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Multiparameter critical quantum metrology with impurity probes
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Quantum systems can be used as probes in the context of metrology for enhanced parameter estimation. In
particular, the delicacy of critical systems to perturbations can make them ideal sensors. Arguably the simplest
realistic probe system is a spin-% impurity, which can be manipulated and measured in-situ when embedded
in a fermionic environment. Although entanglement between a single impurity probe and its environment pro-
duces nontrivial many-body effects, criticality cannot be leveraged for sensing. Here we introduce instead the
two-impurity Kondo (2IK) model as a novel paradigm for critical quantum metrology, and examine the multipa-
rameter estimation scenario at finite temperature. We explore the full metrological phase diagram numerically
and obtain exact analytic results near criticality. Enhanced sensitivity to the inter-impurity coupling driving a
second-order phase transition is evidenced by diverging quantum Fisher information (QFI) and quantum signal-
to-noise ratio (QSNR). However, with uncertainty in both coupling strength and temperature, the multiparam-
eter QFI matrix becomes singular — even though the parameters to be estimated are independent — resulting
in vanishing QSNRs. We demonstrate that by applying a known control field, the singularity can be removed
and measurement sensitivity restored. For general systems, we show that the degradation in the QSNR due to
uncertainties in another parameter is controlled by the degree of correlation between the unknown parameters.

I. INTRODUCTION

Quantum probes are known for their advantage over clas-
sical sensors in achieving higher precision using the same
resources [1]. Originally, such advantage has been accom-
plished through exploiting special forms of quantum superpo-
sition, known as GHZ states [2], to reach quadratic improve-
ment in the precision of detecting external signals [3, 4]. How-
ever, GHZ-based quantum sensors are hard to scale up and
are prone to decoherence [5, 6] and perturbation [7]. Alterna-
tively, strongly correlated quantum many-body systems near
their phase transitions have been identified as a resource for
quantum enhanced sensitivity [8-23]. Several kinds of phase
transitions have been proposed for quantum sensing, includ-
ing second-order [24-40], topological [41-45], superradiant
and Rabi type [46-55], dynamical [56-58], Floquet [59—
61], continuous environmental monitoring [62, 63], Stark lo-
calization [64, 65], disorder-induced [66, 67], and bound-
ary time crystals [68, 69]. Furthermore, certain criticality-
based sensing mechanisms have been experimentally realized
in N'V-centers in diamond [70], NMR [71], trapped ions [72],
and Rydberg atoms [73]. Although quantum phase transi-
tions strictly occur at zero temperature, in practice any physi-
cal realization will be performed at finite temperatures where
thermal fluctuations become important. To further compli-
cate matters, the temperature of the system itself might not be
known precisely. As a consequence, there has been a grow-
ing interest in developing thermometric schemes that exploit
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quantum systems [74-84]. These issues give rise to several
questions, including: (i) How does nonzero temperature af-
fect the sensitivity of a criticality-based quantum sensor? (ii)
Can quantum criticality also boost the sensitivity of tempera-
ture estimation?

Perhaps the most well-known theorem in metrology is the
Cramér-Rao inequality [85] which puts a fundamental bound
on the uncertainty of inferring one or more unknown param-
eters. Let us consider a quantum probe which encodes n pa-
rameters A = (A, Aa, ..., 4,)7 inits density matrix Q(/_i). The
uncertainty in estimating the parameters A through perform-
ing a suitable measurement on the probe, can be quantified
by the covariance matrix Cov[1, 1] with components given by
Cov(4;, 4j) = {(4; ={A;))(A; — (4;))). The individual variances
are then simply the diagonal elements, Var(1;) = Cov(4;, 4;).
The Cramér-Rao inequality is given by,

Cov|[ ] %F’l (1)

where N is the number of samples and F is the Fisher informa-
tion matrix [86, 87]. A crucial point is that the Cramér-Rao
bound is only meaningful when the Fisher information ma-
trix is invertible. For example, in a two parameter setting, if
the parameters are not independent from each other — that is,
they can can be rescaled to a single effective parameter, one
can show that the Fisher information matrix becomes singu-
lar and thus non-invertible. However, this is only a neces-
sary condition and there might be other situations which re-
sult in a non-invertible Fisher information matrix. A poten-
tial scheme for such a problem is in criticality-based quantum
sensing where the probe operates at a nonzero temperature
that may not be known with certainty. In this case, one has to
address the problem through a multiparameter sensing analy-
sis, where temperature is also treated as an unknown param-
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eter. In principle, the unknown microscopic parameter which
drives the phase transition is independent from the tempera-
ture of the system. However, the way that these parameters
are encoded in the quantum state of the probe may nonethe-
less result in a singular Fisher information matrix — especially
in systems constrained by high symmetries or near quantum
critical points where the low-energy physics exhibits emer-
gent single-parameter scaling [88]. In such cases, can one
make the Fisher information matrix invertible again, thereby
allowing for an effective sensing protocol?

In this work we consider the two-impurity Kondo (2IK)
model [89-95], a famous paradigm in condensed matter
physics for quantum criticality in a strongly-correlated many-
body system. Originally conceived to describe the through-
lattice (RKKY) coupling between two magnetic impurities
(such as iron atoms) embedded in a host metal (such as gold),
the 2IK quantum phase transition also captures the essence
of the competition between magnetic ordering and heavy-
fermion physics in real correlated materials [96]. The model
can be realized in semiconductor quantum dot devices [97—
100], and indeed a closely related variant of the 2IK critical
point was observed experimentally very recently in Ref. [101].
The 2IK model features two exchange-coupled spin-% “impu-
rity” qubits, each coupled to its own fermionic environment
(taken to be metallic continua of conduction electrons). Al-
though such impurities are non-invasive in the sense that im-
purity effects in bulk systems are always non-extensive, they
can still induce local criticality (also known as boundary crit-
ical phenomena) [91]. In the 2IK model, a nontrivial critical
point, obtained by tuning the inter-impurity coupling strength,
separates a phase in which the impurities bind together into
a local spin-singlet state, from a phase in which each impu-
rity is separately screened by conduction electrons through
the Kondo effect [91, 93]. The underlying physics is con-
trolled by the development of strong many-body entanglement
between the probe impurities and the electronic environment
[102, 103]. The presence of a quantum phase transition whose
critical properties survive thermal fluctuations (up to the so-
called Kondo temperature) makes the 21K model an excellent
testbed for studying the performance of a critical sensor at
nonzero temperature. Furthermore, we note that such interact-
ing quantum condensed matter systems in the thermodynamic
limit can in practice be straightforwardly tuned into their criti-
cal regimes at finite temperatures, without the need for metic-
ulous and costly critical ground state preparation techniques
[104, 105], as demonstrated experimentally in nanoelectron-
ics device realizations [101, 106, 107].

We regard the two coupled impurities in the 2IK model as
a metrological probe, whose reduced state is characterized by
the impurity singlet fraction (spin-spin correlator) — an exper-
imentally relevant physical observable. The additional inter-
nal structure of the coupled impurity probe relative to a single
impurity probe [108] endows a far richer metrological phase
diagram. We consider estimation of either the environment
temperature T or the inter-probe coupling K, as well as the
arguably more realistic multiparameter estimation scenario
where neither T nor K are known with absolute certainty. In
the latter scenario, we find that the quantum Fisher informa-

tion matrix (QFIM) becomes singular — despite temperature
and impurity coupling being independent parameters. Such a
situation prohibits inference of either parameter, and the cor-
responding quantum signal to noise ratio (QSNR) for both pa-
rameters vanishes. We propose a strategy to remedy this: by
applying a known control field, the QFIM singularity is re-
moved and the ability to perform multiparameter estimation
is restored.

The paper is organised as follows: In Sec. II we briefly re-
capitulate the fundamentals of multiparameter estimation the-
ory, introducing the QFIM and Cramér-Rao bound. We iden-
tify the QSNR as the key figure of merit, and introduce a novel
generalization of this quantity in the multiparametric setting.
In particular, we show that the QSNR for a given parameter is
always reduced by uncertainties in another parameter, with the
degree of degradation controlled by the degree of correlation
between the unknown parameters. In Sec. III we introduce the
2IK model and contextualize the physical regimes in which
we expect to observe quantum critical features. We take the
two spin—% exchange coupled impurity qubits as our metro-
logical probe, and show how parameter estimation sensitivity
can be extracted from the spin-spin correlation function, an
experimentally-motivated physical observable. In Sec. IV we
provide analytical results for single parameter estimation in
the simple but instructive limit of large inter-probe coupling
strength. In Sec. V we investigate single-parameter metrology
in the full many-body system, obtaining numerically exact
results using the Numerical Renormalization Group (NRG)
technique [109], showing how strong correlations and quan-
tum criticality affect sensing capabilities in the 2IK system.
In Sec. VI we derive closed-form exact analytic results for the
QSNREs in the vicinity of the quantum critical point. Our so-
lution is obtained by relating the QFI to changes in the probe
entropy, and constitutes a rare example in which exact results
can be obtained for an interacting quantum many-body system
at finite temperatures, near a nontrivial second-order quantum
phase transition. In Sec. VII we consider explicitly the mul-
tiparameter scenario. Here we explore the QFIM singularity
that arises when we have uncertainty in both system temper-
ature T and probe coupling strength K. The singularity in
the QFIM that prevents multiparameter estimation is shown
to be connected to the SU(2) spin symmetry of the probe re-
duced state. We further demonstrate that by applying a known
control field that breaks this symmetry, the singularity is re-
moved and multiparameter estimation sensitivity is restored.
Our results indicate a dramatic difference in the effectiveness
of critical quantum sensing when uncertainty in more than one
parameter is taken into account. This is an essential practi-
cal consideration since any experiment must be performed at
finite temperature, and there is typically some experimental
uncertainty in determining this temperature.

