR protects it via the presence of a gap. Finally, the
non-Fermi liquid behavior leads to a simple redefinition of the
polarization jump from integers to reals but does not affect the
shape of the phase diagram.

As an outlook, it would be valuable to investigate whether
this picture still holds when considering different types of
interactions. The resulting low-energy effective field theories
would vary, and some may not be integrable. Nevertheless,
perturbative methods can always be used to compute the scal-
ing dimensions of the fields and study the modification of the
polarization.
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APPENDIX A: QUANTIZATION OF THE
WINDING NUMBER

1. Lattice model

The Green’s function for the Hamiltonian given by Eq. (1)
is

Go(k,0) =

1 0  vtwe™
(V2 4 w? + 2vw cos k) \v + we 0 ’
(A1)

Working out the trace in Eq. (16) yields

/‘” dk  2iw(w + vcosk)
V= — .
7 4miv? 4+ w? 4+ 2vwcosk

We will solve this using contour integration. Before we do
that, we shall rewrite the equation as

/” dk 2+ Vet Ve ik
V= — . __
L 47 (L Ve (1 + Ve ity

where we have introduced the parameter V = v/w. This inte-

gral can be rewritten as an integral over the unit circle S' in
the complex plane by defining z = e,

dz 1 V2 +224V
V= _—
st 202V 2(z+ V- )z + V)

_ dz
= fé] %f(z)-

The function f(z) has two poles inside the unit circle and one
outside. The pole zy = 0 is always inside, while z; = —V !
is inside if |w| < |v| (making zp = —V outside). Using the
residue theorem, we then have the following conditions:

» — [Res(f,20) +Res(f, z1),
| Res(f, zo) + Res(f, z2).

Since the poles are of order 1, the residues are simply given
by

if lw| < |vl,
if lw| > |v|.

Res(f,20) = lim (z — 20)f () = 3,
Res(f,z1) = Jim (z — 21)f (2) = — 3,
Res(f,22) = lim (z — )f (2) = 3,

which finishes the proof of the quantization of the winding

number,
V= 0,
=11

2. Continuum model

if jw| < |vl,
if lw| > |v].

In this case, we start from Eq. (5) and write down the
Green’s function as

Go(k,0) =

m+ iwk)’ (A2)

1 0
m2 =+ wzkz —m — iwk
where we recovered the parameter w to compute the integral
in the general case. Working out the trace in Eq. (16) yields

*® dk  2imw
1):/,004_711'm2~|—w2k2
®dk M
:/_OOE/WH&
M [ 1 1
T M (M

where we introduced the scaled mass parameter M = m/w.
Now we use the fact that a/a®> = 1/|a| and substitute k = Mx
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to get

M *° 1 1
v 27T|M|/—oo xl+x2 2s1gn(/\/l)

The last equality results from a/|a| = sign(a) and the integral
evaluating to 7.

APPENDIX B: THIRRING AND SINE-GORDON MODELS

In this section, we list some properties of the Thirring
model. Most of them are obtained using its bosonic dual,
the sine-Gordon model. Both are instances of integrable field
theories, which are (1+41)-dimensional field theories that have
an infinite number of local conserved charges. Such operators
commute with the respective Hamiltonian and will strongly
constrain the scattering between particles and, in general, the
dynamics in the model. Scattering between particles is elastic
and factorizes into subsequent two-particle scatterings. These
requirements are strict enough to analytically fix the form of
the scattering matrix via bootstrap methods [54], which is
why these theories are analytically solvable. In particular, the
Green’s functions and the operator’s matrix elements can be
derived analytically.

Starting from the Lagrangians of the Thirring and sine-
Gordon models (for simplicity, we consider vg = 1)

Loy = W) — mo)(x) — §[®(x>ymx>]2,
1 2
Ls6 = 1o~ (@090 + %(cos/% —1),

the scattering matrix of Thirring fermionic excitations, labeled
by i = = when fermions (+) or antifermions (-) are consid-
ered, can be fully specified using inverse scattering methods.
It is given by [40,52]

0 —8i/p?
el —e
AilB

Sij(0) = — PO

8ij + (1 =), (B1)
where the argument 6 is the difference between two rapidities
0, and 6,, related to the momenta p; and p, through p; =
m cosh 6;. The scattering matrix has the following action on a
two-particle state:

