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Thermometry of Strongly Correlated Fermionic Quantum Systems using Impurity Probes
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We study quantum impurity models as a platform for quantum thermometry. A single quantum spin—% impu-
rity is coupled to an explicit, structured, fermionic thermal environment which we refer to as the environment
or bath. We critically assess the thermometric capabilities of the impurity as a probe, when its coupling to the
environment is of Ising or Kondo exchange type. In the Ising case, we find sensitivity equivalent to that of an
idealized two-level system, with peak thermometric performance obtained at a temperature that scales linearly
in the applied control field, independent of the coupling strength and environment spectral features. By contrast,
a richer thermometric response can be realized for Kondo impurities, since strong probe-environment entan-
glement can then develop. At low temperatures, we uncover a regime with a universal thermometric response
that is independent of microscopic details, controlled only by the low-energy spectral features of the environ-
ment. The many-body entanglement that develops in this regime means that low-temperature thermometry with
a weakly applied control field is inherently less sensitive, while optimal sensitivity is recovered by suppressing

the entanglement with stronger fields.

I. INTRODUCTION

The characterization of a system through its physical and
thermodynamic observables is not only of foundational im-
portance, but crucial in the design, control, and manipulation
of experimental and commercial platforms. Moreover, it is
vital that one has access to high-precision measurements of
the operating parameters of devices in the NISQ era, where
mitigating the deleterious effects of noise is a central task.
In particular, having precise knowledge of the temperature
is required to assess whether a given system is in the cor-
rect operating regime. However, thermometry for quantum
systems is challenging in part since there is no unique ob-
servable one can assign to temperature [1-5]. Therefore, we
must resort to quantum estimation techniques which provide
strategies for inferring unknown parameters and place funda-
mental bounds on how accurately we may measure them [6—
8]. The importance of temperature estimation, particularly for
low temperature systems [9], has led to a plethora of sensing
platforms such as minimal thermometers comprised of indi-
vidual quantum probes [10] and more complicated spin sys-
tems [11]. Various thermometric strategies have been sug-
gested [12], for example exploiting the non-equilibrium dy-
namics of the probe [13—15] to infer the temperature, colli-
sional schemes [16-20], global measurement schemes [21],
or leveraging quantum criticality to endow thermometers with
enhanced sensitivity [22-27].

In this work we address an important aspect of quantum
sensing: the role that the microscopic description of the sam-
ple plays in the achievable thermometric precision [28, 29],
and how the development of quantum entanglement between
the probe and sample affects this precision. Our setting con-
sists of an explicit probe-sample composite that we assume
have reached thermal equilibrium with one another at some
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ambient temperature. We regard the sample as a quantum en-
vironment or ‘bath’ whose temperature the probe is designed
to estimate. We focus here on fermionic (electronic) environ-
ments in the thermodynamic limit. The probe will be a single
spin—% quantum ‘impurity’ (qubit) embedded in the sample.
We examine how the nature of the probe-environment cou-
pling, as well as the spectral properties of the environment it-
self, determine the sensing capabilities of the probe. We com-
pare two paradigmatic quantum impurity models to describe
the coupled probe-environment system.

First, we consider an Ising-like coupling, which allows for
an exact analytic solution, even for baths with an infinite num-
ber of degrees of freedom, and with arbitrary spectral proper-
ties. We find that the thermometric sensitivity of the probe
in this setting is essentially independent of the environment’s
spectral features and, since this coupling does not give rise to
any entanglement between the probe and the environment, the
probe behaves effectively like a free spin in an implicit thermal
environment [30, 31].

Secondly, we allow for spin-flip (exchange) terms in the
interaction Hamiltonian, thus realising the so-called impurity
Kondo model [32]. This coupling gives rise to a significantly
richer behavior as the probe and bath become entangled. In
this case we find nontrivial temperature and control-field de-
pendences of the metrological precision of the impurity probe,
and observe that the bath’s spectral features now play a crucial
role. We uncover a characteristic universality in the sensitiv-
ity of this probe at low temperatures, indicating that the same
thermometric response is obtained independently of bare sys-
tem parameters and can be used ‘model free’.

II. PRELIMINARIES
A. Quantum Thermometry for Equilibrium Systems

A typical thermometric protocol involves allowing a probe
system, the thermometer, to reach thermal equilibrium with
the sample [6, 12], which hereafter we refer to as the environ-
ment or bath. Ideally, the probe acts as a weak perturbation
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to the environment and acts non-invasively [33-37]. How-
ever, for quantum systems, correlations and entanglement can
build up between the probe and the environment, especially
at low temperatures, with the nature of the probe-environment
entanglement often delicately dependent on the manner and
strength of their mutual interaction and the spectral properties
of the environment [11, 38—43]. The thermometric precision
attainable in such an equilibrium setting will be the focus of
this work. Specifically, we consider explicit fermionic envi-
ronments in the thermodynamic limit, probed by spin-qubit
‘impurities’.

A given probe will be deemed a good thermometer if it has a
high sensitivity over a tunable target temperature range, and if
itis ‘robust’ in the sense that it works in different environment
settings without the need for detailed information about the
structure of that environment.

The framework of equilibrium temperature sensing con-
siders an arbitrary n-dimensional system with Hamiltonian
A = > EnlEn)(E,|, where the system is described by the
Gibbs state o7 (T) = Le /T = 3, palE,)E,|, with {|E,)} the
Hamiltonian eigenstates and {p,} their thermal populations,
with partition function Z = Tr [e’H/ T] [12, 30]. We employ
tools from quantum parameter estimation theory to assess the
thermometric precision [6, 8]. Within this framework, we can
estimate some unknown quantity A, whose information is im-
printed on a quantum state, o(1), by performing a measure-
ment of an arbitrary observable. Repeating this process many
times and building up a dataset of outcomes, we build an esti-
mator A. Statistical errors arising from the uncertainty of these
outcomes are unavoidable, and the precision with which the
parameter of interest can be estimated is quantified through
the Cramér-Rao bound [44],