II. PARAMETER ESTIMATION

We begin by introducing the tools necessary for multipa-
rameter estimation, in particular, the quantum Fisher infor-
mation and the Cramér-Rao bound (CRB) [85, 110, 111]. In



what follows, we present the formalism for the multiparame-
ter setting for generality. However we emphasize that the sin-
gle parameter estimation scenario corresponds to the special
case where all parameters except the one to be estimated are
assumed to be known with certainty. We will extensively dis-
cuss single parameter estimation in Secs. III-VI and consider
explicitly the multiparameter case in Sec. VIL

The Fisher information matrix appearing in Eq. (1) is an nXx
n positive semi-definite matrix for a system with n unknown
parameters 1= (A1, A, ..., 4,)T. Its elements are given by,

Fij=E[@yInp | 4) (@ np(ul 1)) @

where p(xi|4;) denotes the conditional probability of obtain-
ing outcome x; given the parameter has value 4; [112].

In the quantum setting [85], we consider parameter-
encoded quantum states, @(i), whose measured outcome
value, x;, can be obtained through a set of positive operator-
valued measurements (POVMs) denoted {I1;}. The parameter
dependent conditional probability of these outcomes, defined
through the Born rule p (x; | 4;) = Tr{Hi @(Z)}, allows for the
construction of unbiased estimators. The quantum Fisher in-
formation matrix (QFIM) H, is obtained through an optimiza-
tion over all possible measurements. Its elements are defined
in terms of the symmetric logarithmic derivative (SLD) oper-
ators as,

Hoa, = %Tr (o{Lin L)) 3)

where L; correspond to the ideal measurement for parame-

ter 4;. Formally, the SLD is defined by the solution of the

self-adjoint operator equation 6/1[@(2) = % (Li@(/_i) + @(E)Li).

As such, we note that the diagonal elements of the QFIM are

identical to the single-parameter QFL, that is H,, o, = H ().
The quantum multiparmater CRB reads [87],

Cov[]= )

where we set N = 1 for the single-shot measurement case
considered hereafter, and we remark that the bound holds
element-wise in this matrix inequality. While the diagonal el-
ements of the QFIM, H,, ;,, on their own provide information
only about the measurement precision for parameter 4; in the
single-parameter estimation scenario, the matrix inverse oper-
ation in Eq. (4) means that the other elements of the QFIM af-
fect measurement precision when we have uncertainty in any
of the other parameters. Indeed, as shown in Appendix A and
discussed further below, the precision of estimating a given
parameter is always reduced by uncertainties in other param-
eters. In addition, the bounds for all parameters may not be si-
multaneously saturable using a single measurement since the
SLD operators L; for different parameters 1; may be incom-
patible [113-115]. Thus, a single optimal measurement basis
shared by all the parameters might not exist, in which case
precision trade-offs in the multiparameter estimation problem
are unavoidable at the fundamental level.

It is important to establish how well one can distinguish the
inferred parameter signal from the measurement noise. For

example, in situations where the QFI indicates a region of
high precision but the signal itself is extremely small in this
region, accurate parameter estimation remains challenging in
practice. For this reason, we focus on the QSNR

Qsp (D) = PH ) )

where we have here emphasized that the QSNR in question is
the one corresponding to single-parameter estimation through
the ‘SP’ subscript. For the multiparameter setting we consider
a generalization of Eq. (5),

|44 |44

Q /159/1‘ = -
mp(dis A7) [7‘{_1]/1;,1; Cov(4;, 1))

(6)

where the bounds follow from the element-wise manipulation
of the quantum CRB in Eq. (4). The maximum possible quan-
tum signal to noise ratio /ll.2 /Var(4;) for the estimation of pa-
rameter A; in a system with multiple unknown quantities is
given by Qup(4;, 4;), which is a strictly non-negative quan-
tity. The off-diagonal components Qup(4;, 4;) with A; # A;
relate to covariances and therefore can be negative when the
measurement outcomes of A4; and A; are negatively corre-
lated. Note that each element of the multiparameter QSNR
defined in Eq. (6) is proportional to the determinant of the
QFIM, det(H), due to the matrix inverse operation appearing
in Eq. (4). As such the QSNR vanishes when the QFIM is
singular since then det(H) = 0. We discuss how to interpret
and deal with a singular QFIM in Sec. VIT A.

Let us explicitly consider the estimation of two arbitrary
parameters, 1= (A4, 2p)7. Equation (4) requires the inverse
of the 2 X 2 QFIM,

-1 _ 1 Han, —Hoa, 7
det(H) | —q4 e Hon,
where det(H) = H 0, H iz, — H %A) 1, Thus we find,
det(FH) (AudgHa, 0,)°
Aa, A4) = A2 = Ay)——— BT (8
Qup (A4, A4) = A T Qsp(a) Qe ®)

and similarly for Qyp (15, Ap). For the off-diagonal terms,

det(H)

Qup (A4, Ag) = —|A4 X Ap| T

€))

These expressions immediately provide insight into the mul-
tiparameter estimation problem. First, we see that the mul-
tiparameter QSNRs Qyp(4, 1) can be decomposed into a
piece corresponding to the single-parameter estimation of the
same parameter Qg p(A) and a correction. This correction al-
ways lowers the multiparameter QSNR relative to its single-
parameter counterpart. The multiparameter QSNR is there-
fore upper-bounded by the corresponding single-parameter
QSNR - no additional precision in the estimation of param-
eter 4 may be obtained by uncertainties in other parameters,
see also Appendix A. The magnitude of this correction is in-
creased by the cross-correlation part of the QFIM H ,, ,, but



it is decreased when the single-parameter QFI of the other
parameter is larger. This makes physical sense, because the
multiparameter QSNR for parameter A should approach its
single-parameter QSNR value when A’ # A is known with
certainty (whereby the QFI for A’ diverges and the deleterious
correction vanishes).

This can be seen clearly by rearranging the equations to
obtain the following identity:

Qup () _ Que s, ) _ o0 a0 (1)

Qsp(da) Qsp(4p)
where we have defined Cor(Ay, Ag) =
Ho,a,/ NH 0, H oy, which is equal to the correla-

tion Cov(Ayu, Ag)/ VVar(d4)Var(dg) between measurements
of 14 and Ap in the ‘best case scenario’ when the quantum
multiparameter CRB in Eq. (4) is saturated. These relations
embody the fact that the relative degradation in measurement
precision when there is uncertainty in both parameters applies
equally to both parameters. The degradation is controlled
by the correlation between the parameters. As a conse-
quence, in scenarios where the QFIM is singular we have
Cor(A4,Ad5) — 1 and Qup — O.

These results have implications for critical quantum metrol-
ogy, which typically assumes that only a single parameter is to
be estimated, and we have perfect knowledge of all other sys-
tem parameters. However, Eq. (8) for the two-parameter esti-
mation scenario shows that uncertainty in one parameter can
dramatically affect the sensing capability for another param-
eter. Therefore, quantum critical systems are not inherently
good for parameter estimation unless the single-parameter
QSNRs for all unknown parameters are large.

In general, elements of the QFIM may depend explicitly on
both the state’s eigenvalues and eigenvectors [85]. We now
comment on a special but important case where the eigenvec-
tors of the probe reduced density matrix do not explicitly de-
pend on the parameters 1 to be estimated. Then,

5 01,001 X ,p(D)
T Pr(D)

where pk(/_f) are the parameter-imprinted eigenvalues of the
probe reduced density matrix.

Furthermore, we note that if the probe’s populations are de-
termined solely by a single observable Q, i.e. ox = 0x(€2), then
the QFIM elements follow as

Hpa, = HQ) X (0,2 0,Q) (12)

1{/1'/1. =

i>Aj

, Y

where H(Q) = 3(0aor)* /o is an effective single-parameter
estimation QFI. The factorized form of Eq. (12) immedi-
ately implies that the QFIM is singular, with det(H) = 0.
Thus, the multiparameter QSNRs in Eq. (6) identically van-
ish, Qup(A;, A;) = 0. This tells us that under such a scenario,
absolutely no information can be extracted about multiple un-
known parameters from the measurements of the single ob-
servable Q. By contrast, if only A; is to be estimated and all
other parameters are known, then the corresponding single-
parameter QSNR Qsp(4;) is finite because the diagonal ele-
ment of the QFIM H,, ,, is finite. As soon as we have two
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FIG. 1. Illustration of the 2IK model studied in this work. Two spin-
% ‘impurity’ qubits comprising the probe are exchanged-coupled to-
gether, and each is also coupled to its own fermionic environment.
We treat the fermionic environments explicitly as metallic leads in-
volving a continuum of electronic states, appropriate to a realiza-
tion of the model in a quantum nanoelectronics device. The full
system allows nontrivial correlations and quantum entanglement to
build up between the impurity probes and the fermionic environment
of the leads. In particular, many-body physics associated with the
probe-lead coupling J favouring the Kondo effect, competes with the
intra-probe coupling K which favours local spin-singlet formation.
This frustration produces a quantum critical point with macroscopic
probe-environment entanglement and fractionalized excitations.

unknown parameters, A; and A;, nothing can be said about
either of them from measurements on the probe because the
other QFIM elements come into play.