Sii, (0161, 02)i i, = 102, 01) i, -

Moreover, given its action on states, we can infer that
S(—6) = S7(#) = S~'(8), which holds for Eq. (B1). This ex-
pression depends also on the parameter 2, which is just the
coupling of the sine-Gordon model. Moreover, we take the
mass of the Thirring fermion m to be a renormalized version
of the mass parameter my, given by Eq. (24) and obtained by
studying the sine-Gordon theory. Before turning to the latter,
we briefly introduce how correlation functions are evaluated
in the Thirring model: once the following matrix elements of
a certain operator V are known,

FY

iy Oy 00) = OIVIO1, .., On)iy iy (B2)

the Lehmann representation is fully described as an absolutely

convergent series (after Wick rotating to Euclidean spacetime)

GY(x,1) = (O|V(x,t)V'(0, 0)|0)

° +00 .
= E / d@l e den‘FnV(el’ e, 01’1)’ el(kx+§2t)7
=0 Y —
(B3)

where k =m Y _, sinh6; and @ =m }";_, cosh6;. Because
of their importance, the matrix elements of Eq. (B2) are
dubbed form factors, and self-consistency arguments con-
strain their analytic form [55]. One can also infer from the
representation Eq. (B3) that two-point functions in momen-
tum space do not contain zeros on the real axis, except for
k — 0, co. Moreover, Eq. (B3) is crucial to verify scaling
properties of Green’s function in the UV and IR regions in
Eq. (21): the first can be studied using the Feynman gas
method, and one can numerically check that predictions from
CFTs are consistent with form factor computations, while
the second is straightforward since, by performing a Wick
rotation, one can show that every two-point function scales
as e~ in this regime, where L is the system size.

Now, to unveil the relations between the bare and the
physical quantities of the Thirring model, we turn to the
sine-Gordon model. Moreover, the bosonization procedure
naturally lends itself to a more straightforward computation of
the Green’s function of the Thirring model, compared to the
direct method. We start by the bosonization relations between
the fermionic fields W and W and the bosonic ones ® and ©,
where O is the dual field given by —0,0(x, t) = 9, D(x, 1),

W(x, t) = exp {%[,BCD()C, 1)+ %@(x, t)] }

U(x, 1) =exp{—§|:,3<l>(x,t)— %@(x,t):“. (B4)

In the main text, we employ then the following notation,
borrowed from Ref. [47]:

W(x, 1) = PPEDR0L ) (x, 1),

. . (B5)

W(x, 1) =e PPIRPOL(x,1),
where the operator OliB , contains an infinite product given
by the Baker-Campbell-Hausdorff factorization of the expo-
nential in Eq. (B4), and depends on the phase field ® and all
its commutators with ®. Moreover, the origin of a string-like
term in the fermionic creation/annihilation operators is given
by the relation between the bosonic field and its dual,

O, t)=— /X dso; (s, ). (B6)

—00

Such an operator appears in the exponent of Eq. (B4) and
weights the configuration of the field from the point x where
it is placed, to —oo. We proceed finally by plugging in the
definition Eq. (B4) into the Thirring Lagrangian in Eq. (9) to
obtain

2
LsG = %[(axcb)2 + (8,0)1] + %(COSf@ -1, (B7)
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Provided the following identity holds:

1 1
21 —g/n’
that allows us to relate the coupling constants from the two
models.

The sine-Gordon model has another peculiarity, namely, it
can be understood as the integrable deformation of a coset
CFT (G; x G1)/G; [56,57]. This piece of information, joined
with the study of the thermodynamics of the model using the
thermodynamics Bethe Ansatz, allows one to compute the
relation between mass and coupling constant. Fateev devel-
oped the original argument for a broad class of models, which
were refined by Zamolodchikov in the sine-Gordon case [58].
Here, we briefly follow Mussardo [59] for a simple review
of the main argument. The main idea lies in computing the
free energy of an integrable model both using the thermody-
namics Bethe Ansatz and conformal perturbation theory (see
Section D for an introduction): in the first case, we can expand
for small values of the mass m, while in the second we will
expand in the coupling constant g. We are then able to match
the two series to obtain

,3 — DmZ*ZA

B (B8)

which is expected from dimensional analysis (the conformal
weight A belongs to the relevant deforming operator, i.e.,
cos B in the sine-Gordon case and Asg = 2), but the mean-
ingful prefactor D can be directly computed. We stress that
such a result cannot be obtained directly from the Thirring
model itself and proves once more the power of bosonization
methods.