Var (1) > 1 (1)
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which sets a lower-bound on the statistical error via the vari-
ance of the parameter, with M the number of measurements
performed and F(2) the Fisher information (FI) associated to
the particular choice of measurement. The FI quantifies the
amount of information that a given observable carries about
the unknown parameter A,
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for a discrete set of outcomes with probability, py, of obtaining
outcome k from the measurement. In the context of parameter
estimation theory, the FI gives the sensitivity with which we
can estimate the parameter A — where evidently, this sensitivity
is intimately related to the choice of measurement employed.
The quantum Fisher information (QFI) allows us to determine
the maximal attainable sensitivity by maximising the FI over-
all possible measurements, and is given by,
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where the first term represents the classical FI, with g, and
;) the parameter-dependant density matrix eigenvalues and

eigenvectors respectively, and the second term captures the

quantum contribution to the FI, with o, = % [6, 45—
47]. We can apply this framework to quantum thermometry
by setting A=T. For a family of Gibbs states o7 (T'), the QFI is
equivalent to the classical Fisher information corresponding to
an energy measurement on the eigenstates of the Hamiltonian

H [12]. We use the quantum signal to noise ratio (QSNR),

Q=THT). (4)

to characterise the probe’s temperature sensitivity [13].

B. Physical system and model

We study spin-qubit probes for structured many-body
fermionic environments. The models considered are in the
class of quantum impurity models, which consist of a few
strongly interacting quantum degrees of freedom, coupled to a
continuum bath of non-interacting conduction electrons. Here
the probe is taken to be a spin—% impurity coupled to an ex-
plicit electronic host system, with an arbitrary structure char-
acterized by its electronic density of states (DoS), p(w).

Although our focus here is on fundamental aspects of ther-
mometry, we note that the use of impurities as in-situ probes
for the electronic structure of a host material has a long his-
tory in the field of condensed matter physics — both experi-
mental and theoretical. In its original and simplest context,
electronic scattering from actual magnetic impurities (such as
iron) embedded in bulk metals (such as gold) were studied us-
ing resistivity measurements [32, 48—50]. Since then, impu-
rities have been widely used as spectroscopic probes [S1-54].
Indeed impurity spins have also been used as nonlocal sensors
of magnetism [55].

Quantum impurity models generically take the form,

H = Hpam + Himp + H[mp—bath s )

where H,,,; describes a continuum bath of non-interacting
conduction electrons in the thermodynamic limit, I:Iimp is the
impurity Hamiltonian, and I-AI,-m,,_ba,h describes the coupling
between the impurity and the bath. In its diagonal representa-
tion, we write the bath Hamiltonian in second quantized form,

I:Ibuth = Z eké};rako‘ P (6)
ko
where 62) annihilates (creates) an electron in the single-
particle momentum state k with spin o =7 or |. Here ¢ is
the electronic dispersion, which is determined by the specific
structure of the environment being considered.
In the following we consider a single quantum impurity
coupled to such a fermionic bath, with total Hamiltonian,

A = Ry +°8385+5 74 (S785 + 8785 )+B,85+B,85 . (1)

where .SA'f, S ; and S; are spin—% operators for the impurity,
g8z _ 1At A _ AT A ) &+ _ AT A &— _ At 4
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act on the bath electrons at the impurity position. The impu-
rity is taken to be at the origin, and couples locally in real-
space to the bath site ¢o, = Xi &kCro» Where & is the weight
of bath eigenstate k at the impurity position. J* and J* are
the Ising and spin-flip coupling interactions, respectively, be-
tween the impurity spin and the conduction electron spin den-
sity at the impurity position, while B; and B, are Zeeman mag-
netic fields acting locally on the impurity and bath, and we fix
B; = By = B. Although we have considered here the case of a
local magnetic field, we note that essentially identical results
are obtained in the case of a globally applied field, since the
dominant contribution comes from the local term included in
Eq. (7).

Since the impurity-bath coupling is local, the impurity sees
the local conduction electron DoS at the origin, p(w). It is
related to the retarded, real-frequency bath Green’s function
via p(w) = —}rIm Ggo(w), where in Zubarev notation [56]
GY(w) = (&, 82;(,))2 denotes the Fourier transform of the
real-time propagator Ggo(t) = —i0(){{C,,. (), 6‘30(0)})0.

An advantage of this formalism is the flexibility one has
in choosing the structure of the environment being probed,
through the spectral properties of the bath corresponding to
different physical systems. We leverage this to assess the ther-
mometric capabilities of an impurity probe embedded within
different host environments. Details of the different bath sys-
tems used in the following and their corresponding DoS are
given in Appendix A.

In the context of quantum nanoelectronics, we note that the
Hamiltonian Eq. (7) describes real quantum dot devices, for
which the impurity magnetization can be experimentally mea-
sured in response to an applied field [57].

We consider two distinct scenarios for the impurity-bath
coupling below: (i) the ‘Ising impurity’ in which J* > 0 but
J* = 0; and (ii) the ‘Kondo impurity” in which both J* and J*
are finite. In many real systems, the impurity spin results from
a localized, half-filled quantum orbital with strong Coulomb
repulsion. The Kondo model can be derived as a low-energy
effective model from this more microscopic Anderson impu-
rity model [50, 58], and produces a spin-isotropic, antiferro-
magnetic exchange interaction, J° = J* = J > 0. This is
the situation we consider for the Kondo model in the follow-
ing. In both Ising and Kondo cases, there is a competition
between the impurity-bath coupling J, which favors antipar-
allel alignment of the spins, and the field B, which tends to
polarize the spins. However the possibility of spin-flip scat-
tering in the Kondo model generates many-body quantum en-
tanglement between the impurity probe and the bath, which is
entirely absent in the Ising case, as reviewed further below.

C. Kondo effect

The Kondo model is a famous paradigm in the theory of
strongly correlated electron systems [50]. Even though the
bath consists of non-interacting electrons, the presence of an
interacting impurity can drive the system to a strong coupling
ground state. For a metallic system, the quantum impurity
spin is dynamically screened by conduction electrons at low

temperatures 7 <« Tk, where Tk is an emergent low-energy
scale known as the Kondo temperature

Tx ~ De™'/P0/ | 8)

where Tk depends non-perturbatively on the impurity-
environment coupling J, pg is the bath DoS at the Fermi en-
ergy, and D the conduction electron bandwidth. Physical ob-
servables exhibit universal scaling in terms of the Kondo tem-
perature Tk provided Ty <« D [50]. In the following, we
specify parameters as dimensionless ratios involving either
the conduction electron bandwidth D (which is typically of
order eV) or the Kondo temperature Tx (which depends ex-
ponentially on the coupling J and in practice can range from
ImK to 100K depending on microscopic details of the setup
[50, 57, 59)).