III. PHYSICAL SYSTEM AND MODEL

We consider a simple probe system I-Alpmbe =K §1L . §1R in-
volving two coupled quantum spin—% ‘impurity’ qubits, where
here and throughout we assume units such that z = 1. The
unique spin-singlet state of the isolated probe is the ground
state when the exchange coupling between the impurities is
antiferromagnetic K > 0, whereas the degenerate spin-triplet
state is the ground state for ferromagnetic coupling K < 0.

Importantly, in our setup we model explicitly the environ-
ment to be probed by the impurities. We take the environment
to be a fermionic bath comprising a continuum of electronic
states, in the thermodynamic limit, which we divide into @=L
and @ =R regions (leads). Each probe impurity « is then cou-
pled to its own bath @ by an exchange coupling J, see Fig. 1.
The full ‘two impurity Kondo’ (2IK) model [89-95] reads,

H = Hg + Hyope +J (§1L - 8eL +Sik - gER) (13)

where the fermionic environment is described by,

Ae= ) Apa= Y > &l o, (14)

a=L,R a=L,R ko

where Efjk)(r annihilates (creates) an electron in the single-

particle momentum state k with spin o =7 or | in bath @. Here
€ is the dispersion, which for simplicity we take to be lin-
ear at low energies, giving a standard flat (metallic) electronic
density of states within a band of halfwidth D. The operator
%Ew = % S EZOU&W/ ¢,0,~ describes the spin density of bath
«a at the probe position, where Cqq is the corresponding local
bath orbital to which impurity probe a couples.

We note that the 2IK model is gapless when the leads are in
the thermodynamic limit.



A. Phases and critical point

We consider the thermalized probe-lead system at equi-
librium, treating the full many-body system exactly: non-
perturbative renormalization effects at low temperatures
produce macroscopic probe-lead entanglement through the
Kondo effect [90, 96, 102, 103], and the backaction effect
of the probe on the fermionic environment cannot neglected
when considering the probe response. The 2IK model embod-
ies a nontrivial competition between the frustrated magnetic
interactions K and J [90]. For K/J — 0 we have two decou-
pled single-impurity Kondo models. For antiferromagnetic
J > 0 the Kondo effect produces strong-coupling physics at
low temperatures 7 < Tk, with Tx ~ De 2P/’ a low-energy
scale called the Kondo temperature. The impurity spin is dy-
namically screened below Tk by surrounding conduction elec-
trons in the environment by the formation of a many-body en-
tanglement cloud [116]. On the other hand, for J/K — 0, the
leads are effectively decoupled and the full model reduces to
just I:Ipmbe. The singlet and triplet states of the coupled impu-
rities are essentially unaffected by the leads in this limit.

Frustration between incompatible singlet-formation mech-
anisms produces a second-order quantum phase transition in
the thermodynamic limit of the 2IK model. A nontrivial criti-
cal point [92, 93, 95] arises when the binding energy of the
Kondo effect T driven by J matches the magnetic bind-
ing energy between the impurities K. The critical point at
K = K. ~ Tk separates a Kondo phase for K < K, from a
magnetic (RKKY) phase for K > K.. At zero temperature,
tuning K through the critical point at K, results in a change
in the many-body ground state of the system. However, sig-
natures of criticality are observed over a window of K around
K. at finite temperatures.

B. Impurity Quantum Metrology

We now explore the different regimes of the 2IK model in
the context of single- and multiparameter metrology, focusing
on the estimation of 7 and K. The 2IK model captures a spe-
cial case where the eigenvectors of the probe reduced density
matrix do not explicitly depend on either T or K, and there-
fore we may use Eq. 11 with 1 = (T,K)" to calculate the
QFIM. As shown below, we find that the QFIM is singular for
the 2IK model, and therefore estimation of the parameters T
and/or K by measurements on the probe is impossible when
there is uncertainty in both 7T and K. We therefore first con-
sider the unproblematic single parameter estimation scenario
in the following sections. Then in Sec. VII we show that the
QFIM singularity can be removed by applying a known con-
trol field, thereby allowing us to recover true multiparameter
estimation sensitivity in this system.

The global SU(2) spin symmetry of the full system is pre-
served on the level of the probe reduced density matrix (RDM)
obtained by tracing out the electronic leads. This allows us to
construct the probe RDM in the spin eigenbasis, which for the

two-impurity system is diagonal:
Oprobe = diag (0s,01:+1,07:0,0T:-1) » (15)

where og is the population of the reduced state spin-singlet,
and o7.-1 = o010 = 0141 = or are the populations of the
reduced state components of the spin-triplet (which are equal
by symmetry when no external field acts).

Interestingly, even for the lead-coupled, many-body sys-
tem, we can fully obtain Oprobe from a single physical observ-
able that can be measured on the probe system. We define the
impurity spin-spin correlator (equivalent to the probe singlet
fraction) as,

C=(Si-Sk) = Tr{(§1L : §1R) @probe} , (16)

from which it follows that C = % (or — o0s)- Together with the
normalization condition o5 + 307 = 1 we can determine all of
the RDM elements in terms of the observable correlator C as:

os = 7-C, a7

or = - +=C. (18)

We are now in a position to calculate the sensitivity in terms
of the QFI via the correlator C. Since the probe RDM is diago-
nal in the spin basis, the RDM eigenvectors are independent of
the model parameters. For single-parameter estimation, where
we assume there is only a single unknown parameter, Eq. (11)
reduces from a matrix to a scalar given by

0,0i* 0,CJ?
7_{(/1):2|1§| _ [0,C]

F=0)x(3+0

for A =T or K. Since the correlator C determines completely
the probe RDM, it is equivalent to the SLD for this system and
therefore corresponds to the ideal measurement for metrolog-
ical purposes, saturating the quantum CRB.

(19)

IV. LARGE K-LIMIT

We will first examine the single parameter estimation sce-
nario for both temperature 7 and coupling K. For simplic-
ity and to provide physical insight into the behaviour of the
full system, we focus here on an analytically tractable limit-
ing case: the large-K limit (K/J > 1), where the fermionic
leads play essentially no role in determining the reduced states
of the probe. We may therefore approximate the full model as
just that of the probe,

Hyp = I:Iprobe =KSi.-Sik- (20)

The Hamiltonian is readily diagonalized and the probe den-
sity matrix follows immediately: o; = ¢ %/ /Z are the ther-
mal populations, properly normalised by the partition function
Z =Y, e B/T Here Eg = —3K/4 is the energy of the two-
impurity probe spin-singlet state, and E7.s: = +K/4 is the



energy of the three degenerate components of the spin-triplet
state. Importantly, all populations are a function of the sin-
gle rescaled parameter y=K/T. They can also be obtained in
terms of the correlator C.

Although we consider only the probe Hamiltonian explic-
itly here, we take the fermionic leads implicitly and assume
thermalization has occurred. The reduced states of the probe
are therefore equivalent to the isolated probe states, and we
can use the exact populations p; obtained in Egs. (17) and (18)
to calculate the single-parameter QFI for estimation for 7' or
K by using Eq. (19). In this limit we find for thermometry,

3 K/T KZ
H(T)=—— 1)
(3 + KTV T
and for estimation of K,
3 K/T
H(K) = ——° (22)

(3+ KTy T2

We show the behavior of these quantities in Fig. 2(a,b).

Evidently, the precision of parameter estimation is highly
dependent on the singlet-triplet transitions in this limit. The
best performance for estimating a given parameter by making
local measurements on the probe is obtained when the popula-
tion transfer between singlet and triplet states upon changing
that parameter is maximal. Since the probe singlet and triplet
states are separated by a single energy gap |K|, this naturally
happens when T ~ |K]|.