APPENDIX C: DERIVATION OF THE SCALING BEHAVIOR
OF GREEN’S FUNCTION IN MOMENTUM SPACE

We start by considering the Fourier transform of the
Green’s function, i.e., Green’s function in momentum space,

+00 dx )
G(k) = / —G(x,0)e ™,
oo 2T
and we split the integration region into three different ones:

(1) the UV region |x| < a,

(2) the regular region a < |x| < R,

(3) the IR region |x| > R.

From Eq. (21), we know the behavior in the scaling re-
gions, and by redefining the integration variable s = kr, we
obtain in the UV region

+ka )
SYuv e~ s

’

Guv(k) = k! /
—ka 2w
where y,, is the scaling dimension in the UV regime. The only
momentum dependence left in the integral is in the extremes
of integration. When the system approaches the critical phase,
it is only determined by its UV completion. As such, we can
consider the limit @ — oo, and the only dependence is power-
law-like (as we would be expecting from a simple scaling
argument [60]). For the same reason, this expression is also
a pure power-law when the momentum is large.
When the IR region is considered, the same considerations
occur, except for the presence of different integrands depend-

ing on whether we consider massive or massless theories. For
a massive theory, the result would read

kR o—ikR
Gr(k) = ™R — ,
w(k) =e (k—i—im k—im)

and the region for k — 0 is fully described by the constant

result proportional to 1/m. For gapless systems, this result is
just

+oo g N
—s'"e

’

Gr(k) = k! /

kR 43
and it ensures again a power-law behavior. For pure CFTs,
Yuv = Vir-

Our treatment does not affect the regular region; the only
requirement that it must fulfill is the absence of zeros or
singularities, which is ensured in integrable models.

APPENDIX D: SCALING DIMENSION IN QUANTUM
FIELD THEORY

An unexpected outcome of the renormalization procedure
in quantum field theories is the presence of anomalous dimen-
sions of local fields. This effect can be understood from two
different points of view: at the level of a lattice, in which
the rescaling of the lattice spacing induces a change in the
theory’s parameters, or at the level of the field theory, where
the couplings run under rescaling of the momentum space.

Even though the relation between the two is, at first sight,
straightforward (the lattice spacing and the momentum cutoff
of a theory are reciprocal to each other), it is highly relevant
to the understanding of our results: the invariance from lattice
spacing and momentum cutoff informs us about the neces-
sity of describing our topological invariant/polarization only
in terms of scale-invariant quantities, i.e., quantities that are
defined in scaling invariant regions of the theory. In addition,
the realization of the quantum field theory on a lattice and the
insertion of a momentum cutoff are both instances of a regu-
larization procedure needed when interactions are relevant in
a quantum field theory. We shall now outline why and how
scale-invariant regimes are present in lattice and continuum
theories [61].

a. Lattice. Consider a lattice of length L = Na, where N
is the number of sites and a is the lattice spacing. Imposing
that the universal properties of the physical system contained
in its partition function are invariant under rescaling, we can
perform a change of the lattice spacing a — @’ = ba and the
number of sites N — N’. This procedure is called a real-
space renormalization group. To keep the partition function
of the system unchanged, all the parameters describing the
Hamiltonian of the theory will change accordingly in a gen-
erally complicated and nonlinear transformation g; — g =
fi{gr}, b). The iteration of this procedure leads to a family
of points in the coupling constant manifold representing the
same system, observed with different values of the parameters
a and N. Since the correlation length of the system is simply
rescaled,

£(g)=0b""¢(g),

the fixed points of the RG, gi = fi({g;}, b), imply that the
correlation length vanishes (trivial points) or diverges (critical
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points) across them. This, in turn, implies that the physical
dimension of operators on the lattice changes along the renor-
malization group flow. An operator on the trivial point has
a dimension equal to its physical dimension, established by
means of usual dimensional counting, while one at the critical
dimension is determined by critical exponents. These two val-
ues are usually different, and this difference is accounted for
by the anomalous dimension. The reason for this phenomenon
is better understood in continuum theories.