At low temperatures the impurity forms a macroscopic
spin-singlet state and becomes maximally entangled with a
large number of conduction electrons in a surrounding ‘Kondo
cloud’ [60-65]. Regarding the impurity as a metrological
probe, one might expect that the development of this strong
probe-environment entanglement could suppress sensitivity:
only a small amount of information about the bath is imprinted
locally on the impurity since, due to the entanglement, the re-
duced state of the impurity is maximally mixed. On the other
hand, the Kondo cloud ‘evaporates’ at higher temperatures
[60], and the Kondo effect is destroyed by strong magnetic
fields [66] which tend to polarize the impurity and suppress
the crucial spin-flip scattering processes. Therefore we expect
a subtle interplay of energy scales T, B,J and Tk in under-
standing the thermometic sensitivity of Kondo probes.

The Kondo effect is a non-perturbative quantum many-body
phenomenon, involving a large number of bath degrees of
freedom, characterized by strong entanglement, and involving
a low-energy emergent scale Tx. There is no analytic solu-
tion for generic quantum impurity models, and as such, so-
phisticated numerical techniques must be used. In this work,
we use Wilson’s numerical renormalization group [67, 68]
(NRG) method, described in Appendix B, which provides ac-
cess to numerically-exact thermodynamical observables at es-
sentially any temperature.

We note that the metallic Kondo effect has been observed
in many systems, ranging from actual magnetic impurities
in metals [32, 49, 50], semiconductor quantum dot devices
[57, 59, 69], and single-molecule transistors [70, 71] among
others. More recently it has also been studied in the con-
text of other, non-metallic host systems [72-77]. The Kondo
model is therefore a realistic model to describe the low-energy
physics of quantum spin probes coupled to fermionic environ-
ments.

The Kondo effect does not arise in the Ising limit J* = 0.
Although the impurity and bath electrons are correlated, there
is no quantum entanglement between the two in this case.

D. Entanglement negativity

The entanglement between the impurity and bath is impor-
tant for understanding the probe’s thermometric potential. In



the context of quantum impurity models, we quantify this us-
ing the negativity [62—65, 78] which is a well-established en-
tanglement monotone. In general, the negativity between cou-
pled subsystems A and B is defined as,

N =5 (l™1-1) , )

where o is the full density matrix, || - || denotes a trace norm,
and T, is the partial trace on subsystem A.

In the following we consider two negativity measures for
the Kondo model: (i) the negativity between the impurity and
the local bath orbital to which it is coupled, denoted N.o and
(ii) the negativity between the impurity and the entire bath,
denoted Np.pam. In the former case, we use the NRG reduced
density matrix [79] of the impurity and local bath site (having
traced out the rest of the bath), and compute the partial trace
on the impurity to obtain Ny.o. The inclusion of the full bath in
latter case makes computing the negativity significantly more
involved [64]. However, in the low temperature limit 7 < Tk,
we may use the analytical expression derived very recently in
Ref. [65] which relates Nj.pq; to the impurity magnetization,

1 az\2
Nipan = 541 - 4(83) T<Tx (10
As such, we see that in the low-temperature regime the
global impurity-bath entanglement will decrease with increas-
ing magnetic field, as the impurity becomes polarized. Finally,
it is important to remark that in our considered settings the
negativity is a sufficient but not necessary condition for en-
tanglement. The possible “sudden death” of negativity in the
Kondo model at finite temperatures [64] does not imply that
the impurity is completely disentangled with the bath.

III. IMPURITY THERMOMETRY

We begin by considering the temperature estimation of a
metallic environment via a spin-% impurity probe. We take the
simplest case of a fermionic bath with p(w) = py8(D—|wl) cor-
responding to a constant DoS, py, inside a band of halfwidth,
D. Here we assume that the environment and probe have al-
ready reached equilibrium. In this case the probe state is di-
agonal in its energy eigenbasis and the maximal sensitivity is
given by the thermal FI corresponding to an energy measure-
ment [30, 43, 80, 81]. Since the impurity is a two-level system

with thermal populations py;; = 3 <§§> determined com-

5+
pletely by the impurity magnetization <S‘§>, we can express
the QFI as,

A\ |2
o (33)

A2
1 z
- <S 1>
As the temperature sensitivity of the probe is intrinsically re-
lated to its magnetization, the latter is a key quantifier in un-

derstanding the underlying thermometric capabilities of the
probe — with high sensitivities achieved when the impurity

H(T) = an

magnetization changes rapidly with temperature. We empha-
size that the probe magnetization is a natural and experimen-
tally feasible observable. For example, the impurity magneti-
zation was recently measured experimentally as a function of
temperature in the Kondo regime of a quantum dot device in
Ref. [57].

An alternative view is obtained by exploiting a Maxwell re-
lation connecting the temperature derivative of the magnetiza-

tion (S’ f) appearing in Eq. (11) to the field dependence of the

thermodynamic entropy S. Since <§ §> =0pFandS =-0rF
in terms of the free energy F, we can write 0rdp, F = 0p,0rF
and hence that dr <$’ §> = —0p,S. Thus, we see that high tem-
perature sensitivity of a spin-qubit probe is achieved when the
entropy changes rapidly as the field is varied. These are com-
plementary and intuitive perspectives.

A. Free spin limit

We first briefly recapitulate the limit of a free (decoupled)
impurity spin. Here we imagine that the probe has reached
thermal equilibrium with the environment, but is then adia-
batically disconnected from it before a measurement is taken.
While this ‘implicit environment’ setup is somewhat ideal-
ized, it provides a useful reference point for the proceeding
sections where structured environments are explicitly consid-
ered.

The free spin Hamiltonian is taken to be simply Hps = BS i
yielding a partition function Z = 2 cosh(B/27T) and magneti-
zation <$’ f) = —% tanh(B/2T). From this we obtain the ideal
thermometric QSNR,

B B
(s (2]

Q (2T ) e
which is a function of the single reduced parameter x = B/T.
We see that Q(x) is non-monotonic, vanishing at both small
and large x. The maximum sensitivity is achieved at B ~ 2.4T,
for which Q,,x = % The thermometric capacity of two-level

probes are such that the peak sensitivity scales linearly with
applied field B [10, 12].