A second interesting feature of the single-parameter QFIs
obtained in the large-K limit is the role of the sign of K. This is
because the degeneracy of the ground and excited probe states
gets swapped when the sign of K is flipped. Specifically, for
positive (antiferromagnetic) coupling K > 0, the ground state
is the unique spin-singlet state |S) = \/Li AT =111, while
the excited states are the three degenerate components of the
spin-triplet, |T;+1) = | T7), [T;0) = % (I Ty +111) and
|T;—1) =1 |l). For negative (ferromagnetic) coupling K < 0,
it is the ground state that is degenerate and the excited state
that is unique. As explored in previous works [74, 78], sys-
tems with excited state degeneracies are known to give higher
thermometric precision. We observe the same phenomenon
here: better performance is obtained for K > 0 than K < 0.
This gives rise to the asymmetric structure of the QFI plots in
both Fig. 2(a) and (b) around K = 0. We note that the largest
QFI arises at low temperatures and coupling strengths. In par-
ticular, it might seem counterintuitive that the best sensitivity
to coupling strength K is obtained when the probe impurities
are actually decoupled, K = 0. This illustrates the need for
the QSNR rather than the QFT itself when interpreting metro-
logical capability. We further note that H(T) and H(K) look
very different, even though the underlying probe populations
in the large-K limit depend only on the single rescaled param-
eter y=K/T, and so we expect the corresponding QFIs for K
and T to be simply related. Again, the QSNR helps to uncover
these similarities.

First, we note that from Eq. (19) we may write H(1) =
H()/10,9>. Since dxy = 1/T and 7y = —K/T?, it follows

immediately that H(T) x T? = H(K) x K>. This is precisely
the definition of the QSNR in Eq. (5), such that

3 KT K2
(3 + eKIT) T2

which is a universal function of the single parameter y = K/T.
The QSNR results for the 2IK system in the large-K limit are
presented in Fig. 2(c,d) and demonstrate clearly the physi-
cal features discussed above. In particular, we see that the
QSNR is indeed identical for single-parameter 7" and K esti-
mation, with the maximum sensitivity attained along the line
K ~ 2.85T for K > 0 with Q. =~ 1, whereas for K < 0 the
maximum sensitivity is lower with Q.. =~ 1/6 along the line
K ~ -2.16T. We attribute the boosted robustness to measure-
ment noise in the antiferromagnetic regime to the enhanced
probe degeneracy for the excited state in this case.

Although the large-K limit is over-simplified, we expect
certain qualitative features (such as the difference between
positive and negative K) to carry over to the full solution. In
particular, we remind that the QFI and QSNR signatures of
the 2IK probe are fully determined by a single measureable
observable, the spin-spin correlator C, not only in the large-
K limit but also in the full lead-coupled model. Although
many-body effects conspire to produce richer physics in the
full lead-coupled system that are naturally reflected in a more
complex structure for C, we may still use Eq. (19) to extract
metrological properties. On the other hand, we do not gen-
erally expect Qsp(T) = Qsp(K) when the leads are attached
because the probe RDM eigenvalues are then no longer sim-
ple functions of the single rescaled parameter K/7T and com-
petition with other scales (J, D, Tx) will become important.
We refer to Appendix B where the nontrivial competition that
arises when we have competing energy scales can already
been seen in the narrow band limit (i.e. when J/D > 1 and
wherein the electronic states in the leads can be approximated
by a single local orbital in real space).

Qsp(T) =Qsp(K) = , (23)

V. 2IK MODEL: NRG RESULTS

When a full continuum of electronic states is included in
the metallic leads (which constitute the environment), the 2IK
model, Eq. (13), is a famous strongly-correlated many-body
problem [90, 92, 95] whose solution requires the use of so-
phisticated methods. Here we use Wilson’s NRG method
[109, 1A17, 1A18] to obtain the spin-spin correlation function

C = (§,L . §1R> numerically as a function of temperature T
and couplings K and J. We set the conduction electron band-
width D = 1, use NRG discretization parameter A = 2.5 and
keep N, = 8000 states at each step of the iterative diagonaliza-
tion procedure. As previously emphasized, a knowledge of C
(and its derivatives) is sufficient to determine fully the single
parameter metrological capability of the 2IK probe — and so
NRG, which provides numerically-exact access to this quan-
tity, is an ideal tool. The evolution of C as a function of T
and K is smooth in the full model, although at 7 = 0 we see a
discontinuity in dxC at K = K, indicating the existence of a
second-order quantum phase transition [92].
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FIG. 2. Single-parameter estimation of 7 and K in the 2IK model. Top row (panels a-d): Results in the large-K limit extracted from
analytical solution. Bottom row (panels e-h): Numerical results for the full 2IK model from NRG. Columns 1 and 2 show the QFI for
thermometry H(T) and for estimation of the probe coupling strength H(K) as a function of 7" and K, whereas columns 3 and 4 show the

corresponding single-parameter QSNR responses Qsp (T) and Qsp (K).

A. Overview of metrological phase diagram

Fig. 2(e-h) show the NRG results for the full lead-coupled
2IK model, as a function of K and T. We set J = 1 here, and
find that the critical point is located at K = K. = 0.62. Sev-
eral qualitative features are reminiscent of the large-K limit
results in panels (a-d). In particular, the thermometric QFI
HH(T) shows a split two-lobe structure; but in the full model
this behavior is pushed to low temperature 7 < J and is cen-
tred at the critical point K = K, rather than K = 0. Likewise
for H(K) we see a single intense flair, but again it is now lo-
cated at K = K.

The QSNR results in Fig. 2(g,h) tell the clearest story, how-
ever. Despite the large thermometric QFI near the critical
point, this enhanced precision arises only at low tempera-
tures where the thermometric signal is also small. Overall
the thermometric QSNR is surprisingly poor at low temper-
atures. Only at larger T and K do we see good temperature
estimation capability due to the finite J (or Tx) scale. This
is because the measured probe observable C does not change
appreciably with temperature when 7' <« T, even at the crit-
ical point K = K.. On the other hand, the QSNR sensitiv-
ity to single-parameter estimation of the coupling constant K
is strongly enhanced near the critical point, especially at low
temperatures. This is due to the the sharp crossover in C as K
is tuned in the vicinity of the critical point at K,.

We argue that these are generic features near a second-
order quantum phase transition, expected on general grounds
from a renormalization group (RG) perspective. In the criti-
cal regime, the physics of the system is controlled only by the

critical fixed point at low temperatures, with the temperature-
dependence of physical observables scaling weakly with RG
irrelevant, or at best marginal, operators [88]. By contrast,
the dependence on a parameter driving the transition will typ-
ically be strong, since by definition its scaling is controlled by
RG relevant operators.

B. Universal Kondo regime

The full 2IK model supports a nontrivial quantum phase
transition that separates two distinct regimes [90, 92, 93]. For
K < K. we have essentially two separated single-impurity
Kondo models, whereas for K > K, the two impurity probes
lock up into a local spin-singlet and effectively decouple from
the leads. Close to the critical point K ~ K. quantum fluc-
tuations develop on long length and time scales and both im-
purities and leads become strongly entangled in one compos-
ite [102, 103]. The critical value of K, depends on J and is
on the order of the single-channel Tx, which therefore gets
small very quickly. In this section we use NRG to investigate
the universal Kondo regime around T ~ T and K ~ Tk for
J = 0.15, for which we find Tx ~ 1077 and K, ~ 6Tk. The
reason for this choice is that the nonuniversal physics associ-
ated with the bare scales D and J is then unimportant. The
critical point at K, is determined from NRG calculations by
tuning K to achieve a vanishing Fermi liquid scale.

In Fig. 3 we consider the QSNR for single-parameter es-
timation of 7 and K in this regime, with results obtained by
NRG. We see very clearly from the numerical results the on-
set of critical physics and the demarcation of the two phases
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FIG. 3. QSNR of the full 2IK model in the universal Kondo
regime. Top panel (a): QSNR for thermometry Qsp (T). Bottom
panel (b): QSNR for coupling constant Qsp (K). NRG calculations
performed using J = 0.15, for which the Kondo temperature is found
to be Tx ~ 107D and the critical pointis at K = K, =~ 6T. Note:
axes are rescaled in terms of Tk and on a log scale.

of the model, when using the impurity probes for metrology —
especially so for Qs p(K) in the lower panel.

For thermometry, Fig. 3(a), the measurement sensitivity at
low temperatures T ~ Tk is almost entirely lost in the Kondo
phase K < K. This is expected from the results for the single-
impurity Kondo probe explored in Ref. [108], because only a
small amount of information about the state is imprinted lo-
cally on the impurity probe due to the macroscopic Kondo en-
tanglement with the leads. For K > K. however, we see that
singlet-triplet transitions on the probe impurities give good
measurement sensitivity when the temperature 7 is on the or-
der of the renormalized probe gap, which scales as ~ K.

In Fig. 3(b) we investigate Qsp(K) in the same system. In
the Kondo phase K < K. we again expect low measurement
sensitivity because the probe populations do not change much
with K when both probes are separately being Kondo screened

by their attached leads. But for K > K, we again see enhanced
sensitivity for K ~ T due to the internal singlet-triplet transi-
tions on the probe. The major difference is that Qs p(K) is also
very sensitive to the critical point in the model, with boosted
precision for measurement of the coupling constant around
K. at low temperatures. This makes intuitive sense since at
low-T, changing K away from its critical value of K, causes
dramatic changes, driving the system into one or other of the
stable phases of the model.