b. Continuum. In a field theory, performing the renor-
malization procedure in momentum space is simpler. Here,
divergences in Feynman diagrams must be accounted for by
introducing counterterms in the Lagrangian, resulting in a
shift of the couplings and leading to similar conclusions.
These divergences in Feynman diagrams parts—usually at
high momenta—require a regularization procedure, typically
achieved by imposing a momentum cutoff A. Following this
procedure, the sources of singular behavior can be safely
removed at the price of introducing a dependence between
the couplings—and the fields—on the cutoff via countert-
erms, i.e., g — & = fi({g«}, A). Adding new counterterms at
higher orders of the coupling constants is equivalent to shift-
ing the cutoff value toward infinity (which is the point where it
is formally removed). On the other hand, we can also squeeze
our momentum space by rescaling the cutoff A — A’ = A/b;
we would get the same picture of the lattice procedure, and we
could study the relation between couplings and cutoff in detail
without the need to compute more counterterms. Expanding
the knowledge of the UV region k € (A, 4+00) with this pro-
cedure allows studying the properties of the model close to
the critical fixed point; it is then simple to draw the picture
we used in Section C of the whole momentum space split into
regular part (determined by the massive interacting theory), IR
region (ruled by the trivial fixed point as a massive free theory)
and the UV region (described by the critical fixed point as
a massless interacting theory). Moreover, as elucidated in
the main text, imposing the invariance of expectation values
(namely correlation functions) leads to a set of equations [see
Eq. (30)] that rule the renormalization group flow in the mo-
mentum space; among these, the presence of counterterms for
fields induces a nontrivial anomalous dimension, especially at
the fixed point where f;(g*) = 0. Now, we can understand the
presence of an anomalous dimension as the effect of mixing
between the original free field with others needed to remove
singularities arising from turning on the interaction; in other
words, the dressing of the free field induces the anomalous
dimension.

It is then clear why taking the continuum limit of the
interacting SSH model would not spoil its topology. Since

the polarization is a scale-invariant quantity, it is customary
to consider the limit for a — 0, where the Thirring model
is retrieved. More than that, the polarization must retain
scale-independent properties from fixed points related to the
Thirring model, i.e., its massive free fermionic theory in the
IR regime and the massless Thirring model at the UV point.
In addition, one can check the scaling properties of Green’s
functions along the RG trajectory that connects the two
fixed points, as in Eq. (21), where the scaling dimension of
fermionic creation and annihilation operators enters. The form
factor expansion fully controls the IR point, so we just check
the UV, which is the one depending on the anomalous dimen-
sion. The idea lies in considering the fixed point (which, for
simplicity, we consider described by a CFT and not just crit-
ical; this is the case for Thirring and the sine-Gordon model)
and a perturbation that drives the system away from it by
opening a gap in the spectrum. Note that the above-mentioned
integrable theories can also be expressed close to their critical
fixed points as gap-opening perturbations of conformal field
theories. CFTs are fully solvable, and the perturbation we add,

L = Lcpr + AV (r),

can be treated perturbatively for arbitrary small values of A.
Hence, one can reconstruct exactly the terms of the series for
expectation values of local operators Ay:

1 A (=)
(Ar)n = A ,
A =0 n.

/drl .. .d}’n<AkV(l"]). . .V(r,,))o.

Then, we can extract the most diverging term of the Green’s
function in the limit » — 0, studying the operator product
expansion in the off-critical region,

W(z,2)P(0) = Y Chy (2. 2)A0).
k

We then obtain, based on dimensional analysis,

00
k = —2Yy =Y —27 k, 2—yy—y
Clo(z.2) = e e 2y ZD\P,\}I()” sy
n=0

where r = (z7)'/%. Then, the most diverging term occurs for
n =0 and y;, = 0, which involves the identity operator Ay =
1. We have shown that in the limit r — 0, the dominant
contribution is still given by a power-law determined by the
CFT that describes the fixed point. Such a statement is valid at
any level of perturbation theory and directly leads to Eq. (21).
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