: free spin (12)

B. Ising Coupling

We now turn to the Ising impurity case, in which a quan-
tum spin—% impurity probe is coupled by an Ising interac-
tion to an explicit fermionic bath in the thermodynamic limit,
i.e. Eq. (7) with J* = 0. This extends on previous studies
of minimal thermometers that assume an implicit, structure-
less environment, characterized by a canonical Gibbs ensem-
ble [12, 30, 82].

We note that since [H, S 71 = 0 for the Ising impurity, the
impurity spin projection is a conserved quantity. This means
that there is in fact no equilibration mechanism through which
the impurity can thermalize. Nevertheless, we assume here
that the impurity and bath are at thermal equilibrium. In prin-
ciple one could achieve this by initially preparing the system
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FIG. 1. Main Panel: Quantum signal to noise ratio (QSNR), @, for
the flat band (metallic) Ising impurity model, plotted as a function of
T/B. We fix J*=0.1D , varying T for B/D =102 (dashed blue line)
and 10! (dashed red), demonstrating universal scaling collapse to the
free spin (Gibbs state) result, Eq. (12) (dotted orange). Inset: Q vs
T/D for B/D = 1072,1071,10°, 10! going from left to right. Again
here we also show the free spin result in each case (dotted lines).

with a finite J* which is then adiabatically turned off, or by
starting out with an infinitesimal J* in the distant past. The
conserved impurity spin projection in the Ising impurity limit
means that the model can be solved analytically for any ar-
bitrary electronic bath, as shown explicitly in Appendix C.
Remarkably, our exact result shows that in the case of an in-
finitely wide flat conduction band, or for general baths but
with By = 0, the impurity magnetization is precisely that of
the free spin. This means that in these special cases, the probe
sensitivity is given by Eq. (12).

For the relevant case of finite By = B; = B and finite con-
duction electron bandwidth D, we expect corrections to the
free spin (implicit bath) result, as detailed in Appendix C.
However, in practice we find these corrections to be very
small, except at very large J° ~ D. Fig. 1 shows the ther-
mometric QSNR, plotted for a flat band Ising impurity model
using fixed J; = 0.1D and different 7 and B. In the inset,
data for different B are plotted as a function of 7'/D, while
in the main panel we demonstrate scaling collapse to a single
universal curve when plotted as a function of the reduced pa-
rameter 7'/B. The scaling is remarkably robust, holding over
a very wide range of parameters in both 7" and B. This is the
expected behavior for a free spin; as confirmed by direct com-
parison with the orange dotted line in Fig. 1, corresponding to
Eq. (12).

Small deviations in the QSNR from the idealized free spin
result, Eq. (12), seen in our exact results for an Ising impurity
in an explicit bath can be intuitively understood from mean-
field theory. As shown in Appendix C, within this simple ap-

proximation the impurity magnetization is given by,

(83) = —%tanh[—B-'-Jz s 3>],

T (13)

which is identical to the free spin result, except with a renor-
malized impurity field B; — B + J* (S 6> The bath magne-

tization <§ 0> must be obtained self-consistently, but is found
to be rather small in the Ising case for all scenarios consid-
ered. We have verified numerically from the exact solution of
the model that even at large J° ~ D, the peak sensitivity at-
tainable is still Quar = %, and indeed the full QSNR profile
is essentially identical to the free spin result, but with a small
field renormalization.

Our results indicate that the sensitivity of a quantum impu-
rity spin coupled to a structured environment through an Ising
interaction is analogous to the thermometric precision attain-
able for a free spin immersed in a memoryless bath [10, 30].
Furthermore, we find that this holds quite generally for struc-
tured baths with different DoS (see Appendix A), with only
minimal quantitative differences from the universal free-spin
result. Our exact analytic solution of the Ising impurity model
shows only a weak dependence on the bath DoS.

This insensitivity of the probe to the structure of the en-
vironment, and the universal dependence of the QSNR on a
single parameter B/T, together with the high @, attainable
at any temperature upon tuning the control field B, makes the
Ising impurity a good thermometer. The Ising probe affords
robust, reliable, and tuneable thermometric capabilities, irre-
spective of the host system being probed. However, the draw-
back is that this assumes that all other model parameters, and
in particular the applied control-field strength, are precisely
known [33]. Furthermore, such a setup does not allow for the
generation of probe-environment entanglement, which spoils
this ideal thermometric behavior.

C. Kondo Coupling

We now turn to the more realistic situation [50] in which
the impurity probe and bath can become entangled. This
arises due to the mutual spin-flip terms parameterized by J*
in Eq. (7). In the following we take J* = J* = J and study
the resulting isotropic Kondo model. We note that an impurity
coupled to a fermionic bath by such a term has a natural ther-
malization mechanism since the impurity spin projection is no
longer conserved. As noted above, the Kondo effect in such
systems is a consequence of the low-temperature formation of
a highly entangled many-body state. We explore the conse-
quences of this for thermometry below. First, we motivate our
discussion of the general Kondo case by consideration of two
simple limits.

1. Large field limit

The Kondo model in the limit of very large magnetic fields
B > J, D becomes simple since both the impurity and bath
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FIG. 2. Kondo impurity model in the narrow band limit J > D, given by Eq. (14). (a) Impurity magnetization <.§' Z>, (b) Entanglement
negativity of the impurity Ny, (¢) Temperature sensitivity QSNR Q. All plotted as a function of normalised field B/J and temperature 7/J.

are polarized. The spin-flip terms in Eq. (7) are suppressed
and the impurity is effectively decoupled from the bath. The
physics here is that of a free spin in a strong magnetic field.