VI. 2IK MODEL: EXACT RESULTS NEAR CRITICALITY

We now examine carefully the full 2IK model in the close
vicinity of the critical point. For a given J, the critical point
at K = K, is characterized by a single energy scale Tk, equiv-
alent to the usual single-impurity Kondo scale [90]. When
Tx < J, D, physical properties are universal scaling functions
of the rescaled parameter 7/Tk, controlled by the 2IK quan-
tum critical fixed point [92]. However, detuning the impurity
coupling introduces a finite relevant perturbation 6K = K - K,
which destabilizes the critical point and generates a nontriv-
ial RG flow towards a Fermi liquid fixed point on the new
scale of T* [94, 95]. For T <« T* the system flows towards
one of the two stable phases of the model, depending on the
sign of the perturbation. For 6K < 0 the system flows to the
Kondo phase, whereas for 6K > 0 the system flows to the
local inter-impurity singlet phase. However, for small pertur-
bations [0K| <« Tk, we have good scale separation 7" <« Tk,
with T* given by [92]

T K- K¢\
=cC s
Tk Tk

(24)

where c is a constant. For T <« Tk physical quantities are
universal functions of the rescaled parameter 7/T* and are
entirely characteristic of the 2IK quantum critical point, inde-
pendent of microscopic details. Remarkably, in this univer-
sal critical regime the 2IK admits an exact analytical solution
[94, 95] — despite it being a strongly-correlated many-body
problem. In particular, the entropy flow along the crossover
on the scale of T is known analytically in closed form [95],

1 (T
S(T)=§10g2+S(F) ST <Tx (25

where S is defined as,

S () = 1 1 1 = 1 r 1 1
o3l i) el
with I'(:) and y(-) being the gamma and the digamma func-
tions, respectively. Full NRG calculations for the 2IK entropy
performed in the critical regime 7* <« Tk confirm Egs. (24)
and (25) precisely. Taking the standard operational definition
of the Kondo temperature through S (7' = Tg) = log(2) we ex-
tract the constant ¢ ~ 0.035 from the NRG thermodynamics.
For the purposes of single:parflmeter estimation, we need

(26)

access to the correlator C = (§1L-§ Jr) o that we may compute



the QFI via Eq. (19). The behavior of this correlator has not
previously been discussed in the 21K critical region. However,
here we note that C = dx ¥ is an exact identity, where F =
—T In Z is the equilibrium thermodynamic free energy (grand
potential), and Z is the partition function of the full system.
Meanwhile, the thermodynamic entropy is also related to the
free energy, S = —drF . Therefore at thermal equilibrium we
may apply a Maxwell relation to connect the entropy to the
correlator,

8T6K‘F = 6K6T¢ (27)
Thus it follows that,
(9TC = —0KS (28)

which holds as an exact identity for any 7 and K (not just in
the critical region). However, the derivative on the right hand
side can be evaluated explicitly using Eqgs. (25) and (26) if we
confine our attention now to the critical region. This yields,

2 6K [T Tk — ¢ 6K> ¢/ (@)

9rC(T, K) = 7172 29)
K
where we have defined ® = ®(T,K) = 1 + L = 1 + “T(sz,

and with ¢ the trigamma function. An exact expression for
the impurity spin-spin correlation function itself can now be
obtained by integrating

C(T,K)= —de 0xS (T,K)

_ 2¢ 6K [log T + ¢ (@)] L C
Tx

(30)

where the constant of integration C* = C(T = 0,K = K,.) is
found to be the value of the spin-spin correlator at the critical
point. This is determined by noting that the indefinite integral
is defined up to a function of K, and that C(T <« Tk, K¢) = C*
and C(T — oo0,K) = 0. Although C* depends in general on
J, it can be calculated numerically with NRG. With this in-
formation, we have the full temperature and coupling depen-
dence of the correlator in the critical region via Eq. (30). We
note that similar Maxwell relations have been used recently in
reverse, to determine the entropy changes for a process from
measureable observables in experiments on quantum devices
[119, 120].

We can now take the derivative with respect to K to obtain,

2¢ [T Tk (log T + y (®)) + 2¢ 6K2 ¢/ ((1))]
T Ty

0kC(T,K) =

(1)

We validate these analytic results in Appendix C by explicit
comparison to NRG results in the universal regime.

We now have everything we need to compute the QFIs

through Eq. (19). Our exact analytic expressions for the cor-
responding QSNRs in the critical region follow as,

4¢2 SK2 [T Ty = ¢ 5K2 ¢/ (@)
72T} ($-C)x(3+C)

Qsp(T) = (32)
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FIG. 4. Single parameter estimation of 7" and K in the universal
quantum critical regime of the full 2IK model. (a) Exact analytic
result for the critical thermometric QSNR from Eq. (32) as a func-
tion of rescaled temperature 7/ Tk and coupling detuning 6K/Tk. (b)
Corresponding QSNR for measuring the coupling constant K, ob-
tained from Eq. (33). (c,d) Maximum QSNR in the critical regime
for each value of the detuning 6K/Tk. Results obtained for J = 1.

and

4K [T Tx (log T + 4 (@) + 2¢ 5K2 ¢/ (@)
27T} (1 -C)x(2+C)

Qsp(K) =

(33)
We present the corresponding exact QSNR results for the crit-
ical region in Fig. 4 using J = 1, for which we find from
NRG that K, = 0.618, Tx =~ 0.362 and C* =~ —0.385. We
note that although Egs. (32) and (33) involve the exact cor-
relator C from Eq. (30), in the universal regime of interest
where 6K/Tx < 1072 deviations of C away from its criti-
cal value C* are tiny. Therefore our results are essentially
indistinguishable if one replaces the functions C in the de-
nominator of the expressions for the QSNR with the constant
C*. Our results show a highly nontrivial evolution of measure-
ment sensitivity in the quantum critical regime of this model.
For thermometry, perhaps surprisingly, strong quantum crit-
ical correlations do not help with equilibrium measurement
sensitivity at low temperatures. Physically, this is because in
the region of parameter space described by the critical fixed
point (T* <« T < Tk with T* ~ §K?), the value of the
probe spin-spin correlation function is C ~ C* and has very
little temperature dependence. Therefore d7C is small and
the corresponding QSNR is small. In particular, for 6K = 0
at the critical point, there is no RG flow for T « Tk and
6rC =~ 0, meaning that we have zero measurement sensitiv-
ity to temperature at the critical point below the Kondo tem-



perature. This is confirmed in Fig. 4(a,c). This behavior is
expected from the single-probe results of Ref. [108], where
strong probe-environment entanglement hinders thermomet-
ric precision when measurements are only made on the probe.
Likewise here, only a small amount of information about the
environment temperature is imprinted on the probes when
the probe-environment composite is in a strongly multipartite
many-body entangled state. Indeed, in the small 7" and small
0K limit we extract the asymptotic behavior from our exact so-
lution Qg p(T) ~ T*6K?/(adK® + T*) with a ~ 0.04, which is
strongly suppressed near the critical point. Good thermomet-
ric precision is instead obtained at much higher temperatures
outside the critical window, where the probes act essentially
as coupled thermal qubits.

On the other hand, measuring other model parameters such
as the internal probe coupling constant K is a very different
story. This is because changing §K induces a change in the
scale T* which pushes the system out of the critical window.
The correlator C then changes significantly over a narrow
range of 5K near the critical point. As such, the derivative dxC
is strongly increased at lower temperatures and smaller 6K,
where the critical window is narrower and small parameter
changes have the largest effect. Indeed, as shown in Fig. 4(b,d)
measurement sensitivity is in fact diverging rather than van-
ishing at the critical point, with Qg p(K) ~ log(bT +6K?) with
b ~ 0.13 at small 7 and 6K. Our exact results in the close
vicinity of the critical point are consistent with the broader
NRG results for the QSNR presented in Figs. 2 and 3. We note
that the behavior discussed above should arise in any system
in the Ising universality class [92] of boundary critical phe-
nomena.

Finally we comment on the role of fractionalization phe-
nomena for metrology. Away from the critical point of the
21K model, all of the probe degrees of freedom are quenched
at low enough temperatures — either by formation of a decou-
pled probe spin-singlet state for large K > K, or through the
Kondo effect by environment-probe entanglement for K <«
K.. Good measurement precision is then afforded by over-
coming the excitation gap so that the reduced probe state pop-
ulations become sensitive to changes in the parameter of in-
terest. In the critical regime however, we have a somewhat
different story. Here, the probe degrees of freedom are only
partially screened: at the critical point, a degree of freedom
remains unscreened even down to zero temperature, due to
the frustration driving the phase transition [92]. In the critical
regime, it is the fate of this residual critical degree of free-
dom that is responsible for metrological performance when
one manipulates the system by changing temperature or model
parameters. Remarkably, this degree of freedom in the 2IK
model is not just a qubit spin or electron, but a fractionalized
Majorana fermion [92-95, 121], with an exotic % In(2) resid-
ual entropy — see Eq. (25). This Majorana is localized on the
probe, and we measure it when we make measurements on
the probe near the critical point. Instead of using qubits or
electronic degrees of freedom for sensing, here we effectively
leverage the unusual properties of the Majorana fermion when
we do metrology near the 2IK critical point.
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VII. MULTIPARAMETER ESTIMATION

We now consider multiparameter estimation in the 2IK
model for T and K. The QFIM follows in this case from
Eq. (11) with 1= (T,K)". However, since the probe re-
duced state populations g, = ox(C) in Eq. (15) are entirely
determined by the probe spin-spin correlator C, then Eq. (12)
holds and the QFIM is singular. The 2IK model is therefore
a prime example where the single- and multiparameter esti-
mation schemes yield totally different results. For example,
for the estimation of the temperature 7', any uncertainty in K
completely collapses the QSNR, and vice versa. Multipara-
metric QFIM singularities are therefore crucial to identify in
any practical setup.

A. Control field

Here we demonstrate that when the QFIM is singular,
metrological sensitivity can be recovered by applying a known
control field. In the 2IK model, the singularity in the QFIM
hindering multiparameter estimation is a consequence of the
large SU(2) spin symmetry of the coupled spin-% qubit probes,
which tightly constrains the properties of the probe reduced
states. One might expect similar metrological problems in
other systems with many conserved quantities (especially so
for the class of integrable systems). For the 2IK model, break-
ing the SU(2) spin symmetry provides more flexibility and a
route to precision parameter estimation. Here we focus on
adding a known control field B to our system, which we take
to be just a simple Zeeman magnetic field oriented along the
z-direction. The model therefore becomes,

N A N 2 A Y A N

H = Hg + Hprope +J (§1L “SgL + Sir SER) + Hfeta  (34)
with control field Hamiltonian Hpeq = BS <. Where the
total spin projection is decomposed into @« = L,R probe
and environment parts $3 = Y, (ﬁ T §§Mmt) with §?

tot la
74

the spin projection for impurity probe @ and with §5 .., =

% Sk (c:ngcakT - ch ok l) an operator for the total lead-« (en-
vironment) spin projection. We note that the results for a field
applied locally to the probe rather than globally to the full
probe-environment system are qualitatively and quantitatively
very similar.

For B # 0 the full SU(2) spin symmetry is lifted, but a
U(1) symmetry corresponding to conserved total S, remains.
The probe reduced density matrix retains its diagonal struc-
ture in the spin basis Eq. (15), but now the triplet popula-
tions are not equal, or.-1 # or0 # or:+1. In the full lead-
coupled 2IK model, there is no simple exact relation between
these reduced state populations. The probe spin-spin corre-

lator C = (§1L . §1R) = Tr{§,L . §1R Oprobe { 18 nO longer suffi-

cient to fully determine the probe reduced state. We therefore
introduce two other physically-motivated and experimentally-
feasible observables to fully characterize the probe: the probe

magnetization M = (S‘§L + S‘§R> = Tr{(S’?L + S‘fR) @pmbe} and



X = ((S’fL + S'fR)z) = Tr{(.SA‘;L + S'fR)z @pmbe} which is related
to the probe magnetic susceptibility.

Since the probe reduced state eigenvalues oy = 0x(C, M, x)
are fully determined by these observables, the QFIM is clearly
also a function of these quantities. Importantly, the factorized
form of Eq. (12) no longer applies, and the QFIM singularity
is removed due to the known control field. We find that,

3
oro = 7 +C-x,
(35)

1 1
or:-1 =§[X—M] . 0T+l =§D(+M] :

We may now use Eq. (11) to obtain the QFIM in terms of this
set of observables,

H 0+ M)y (x + M) 0a(x = M)Ay (x — M)
A 20 + M) 200 - M)
0A(C —x)0r(C—x)  0.00,C
3/4+C -y 1/4-C

(36)

In general, a finite magnetization M # 0 is enough to remove
the QFIM singularity. However, we note in passing that if
the field B is also unknown, then the 3 x 3 QFIM for 7, K, B
can once again become singular. The added information about
the known field B is crucial to this multiparameter estimation
protocol.

In Appendix D we provide an approximate ansatz for the
probe reduced state populations, which holds exactly in the
large-K and small B limits, and is generally found to be rather
accurate throughout the phase diagram. The simplification al-
lows us to express the QFIM in terms of only C and M. This
might be advantageous in an experimental setting since simul-
taneous measurements of different observables may be chal-
lenging in practice. In principle, since the SLD operators for
T and K commute, there exists a single optimal measurement
basis (effectively the Bell basis on the probe states). However,
this is not a physically meaningful or feasibly measurable ob-
servable.

B. Multiparameter estimation in the large-K limit

As a simple but nontrivial demonstration of multiparame-
ter estimation, we consider now the large-K limit of the 2IK
model with an applied control field B, focusing our discussion
on the multiparameter QSNR Qysp (1, 2) for A = T or K.

By way of comparison, we consider first the analogous
single parameter QSNRs Qg p (1), shown in Fig. 5(a,c). See
Fig. 2(c,d) for the corresponding zero field case discussed al-
ready. The impact of the field itself on single-parameter esti-
mation is discussed in depth in Appendix E and F.

From Eq. (8) we see that the QSNR for either T or K, in
the case where neither T or K are known with certainty, in-
volves information from the full QFIM and not just its diag-
onal components. The behavior of the QFIM elements them-
selves are discussed in Appendix G. We note that Qyp(4, 2)
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FIG. 5. Multiparameter estimation in the large-K limit of the 2IK
model. (a) Single-parameter and (b) multiparameter QSNRs for ther-
mometery. (c) Single-parameter and (d) multiparameter QSNRs for
estimation of the coupling K. The multiparameter QSNR Q/p(2, 2)
is a universal scaling function of 7/B and K/B, such that the regime
of good sensitivity shrinks as the field strength is reduced, and van-
ishes in the limit B — 0.

and the quantity B> ; are universal scaling functions of the
rescaled parameters t = T/B and k = K/B in the large-K limit
of the 2IK model. For example,

22" (2 + cosh 1/1)
(T+e't+e2)y(1+ e (1 +el/t + ekit)) 2
37)
and similarly for Qup (K, K). We present these universal re-
sults as a function of ¢ and k in Fig. 5. Interestingly, Qup(4, 1)
and B*H 1.4 are also universal functions of ¢ and k in the
full 2IK model provided all model parameters (in this case
Jj =J/Bandd = D/B) are similarly scaled, although of course
many-body effects change the functional form.

Turning now to our numerical results, we see a stark dif-
ference between the multiparametric QSNR for thermome-
try Qup (T, T) shown in Fig. 5(b) compared with its single-
parameter estimation counterpart Qg p (7)) shown in Fig. 5(a).
Uncertainty in K dramatically affects our ability to estimate
T. In particular, Qyp (T, T) is small for all K > B and rapidly
attenuates to zero at large K. Appreciable sensitivity to 7' is in-
stead afforded for K < B because here the triplet state |T; —1)
is the ground state, and excited states |7';0) and |T; +1) are
respectively B and 2B higher in energy. Since the control field
strength B is known, thermometric sensitivity is boosted at
temperatures on the order of these excitation energies, since
then the rate of population transfer is maximal. There is effec-
tively no sensitivity at temperatures below the minimum gap
T < B. The singlet state |S) is of order |B — K| higher in en-
ergy, but K is unknown. Therefore it is the triplet excitations

Qup(T,T) =




which dominate thermometry in this system. This behavior
is not evident from simply looking at the QFI for T, i.e. the
element H 7 7 in the QFIM, as discussed in Appendix G.

We show the complementary behavior when estimating the
coupling K in the presence of uncertainty in the temperature T
in Fig. 5(d) where we see the QSNR Qy,p (K, K) flares sharply
for K ~ B at the level crossing point between ground states,
thus showing a more consistent behavior with the single-
parameter estimation shown in panel (c). The lack of low-
temperature thermometric sensitivity at K = B means that es-
timation of K near K ~ B at low temperatures is also poor.

C. Multiparameter estimation near criticality

Richer behavior is naturally expected in the full 2IK model
near the quantum critical point. The magnetic field B is a
relevant perturbation that also destabilizes the critical point.
For small B in the close vicinity of the critical point, the
physics is again controlled by a single emergent scale T*, to
which all relevant perturbations contribute additively [94, 95],
T* ~ cx6K?* + cpB* with constants cx and cp of order T'.
This expression replaces Eq. (24), but Egs. (25), (26) still
hold. Therefore similar methods leading to Egs. (32), (33)
may be applied to obtain exact results for the multiparameter
QSNRs. The generalization requires expressions for M and
X, but these can again be obtained from the entropy via the
appropriate Maxwell relations by noting that M = 9gF and
X = 6%7—'. We leave detailed calculations for future work.

In the full 2IK model our basic conclusion remains un-
changed: multiparameter estimation is much more complex
and subtle than its single-parameter counterpart. In particu-
lar, it is important to understand when a system might have a
singular QFIM and how to remove that singularity. It is also
crucial in assessing metrological performance to examine the
QSNR rather than simply elements of the QFIM, which can
paint a misleading picture in practice.