2. Narrow band limit

Another simple and analytically-tractable limit of the
Kondo model arises for strong coupling J>> D. In this case the
bare model is already close to the strong coupling renormal-
ization group fixed point [67]. Therefore the impurity forms
a highly localized spin-singlet with the bath site to which it is
coupled (one can view this as the limit where the Kondo en-
tanglement cloud shrinks down in size to a single bath site).
This is the narrow band limit, and we can approximate the
bath by a single site. Taking J¢ = J* = Jand B; = By = B,
we write,

I:INBL Z%J [SAi(ﬁ()T - ﬁOl) + SA;—C&COT + S;CSTCOl]
+ B85+ Lo — )] - (14)

The partition function of this two-site reduced model is simply
Z = 4cosh(B/2T) + e¢”"*T[1 + 2cosh(B/T)] + ¢*//*T. The
impurity magnetization and negativity then follow as,

($7) = % [(#7 = 1) (1 457 4+ 26254 01T)]
1
2Z

15)

NI;O =

\/1 + @2BIT (ezB/T + 2T 1 = zeJ/T) - 1= eZB/T}

(16)

From the impurity magnetization we obtain the QFI from
Eq. (11) and hence the QSNR from Eq. (4). The results are
shown in Fig. 2.

The behavior of this model is already richer than the free
spin or Ising cases. Here we have a competition between the
polarizing tendencies of the field B and the propensity for

spin-singlet formation favored by J. In the simplified two-
site model, this results in a singlet-triplet level-crossing in the
ground state from %(IN)— [T forB< Jto]| l]l)for B> J.

In the low-temperature limit, this quantum phase transition
manifests as a discontinuous step in the impurity magnetiza-
tion from O to —% at B = J, see Fig. 2(a). This transition corre-
sponds to a collapse of the entanglement between the impurity
and the local bath site at 7 = 0, Fig. 2(b). However, at finite
temperatures this transition is smoothed to a crossover: with
increasing field strength B the magnetization continuously in-
creases, whereas the negativity decreases.

This all gives rise to complex behavior in the thermometric
sensitivity Fig. 2(c). In particular, we note that the magneti-
zation can be non-monotonic in 7 due to the involvement of
multiple competing states. From Eq. (11) we conclude that
the the QFI, and hence the QSNR, must develop a nontrivial
nodal line in the (B, T') plane, separating regions of enhanced
thermometric sensitivity.

3. General Kondo case

Finally we consider the general case of the Kondo model
at finite B and J, with a spin—% quantum impurity coupled to
a full fermionic bath, where we restrict the metallic flat band
case in this section and refer to Sec. IV for a discussion of dif-
ferent DoS. The thermometric sensitivity is now affected by
strong electron correlation effects. Here we have a new emer-
gent scale, the Kondo temperature Tk, and the possibility of
large-scale impurity-bath entanglement due to the formation
of the macroscopic ‘Kondo cloud’. We also note that, unlike
in the simplified two-site model, there is no quantum phase
transition in the Kondo model as a function of field strength
B — there is a smooth, universal crossover from the Kondo
singlet ground state for B < T to a polarized impurity for
B > Tg. We use NRG [67, 68, 79] to solve the Kondo model
and obtain the impurity magnetization <S’Z>, from which we
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FIG. 3. Thermometry in the Kondo impurity model, with isotropic exchange coupling J* = J* = J for a flat conduction electron density of
states. Calculations performed using NRG. (a) Quantum signal to noise ratio Q as a function of temperature 7 for different field strengths B,
plotted as 7'/ B in the main panel and T'/D in the inset. Shown for B/D = 10712,107!!,10719,107%, 107%, 10~ increasing from bottom-most-blue
to topmost-red lines, for fixed J = 0.1D. (b) Universal QSNR curve in the Kondo regime B < T, plotted in terms of rescaled quantities
QX (Tg/B) vs T/Tk. Shown for B/D = 107'2,10711%,10~!", 10715, 107'° for fixed J = 0.1D where we clearly see data collapse. Inset shows
the same data plotted as the bare Q vs T/D. (c¢) Peak sensitivity Q.. as a function of B/Tk (main panel) and B/D (inset), for couplings
J/D = 0.07,0.1,0.15,0.3,0.5 with corresponding Kondo temperatures Tx/D ~ 4 x 10743 x 107'°,3 x 1077,4 x 107*,9 x 1073 denoted by
the solid black, dot-dot dashed cyan, dot-dashed purple, dashed orange, and dotted red curves, respectively. (d) Corresponding temperature at
which the sensitivity peaks, 7T,,,,, as a function of B/T (main panel) and B/D (inset).

extract the QSNR Q as a function of 7 and B for a given
Kondo coupling J. The numerical results are plotted in Fig. 3
and discussed below.

We see that the strong electron correlations play an impor-
tant role for the QSNR in the Kondo model, giving a nontriv-
ial response beyond that of the simple free spin/Ising limit.
In Fig. 3(a) the applied field strength is seen to significantly
affect the temperature probe sensitivity. Only for very large
fields B (topmost, red line) do we see effective free spin/Ising
behavior, with a characteristic peak in Q at T ~ B approach-
ing its maximum value of ~ % As the field strength decreases
(see e.g. lowermost, blue line), the maximum sensitivity at-
tenuates and the details of the QSNR profile changes. Fun-
damentally, this is because the impurity spin-resolved popu-
lations in this regime are more robust to changes in the field,
as the impurity is locked into a Kondo spin-singlet with bath
electrons. The Kondo temperature Tk sets the scale separating
qualitatively different types of behavior: for B > Tk Ising-
like physics similar to Fig. 1 dominates, whereas for B <« Tk
Kondo physics dominates. In this case, the peak position no
longer scales with B but instead becomes pinned around Tk,
and the peak height scales with B/Tk.

Importantly, in the Kondo regime B <« T, we find a com-
pletely universal behavior of the full QSNR profile, demon-
strated in Fig. 3(b). When properly rescaled as Q x (Tk/B),
we see scaling collapse to the same universal curve of all sys-
tems with different fields B when plotted vs T/Tk. Despite
qualitative similarities, we note that the shape of this univer-
sal curve is not the same as the free-spin or Ising result. This
universality is significant, because we get the same result in-
dependently of underlying model parameters. In the following
sections, we also show a stronger universality in the sense that
the same response is obtained independently of the bath struc-
ture used (provided we still have a metallic system). Thus,
the Kondo probe can be used ‘model free’, with very little
information about the environment or the probe-environment

coupling needed to make predictions about the temperature.