VIII. CONCLUSIONS AND DISCUSSIONS

Quantum criticality is a well-known resource for quantum
metrology at zero temperature. In practice, however, thermal
fluctuations are inevitable and even the temperature might it-
self be unknown. In this work, we considered the 2IK model
as a rich playground to explore finite-temperature multipa-
rameter estimation in an interacting quantum many-body sys-
tem that supports a nontrivial second-order quantum phase
transition. We regard the two spin-% impurities as in-situ
probes for the continuum electronic environment in which
they are embedded. Quantum sensing is performed by mea-
suring physically-motivated observables on the accessible im-
purity qubit probes. The 2IK model and its variants can be re-
alized in nanoelectronics quantum dot devices. Experimental
signatures of finite-temperature quantum criticality in related
Kondo systems have been recently reported [101, 106, 107],
but their metrological capacity was not addressed.
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Through the NRG method, we have computed the finite-
temperature reduced density matrix of the two impurities as
our probe state, and extracted from it elements of the QFIM
for estimation of the system temperature 7" and the probe cou-
pling strength K. Interestingly, information on 7" and K appear
only in the eigenvalues of the density matrix, which makes the
optimal measurement basis independent of these parameters.
As a novel figure of merit for quantifying the performance of
the probe, we introduced the multiparameter QSNR.

Remarkably, we were able to find exact analytic results for
the QSNRs near the 2IK critical point at finite temperatures
by relating them to physical observables on the probe, which
were in turn obtained via Maxwell relations from an exact so-
lution for the probe entropy.

In the context of single parameter estimation, our analysis
shows that one can get strongly enhanced sensitivity (i.e. a
large QSNR which diverges as T — 0) for the coupling K
around the critical point at K. and up to the Kondo temper-
ature Tx. High quality sensitivity to K is also achieved out-
side the critical regime for T > T — albeit comparatively
diminished with respect to achievable sensitivity near the crit-
ical point. This shows that criticality-based quantum sensors
can indeed be beneficial even at finite temperatures. We also
demonstrated that the probe can act as an effective thermome-
ter, however only when the temperature 7 is larger than the
Kondo temperature Tk.

In the context of two-parameter estimation, where both the
impurity coupling and the temperature are unknown, we find
that the QFI matrix becomes singular, thus preventing estima-
tion of either parameter. This is a counterintuitive result since
QFI matrix singularities are typically associated with the in-
terdependence of parameters to be estimated. Here by con-
trast, the parameters 7 and K are strictly independent, yet the
QFI matrix is still singular. The reason for this is the partial
accessibility to the system, which restricts the probe state to
only the reduced density matrix of the two impurities. In order
to restore metrological sensitivity, we show that simply apply-
ing a known control field is sufficient to remove the QFI ma-
trix singularity. Thanks to this simple recipe, the QFI matrix
becomes invertible and simultaneous two parameter estima-
tion becomes possible. Our analysis shows that the precision
of estimating any parameter is enhanced if the other parame-
ters are known. If this is not possible, the precision can still
be strongly enhanced even if another parameter is unknown,
but its QFI is large. Since uncertainties are unavoidable in
any practical situation, this provides a conceptual route to the
design of optimized and robust quantum sensors: one should
seek to maximize the QFI of all model parameters — not just
the one directly of interest for metrology.

Our results provide important insights for probe-based pa-
rameter estimation of complex quantum systems, in particular
highlighting the importance of the QSNR as a key figure of
merit to accurately assess a system’s metrological utility. The
2IK model provides a versatile setting to demonstrate our re-
sults; however we expect that similar effects will be relevant
to other candidate systems for critical quantum metrology.



(b) H(K)
1.00 1.00 25
0.75 0.75 20
1.5
~ 0.50 ~ 0.50
1.0
025 025 os
0.00 0.00 00
) -2

13

(

QSP(IT) (

c) Qsp(K)
1.00 0 1.00 1.0
0.75 08 0.75 08
0.6 0.6
~ 0.50 ~ 0.50

04 0.4
0.25 02 0.25 02
0.00 0.0 0.00 0.0

-2 0 2 4 4

K

d)
2 0 2
K

FIG. 6. Single-parameter estimation of 7 and K in the narrow band limit of the 2IK model. Panels a-b: QFI for thermometry H (T) and
for the estimation of probe coupling strength H (K) as a function of T and K. Panels c-d: Corresponding single parameter QSNR responses
Qsp (T) and Qs p (K) as a function of T and K. Results obtained by exact diagonalization.
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Appendix A: Uncertainties in multiparameter estimation

One can multiply both sides of the multiparameter Cramér-
Rao inequality inequality, given in Eq. (4), by a positive
weight matrix W > 0 and take the trace of both sides to get an
inequality for scalar quantities, namely

Tr[WCov []] > I\%Tr [we]. (A1)

If one is only interested in estimating one of the parameters,
ie. 4;, then we can choose W = diag(0,---,0,1,0,---,0),
where only W; = 1. In this case the Eq. (Al) becomes
Var(4;) > ﬁ(?{ ’1),-,-. Note that here the other parameters
are assumed to be unknown. In the case that all other pa-
rameters are known, the problem reduces to a single param-
eter estimation in which Var(1;) > ﬁ(?—l :#)"'. The QFI ma-
trix is positive semi-definite, i.e. H > 0, which implies that
(H™Y; > (H;)™'. This clearly shows that the uncertainty
in estimating A; reduces if one knows other parameters of the
system.

Appendix B: Narrow band limit

In Sec. IV of the main text, we consider an analytically
tractable limit of the full 2IK system where the fermionic
leads play no role in determining the reduced state of the
probe. Another important limit is that arising when J/D >
1 (with D the conduction electron bandwidth), wherein the
continuum of electronic states in the leads can be well-
approximated by just the single orbital in real-space to which
each impurity couples (previously denoted ¢,0,). This is
known as the ‘narrow band limit’ (NBL), and is described by
the Hamiltonian,

Aypr =K Si-Sig+J (§1L +Sgz + Sk - §ER) (BD)
The competition between J and K scales is captured in the
NBL, although many-body effects (such as Kondo and the
quantum phase transition) are missing. The two-impurity
probe RDM is still a function of the single observable C, but
it is no longer just a function of the single reduced parameter
K/T since we also now have a nontrivial dependence on J/T.
These properties have implications for metrology, as shown
below.

The NBL, which features just one electronic mode in each
bath as per Eq. (B1), is nonetheless a valid description of the
system when J > D. This limit has the advantage that it
is simple enough to be analytically tractable, like the large-K
limit (although in practice we do not present closed-form for-
mulae here since they are extremely cumbersome). For con-
creteness in this section we set J = 1 and explore the (7, K)
parameter space as before.

We stress that, although the physical setup includes the ex-
plicit addition of environment degrees of freedom, the two
spin—% impurity composite probe is still fully characterised by
the spin-spin correlation function C, and metrological prop-
erties can be extracted from Eq. (19). We note that explicit
inclusion of the impurity-environment coupling can signifi-
cantly alter the physics of the system, as manifest in the be-
havior of C. This is because the impurity probes can now
become entangled with the environment degrees of freedom.
Unlike the large-K limit, in the NBL the overall ground state
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FIG. 7. Exact analytic results for the spin-spin correlation function C and its derivatives drC and dxC (colored lines), compared with
numerically-exact NRG results (black dashed lines) in the universal quantum critical regime of the full 2IK model. Plotted for J = 1.

of the system is always a net spin-singlet state and there is no
ground state transition as a function of intra-probe coupling
strength K. However, the character of the reduced state on
the two-impurity probe changes continuously when J is finite
from being predominantly singlet type on the impurity probes
for K > 0 to predominantly triplet type for K < 0. This
is clearly demonstrated through the smooth evolution of the
impurity probe spin-spin correlator C with coupling strength
K (not shown), which in turn controls metrological perfor-
mance in this system. Therefore we do again expect quali-
tative differences between positive and negative K regimes,
but a smoother crossover in behavior around K = 0. We
also note however that the NBL does support transitions (level
crossings) in the excited states, which play a role in finite-
temperature metrology. We expect the finite J scale to shift
the maximum measurement precision point to finite K and T
(by contrast, in the large- K limit the maximum QFI was some-
what artificially pinned to K = T = 0).

We now turn to our numerical results for single-parameter
estimation in the NBL of the 2IK model in panels (a-d) of
Fig. 6. A first glance at the QFI plots shows a richer struc-
ture compared with the large-K limit shown in the main text in
panels (a-d) of Fig. 2. We see that the maximum in both H(T)
and H(K) occurs around K ~ J at finite temperatures. More
instructive are the QSNR responses in Figs. 6(c,d). First, we
observe that the QSNR for estimation of 7" and K are now dif-
ferent from each other. We note that for large K > J we start
to recover the large-K limit behavior in panels (c,d) of Fig. 2,
especially at higher temperatures. However, the low-T" behav-
ior around K ~ J is dramatically altered, with a fragmenta-
tion of the thermometric response Qgp(T) to a double-peak
structure, and a pronounced knee in Qgp(K). These features
anticipate what will become an actual quantum phase transi-
tion in the full many-body model. The results seem to show
that with coupling to the leads, good thermometric sensitiv-
ity is not possible at low temperatures 7 < J. By contrast,
the peak sensitivity in estimating K is at around K ~ J. For
thermometry we explicitly note that only at larger T and K do
we see good temperature estimation capability due to finite J
scale - this is rather similar to the full 2IK model shown in
panel (g) of Fig. 2. Similarly, the single-parameter estimation

of the coupling constant K becomes relatively enhanced when
K is of order J which anticipates the onset of criticality.