However, the cost of achieving this universality is that the
overall sensitivity in the Kondo-dominant regime B <« Tk
is low. This is because the impurity and environment be-
come highly entangled, and due to this high degree of non-
classical correlation, the temperature sensing capabilities of
the impurity are diminished. Intuitively, this follows from the
fact that measurements confined to the impurity probe pro-
vide access to only a small amount of information about the
entangled many-body Kondo state. To understand the role that
probe-environment entanglement plays in determining the ro-
bustness and sensitivity of such an impurity thermometer, we
study entanglement properties of the Kondo regime explicitly
in Sec III D.

The inset to Fig. 3(b) shows that the QSNR peak position
(denoted T'y,,) remains fixed at T ~ Tk in the Kondo regime,
while the peak height (Qp.,) scales as B/Tk. By contrast, in
the large-field Ising regime B > Tk shown in Fig. 3(a) we
see Tyax ~ B and Q.. approaches the free-spin/Ising satura-
tion value of ~ % This non-linear thermometric performance
of the probe is demonstrated in Fig. 3(c), where the differ-
ent lines correspond to different coupling strength J values.
The black curve for J = 0.07 can be considered the univer-
sal curve, characterized by single-parameter scaling in B/Tk.
In Fig. 3(c) we see that Qy,, curves at larger J progressively
fold onto this universal curve at lower B/Tx. However non-
universal deviations in Qy,, at large B ~ J, D are expected.
These are observed in practice at large B/Tx when Tk is it-
self large, since single-parameter scaling breaks down in this
regime. We conclude that universal features of the probe ap-
pear only at small 7 and B.

In Fig. 3(d) we show the behavior of T, which similarly
exhibits universal scaling in terms of Tk, and shows distinc-
tive behavior in the Kondo and Ising regimes. We clearly see
that once the Kondo effect is suppressed, i.e. B > Tk, lin-
ear scaling of the ideal probe temperature is attained — the



same behavior exhibited by the free spin and Ising models.
Finally, we note that high probe sensitivity, approaching that
of the ideal free spin limit, can still be achieved at arbitrar-
ily low temperatures in the Kondo system, simply by reduc-
ing the coupling J. Since small J means a very small Kondo
scale Tk (recall that the dependence is exponential), one can
go to the regime B > T and see a peak in Q at temperatures
T > Tk that might still be very low in absolute terms. Here
the field suppresses the Kondo spin-flip processes and hence
the impurity-bath entanglement, yielding good thermometric
capability. This can be at low absolute temperatures and still
in the fully universal regime, provided Tx <« T,B < J,D.
Although the field strengths we have used for illustrative pur-
poses in Fig. 3 are small in units of the conduction electron
bandwidth D, we note that D is typically a high-energy scale
of order eV. The universal physics is set by the Kondo tem-
perature T, and the relevant quantity in the Kondo regime is
therefore B/Tk. To demonstrate scaling collapse of data for
different B and J in Fig. 3 we have scanned B over an expo-
nentially wide range. However, we emphasize that in practice
the universal regime can be realized at moderate B provided
Tk is not very small. This simply corresponds to the regime
of larger impurity-environment couplings J.

D. Probe-Environment entanglement

Next we consider in more detail the impurity-bath entangle-
ment, focusing on the flat band Kondo model for metallic sys-
tems. This builds upon previous studies of the entanglement
structure of Kondo systems [62—-64, 83], here generalized to
the finite magnetic field case. We consider both the negativ-
ity between the impurity and the full bath Ny, as well as
the negativity between the impurity and the local bath site to
which it is connected (but still in the presence of the rest of
the bath), denoted N..

We consider first the low temperature limit 7 < Tk, which
allows us to employ Eq. (10), and compute the entanglement
shared between the full bath and the impurity Njpem, as a
function of the applied control field B. This is plotted in
Fig. 4(a) as a function of the rescaled parameter B/Tk for dif-
ferent coupling strengths J. The universal curve, exhibiting
single-parameter scaling in B/T is obtained for small Tk,
meaning in practice small coupling J, see solid black line in
Fig. 4(a). At larger J non-universal deviations are observed
at larger B due to band-edge effects. However, the trend in
all cases is the same: an applied field on the order of the
Kondo temperature suppresses impurity-bath entanglement.
For fields B <« Tk however, the impurity-bath negativity is
maximised, meaning that the impurity in maximally entan-
gled with the full bath, independent of the coupling strength J.
This is attributed to the spin flip terms being the predominant
process over the small degree of spin polarisation caused by
finite B, and the resulting Kondo effect. In this regime the re-
duced temperature sensitivity of the probe shown in Fig. 3(c)
can be attributed to this strong entanglement. Conversely, in
the opposite limit, B > Tk, the negativity starts to decay as
the applied field becomes the dominant term. Here the trade-

off between the competing effects enhances the thermometric
capacity of the probe, while still producing universal behav-
ior. Further increasing the field strength, the entanglement
decays and the impurity’s sensing capabilities approach that
of the Ising/free-spin limit. The qualitative behavior at finite
temperatures is expected to be similar.

In the universal regime, the impurity-bath entanglement
generated by the Kondo effect is highly non-local [61-65],
extending in real-space throughout the Kondo cloud, which
involves a macroscopic number of bath sites [60]. This entan-
glement cloud shrinks in size as the coupling strength J (and
hence the Kondo temperature Tx) increases. This is demon-
strated indirectly in Fig. 4(b), where we show the negativity
between the impurity and just the local bath site to which
it is connected N7, as a function of coupling strength J, at
zero field, B = 0. At zero temperature (in practice T < Tk),
the impurity is seen to become maximally entangled with the
local bath site when J > 1, see leftmost blue line. Due to
the monogamy of entanglement, this implies that the impu-
rity is disentangled with the rest of the bath; this is the narrow
band limit considered previously, where the Kondo cloud es-
sentially shrinks down to a single site. At smaller J, the entan-
glement shared between the impurity and the local bath site is
much smaller. But since for T <« Tk and B = 0 the entangle-
ment between the impurity and the full bath is large, Fig. 4(a),
we can infer that the bulk of the entanglement is with sites fur-
ther away from the impurity. By increasing the temperature,
from leftmost blue to rightmost red lines in Fig. 4(b), we see a
similar trend, but with a delayed onset of the maximum local
entanglement with J.

In Fig. 4(c) we examine the subtle interplay between finite
B and J in the local entanglement. We plot N, at finite B
in the low-temperature regime, normalized by its zero-field
value, with the different lines corresponding to different J, in-
creasing from rightmost blue to leftmost red. Here we see
non-monotonic behavior in the local entanglement at smaller
J, see e.g. blue line for J = 0.3. In this case, the Kondo entan-
glement cloud at T = B = 0 is large, and only a small amount
of the full impurity-bath entanglement is shared with the local
bath site. But by turning on the field to B ~ Tk, the Kondo
effect starts to be suppressed. The many-body Kondo cloud
begins to evaporate and although the overall impurity-bath en-
tanglement decreases, see Fig. 4(a), it is also redistributed in
real-space in a nontrivial way. The local spin-exchange pro-
cess begins to dominate over the many-body Kondo effect and
the entanglement shared between the impurity and the local
bath site grows with increasing B. For larger fields B > Tk
however, the impurity becomes polarized and the entangle-
ment collapses when B ~ J. We note that when the bare cou-
pling J is large, e.g. red line for J = 1, the Kondo cloud is al-
ready small and a high proportion of the full impurity-bath en-
tanglement is local. In this case, we approach a step-function
decay of the entanglement on increasing B. This is precisely
the behavior expected in the narrow-band limit shown in 2(b),
where at low 7 we found that Ny.¢ goes from its maximum %
for B < J to O for B > J. In the true Kondo model, this transi-
tion is smoothed to a crossover, but one that becomes progres-
sively sharper with increasing J. The unusual non-monotonic
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FIG. 4. Entanglement negativity for the Kondo impurity model, with isotropic exchange coupling J¢ = J* = J for a flat conduction elec-
tron density of states. (a) Negativity of the impurity with the full bath Ny, in the limit T < Tk as a function of B/Tk, for couplings
J/D = 0.07,0.1,0.15,0.3,0.5 denoted by the solid black, dot-dot dashed cyan, dot-dashed purple, dashed orange, and dotted red curves,
respectively. (b) Negativity of the impurity with the local bath site N, in the zero-field limit B = 0, as a function of coupling strength J for
different temperatures 7/D = 0,0.1,0.5, 1, 2,4 increasing from leftmost blue to rightmost red lines. (c¢) Field-dependence of the negativity
N0, normalized by its zero-field value, plotted for different couplings J/D = 0.3,0.31,0.32,0.33,0.35,0.4,0.5,0.7, 1 from rightmost blue to

leftmost red, in the low-temperature limit 7 < T.

behavior appears only in the universal regime at smaller J due
to many-body effects.

IV. DEPENDENCE ON ENVIRONMENTAL SPECTRAL
FEATURES

In the previous sections we focused on an impurity probe
embedded in a metallic environment with a featureless den-
sity of states. Here we generalize to structured environments,
characterized by their spectral properties via the local DoS
p(w) at the probe location. Different physical systems will
of course have different DoS features, which depend on the
structure, geometry, dimensionality, and ultimately the chem-
istry of the host material, through its band structure. Although
p(w) for real systems will be complicated, for the purposes of
the metrological quantum impurity problem we can broadly
classify them into three families according to their low-energy
behavior: (i) metals with constant DoS p(w) ~ pg at low ener-
gies; (ii) semi-metals with a low-energy pseudogap vanishing
DoS p(w) ~ |w|” with r > 0; (iii) materials with a low-energy
power-law diverging DoS p(w) ~ |w|” with —1 < r < 0. The
impurity response in each case is known to be quite differ-
ent [50, 73, 74]; nevertheless distinct systems within a family
share the same universal features. Representative material ex-
amples of the three classes are gold [49] (metallic), graphene
[72, 84] (semi-metal pseudogap with r = 1), and magic-angle
twisted bilayer graphene (TBG) [85-87] (power-law diverg-
ing DoS with r = —1/4). Note that we can study systems
with a finite electronic bandwidth D, or with an infinite band-
width provided p(w) is still normalizable. Further details of
the specific DoSs used for our calculations in this section can
be found in Appendix A.

As alluded to previously, for the Ising impurity model
(J* = 0), we find that there is essentially no dependence of the
QSNR on the bath DoS p(w), and the free spin result Eq. (12)

pertains except for very large J > D, where small deviations
are observed. The structure of the bath in this case does not
play a significant role in part due to the fact that the impurity
and bath do not become entangled.

The situation is quite different in the Kondo case (finite J*)
because the bath DoS strongly influences the development
of impurity-bath entanglement via the Kondo effect. Rela-
tive to a standard metallic system, the Kondo temperature T
for a system with diverging DoS (such as TBG) is strongly
enhanced [74, 76]. This means that the impurity probe and
the bath become strongly entangled on much higher temper-
ature scales than in metallic systems — and therefore that a
much higher field B must be applied to suppress the Kondo
effect and recover Ising-like sensitivity. However, even when
rescaled in terms of B/Tk, we expect differences between
metallic DoS and diverging DoS systems, since they belong
to different quantum impurity universality classes. To demon-
strate this, in Fig. 5(a) we show the peak sensitivity Qpsux
vs B/Tk in the universal regime B,T < J,D, for differ-
ent systems with p(w) corresponding to the metallic flat band
(black line), metallic nanowire (red dotted), metallic Gaussian
(blue dot-dash), and TBG power-law diverging DoS (green
dashed). The three metallic systems have the same universal
behaviour, independent of the detailed structure of the DoS,
when rescaled in terms of B/Tx. The power-law diverging
DoS also gives a universal response, but one that is different
from the metallic case, saturating to the Ising limit Q.. = %
(red line) more rapidly than the metals as B/T is increased.
The differences between metallic and diverging DoS are also
evident in Fig. 5(b) where we show the full QSNR profile for
the same systems. We plot rescaled quantities to give the uni-
versal curves, @ X (Tx/B) vs T/Tk. As expected we see dis-
tinct behavior for the two different families (metallic and di-
verging DoS), but the same behaviour for different systems
within the same family (different p(w) and J).