Appendix C: Validation of exact result near criticality

In Sec. VI of main text we present exact analytical results
for the spin-spin correlation function C (7, K) in Eq. (30), as
well as its derivatives d7C (T, K) in Eq. (29) and 9¢C (T, K)
in Eq. (31), for the full 2IK model in the close vicinity of the
critical point. In turn, this allows us to find closed form solu-
tions for both the thermometric precision Q§ p(T)in Eq. (32)
and sensitivity to coupling strength Qgp (K) in Eq. (33). In
this section we validate these analytic expressions by compar-
ison with full NRG calculations. For concreteness we carry
out our NRG calculations with a coupling J = 1, for which
we find that Ko ~ 0.618, Tx = 0.362, C* ~ —0.385 and we
extract the constant ¢ ~ 0.035 from NRG thermodynamics.

In panel (a) of Fig. 7 the NRG computed spin-spin correla-
tion function is plotted for different values of impurity detun-
ing, 6K = K— K¢, where blue and red lines correspond to pos-
itive and negative detunings 6K respectively. The correspond-
ing exact results of Eq. (30) are denoted by the black dashed
line. We see excellent agreement between the NRG and ex-
act solutions, and note that the spin-spin correlation function
remains largely unchanged as a function of T at low temper-
atures, but changes sharply as a function of the impurity de-
tuning K. Similarly, in panels (b) and (c) of Fig. 7 we show
the spin-spin correlation function derivatives, d7C (T, K) and
0kC (T, K) respectively in the colored red and blue lines for
the NRG solution, and the black dashed lines shows the de-
rived exact results Eq. (29) and Eq. (31). We again note the
excellent quantitative agreement.

Appendix D: Approximate ansatz for the probe reduced
state in a B field

The situation described in Sec. VII A, which is formally ex-
act, can be simplified somewhat by making an approximate
ansatz for the probe reduced state populations. We moti-
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to noise ratio, Qsp (T) as a function of rescaled temperature 7/B and coupling strength K/B; compared with (b) the (sub-optimal) single-
parameter signal to noise ratio Rsp.c (T') using the Fisher information obtained from measurement of only the spin-spin correlation function C;
and (c) the (sub-optimal) signal to noise ratio Rsp.p( (T) corresponding to a magnetization measurement M. The maximum QSNR and SNRs
are shown in (d) for a given K/B. Panel (a) for the QSNR with finite field should be compared with the B = 0 result shown in Fig. 2(c).

vate this by looking at the large-K limit of the 2IK model,
where we take the probe reduced density matrix to be that
of the isolated probe, thermalized to the same temperature
as the environment. In that case, we may write o790 = or
and o741 = or x e BT, or._1 = or x e*B/T due to the en-
ergy splitting of the spin-triplet states in a field. With explicit
coupling to the leads (finite J), this is no longer the case be-
cause the probe and leads become entangled (the full states
are not probe-lead separable). However, one might expect
that the S° = =*1 reduced states of the probe are still split
approximately symmetrically around the S* = 0 triplet state,
with some renormalized effective field. Taking the ansatz
or+1/0T:0 = Or:0/01:—1, Which holds exactly in the large-K
limit and also in the small-B limit, we can derive an expres-
sion for y in terms of C and M,

~ 4
X—1+§C—

(3 + 302 - IM2 (D1)
This allows us to eliminate the dependence of y and reduce the
parametric complexity of the problem to just two observables
— the probe spin-spin correlator C and the magnetization M.
Even in the full 2IK model with finite K, J, B, D we find from
our NRG calculations that Eq. (D1) holds rather accurately

across the full parameter space investigated.

Appendix E: Single-parameter thermometry with a control field

In Sec. VII we apply a known control field B to our system
which removes the singularity of the QFIM. Here we briefly
discuss how a finite field B alters the physics of the system by
summarizing results for the single-parameter estimation case,
focusing on the QSNR for thermometry in the large-K limit
of the 2IK model. The situation here is somewhat different
from that of Fig. 2(c) due to the inclusion of the field. In
Fig. 5(a) of the main text we plot Qsp(T) as a function of
the rescaled parameters ¢+ = T/B and k = K/B. The single-
parameter QSNR is a universal function of ¢ and k. This holds
exactly in the large-K limit, but also holds generally in the full

2IK model provided all parameters are similarly scaled. This
scaling implies that we get the same behavior as a function of
t and k independent of the field strength B (but over an ever-
narrowing window of the bare parameters T and K as B — 0).

The single-parameter QSNR in Fig. 5(a) of the main text
shows level-crossing transition behavior at K = B correspond-
ing to a change in ground state from the collective probe spin-
singlet |S) for K > B to a component of the spin-triplet |T; —1)
for K < B. The transition between singlet and triplet ground
states occurs at K = 0 when B = 0, as shown in Fig. 2(c).
However, at B = 0 we saw that the transition is also associ-
ated with a change in the degeneracy of the ground and excited
states, and this produced a marked difference in the maximum
attainable QSNR for K > 0 vs K < 0. At finite B and mod-
est K we see no such difference between the phases K > B
and K < B because all states are unique (non-degenerate) due
to splittings in the field. At very large |K/B| and K > 0 we
expect to recover the QSNR profile obtained at B = 0, with
boosted sensitivity around 7 ~ K as the excited triplet states
become quasi-degenerate. For large |K/B| but K < 0, we have
relatively poor sensitivity at T ~ K because the excited sin-
glet state is non-degenerate, but transitions between the triplet
states now provide additional sensitivity for T ~ B.

Appendix F: Sub-optimal measurements

The QSNR plotted in Fig. 5(a) of the main text and in
Fig. 8(a) is the ‘best case scenario’ obtained from the (sin-
gle parameter) thermometric QFI — it corresponds to the op-
timal measurement on the probe. This optimal measurement
(the thermometric SLD) always exists and is an observable in
principle. For the 2IK model, the optimal measurement basis
is effectively the Bell basis, but such measurements are not
practical in an experimental setting. Previously, we have as-
sumed that we have simultaneous access to the set of physical
observables C, M and y, in terms of which the SLD can be
decomposed. Here we ask about the thermometric sensitivity
obtainable for a sub-optimal measurement — for example just
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the spin-spin correlator C or the magnetization M. With only
partial access to the probe state, one naturally expects lower
parameter estimation precision.

This can be understood quantitatively from the Fisher infor-
mation Fq(T) for a given measurement 2. The corresponding
(sub-optimal, single-parameter) signal-to-noise ratio (SNR) is
defined analogously to the QSNR,

Rspa(T) =T Fo(T) . (F1)
with Fo (1) = 10, (Q)|2/Var [Q] and A = T for thermom-
etry, defined from the error propagation formula [110]. In
Fig. 8(b,c) we plot the thermometric SNR corresponding
to measurement of just C or M on the probe (which are
the dominant contributions). Fig. 8(d) shows the maximum
QSNR or SNR at a given K/B. We see immediately that the
full QSNR can be decomposed into contributions from the
different measurements (although not in a simple additive
fashion, as Eq. (36) attests). In particular, note that the
measurement of only C may yield better results than mea-
suring just M in certain parameter regimes (in this case, for
K > B) — with the SNR Rgp.c even approaching the QSNR
Qsp for certain parameters. However measurement of M
might be preferable in other cases (for example K < B). The
differences can be traced to the different types of transitions
controlling the SNR in the two regimes: for K > B the
dominant contributions come from spin singlet-triplet tran-
sitions picked up by the spin-spin correlator C, whereas for
K < B magnetic transitions between the triplet components
dominate, and these sensitively affect the magnetization M.

Therefore intimate details about the spectrum can be inferred
by examining the SNRs for different but complementary
observables in this way. Broadly similar results are obtained
for the single-parameter estimation of the coupling constant
K (not shown).

Appendix G: QFIM for multiparameter estimation

In the main text Sec. VIIB we present the multiparameter
QSNRs in the large K-limit in the presence of a magnetic field.
In Fig. 9 we provide the elements of the QFIM for reference.
In particular, we note that the off-diagonal element, Hr x pre-
sented in panel (c) can be negative if there is a negative cor-
relation between the parameters; the variance or covariance
does not correspond simply to any one of the QFIM elements,
but requires information from all of them.

Formally, the diagonal terms of the QFIM are related to
variances in the single-parameter estimation case, and so these
quantities are strictly positive. On the other hand, the off-
diagonal terms can be either positive or negative — the sign
telling us in what way the parameters are correlated.

Our results illustrate the importance of using the QSNR
rather than the QFIM itself to quantify metrological perfor-
mance. For example, the QFIM element H 7 shown in
Fig. 9(a) only provides us with information about how tem-
perature sensitivity is imprinted on our probe in the context of
single parameter estimation. The true multiparameter QSNR
Qup (T, T) shown in Fig. 5(b) tells a very different story about
the actual metrological utility of the probe.
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