We can develop a more fundamental understanding of the
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FIG. 5. Universal behaviour of Kondo impurity probes in structured
baths with coupling J = 0.1D in terms of the conduction bandwidth
D. (a) Peak sensitivity Q. as a function of B/Tx for bath sys-
tems with DoS corresponding to flat band (black line), nanowire (red
dot), Gaussian (blue dashed), and diverging DoS (green dashed) with
corresponding Kondo temperatures Tx/D ~ 3 x 10719,2 x 1078,2 x
107'2,5 x 10™*. Red line shows the ideal free spin/Ising result. The
inset shows the corresponding impurity-bath entanglement negativ-
ity decay Nypam inthe T < Tk limit. (b) Rescaled QSNR Q% (T /B)
vs T/ Tk for the same systems.

qualitative differences that arise in the impurity probes’ ther-
mometric response when in contact with different environ-
ments by considering the impurity-bath entanglement via the
negativity, Nr.pam, shown in the inset of Fig. 5(a). Here we see
that the TBG and metallic DoS have distinct decay rates on ap-
plying a field B (even when plotted as B/Tk), with the former
dropping off more rapidly than the latter — a consequence of
the spin becoming more easily polarised for the TBG case.
The Kondo model is a realistic model of quantum impurity
probes in real fermionic host systems, and provides a natu-
ral thermalization mechanism through the J* spin-flip scat-
tering processes. However, these same spin-flip scattering
processes also lead to the Kondo effect and hence macro-
scopic impurity-bath entanglement in metallic systems, which
strongly suppresses thermometric sensitivity. We therefore
conclude the that Kondo impurity probe is extremely robust
for B <« Tk, giving the same universal ‘model-free’ behvior,
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independent of the bare parameters and bath DoS — provided
the systems considered are within the same impurity univer-
sality class. Despite the reduction in absolute terms due to the
strong entanglement established in this regime, this neverthe-
less demonstrates a remarkable advantage over other thermo-
metric schemes since knowledge of the precise details of the
host system being probed are not required.

Finally, we remark on the interesting case for the power-
law vanishing case of a graphene bath (results not shown).
The depleted DoS around the Fermi energy suppresses the
Kondo effect [72] and therefore the impurity remains a free
local moment down to 7 = 0. The thermometric sensitivity
of a spin qubit probe in graphene is therefore the same as
that of a free spin in an implicit thermal environment (Gibbs
state), Eq. (12). Thus, an impurity in graphene can still ther-
malize, but the low-energy linear pseudogap in the DoS pre-
vents the Kondo effect from forming and hence the arrests
the development of strong impurity-bath entanglement. In
turn, this means that in graphene, we obtain near-perfect (free
spin/Ising-like) thermometry. Our findings therefore suggest
that a magnetic impurity embedded on a large graphene flake
could together act as an excellent quantum thermometer, as-
suming that the graphene flake could itself thermalize with its
surroundings.

V. CONCLUSIONS

We have examined the thermometric performance of quan-
tum spin—% impurity probes immersed in structured fermionic
quantum environments. Assuming that the impurity and en-
vironment are in thermal equilibrium, we have carefully stud-
ied the role that the nature of the impurity-environment cou-
pling, the resulting entanglement, and the environment’s spec-
tral properties play in the achievable thermometric precision.
For an Ising-type coupling between the probe and environ-
ment, no entanglement is generated. In this case, we find that
impurities act as versatile and sensitive probes, achieving peak
sensitivities comparable to those achievable for an idealized
two-level system. Furthermore, this sensitivity is independent
of the specific structure of the environment being probed, and
the temperature at which peak sensitivity is achieved scales
linearly with the applied control field. However, such a setup
has no intrinsic thermalization mechanism, and is arguably an
oversimplified model for realistic impurity probes [50].

On the other hand, allowing for spin-flip exchange coupling
terms between the impurity probe and the quantum environ-
ment, leads to the build up of strong probe-environment en-
tanglement at lower temperatures, and we show this has a
dramatic effect on the thermometric response. In this Kondo
impurity model, an emergent low-energy scale T, character-
izing the onset of strong correlations, distinguishes two sepa-
rate regimes. When the control field is large, B > Tk, probe-
environment entanglement is suppressed and the Ising interac-
tion dominates. Then the thermometic capability of the probe
is again comparable to that of the idealized two-level system.
For B <« Tk, strong probe-environment entanglement gen-
erated by the Kondo effect leads to reduced overall sensitiv-



ity. However, in this regime we uncover a universal probe
response in the thermal QSNR, independent of bare model pa-
rameters and microscopic details. This indicates that by sacri-
ficing sensitivity we can exploit many-body effects to achieve
sensors that do not require knowledge of system parameters
and operate ‘model free’. Indeed, this is a particularly rele-
vant point in thermometric protocols where often one implic-
itly assumes that the temperature is the only parameter to be
estimated, and all other terms entering the Hamiltonian are
known precisely [33]. Our results demonstrate that this re-
quirement can be circumvented by leveraging the universal
features of many-body systems.

Finally, as an outlook, we comment that the Kondo model
studied here is also the low-energy effective model describ-
ing experimental semiconductor quantum dot systems [57, 59,
69, 88], meaning that our results for temperature sensing may
be relevant to existing quantum nanoelectronics devices. The
Kondo regime can be accessed experimentally in quantum dot
devices, with data for different systems collapsing to a sin-
gle universal curve when plotted in terms of 7/Tk. This is
possible using experimental temperatures and control fields
because the Kondo temperature Tk is highly sensitive to the
dot-lead coupling strength, and in practice can be tuned in-situ
from ~ 107°K to 10*?K by varying gate voltages, see e.g. [59].
Furthermore, the key observable discussed in this work — the
probe magnetization — can be measured experimentally in the
Kondo regime in such quantum dot systems, see e.g. Ref. [57].

A further interesting direction is to extend the study to more
complex impurity systems, including multi-impurity setups
[89], those exhibiting quantum criticality [90], and/or to sys-
tems out of equilibrium [13].
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Appendix A: Structured fermionic environments

In this work we consider impurity probes for explicit
fermionic environments. We assume that the environment
consists of a bath of non-interacting electrons in the ther-
modynamic limit, described by the diagonal Hamiltonian
Hpan = ko €k€‘lt(r6k{r' However, rather than specifying a
particular tight-binding model, dispersion, or band-structure
for the bath, we work directly with its local DoS p(w), at
the impurity location. p(w) is in general continuous and
structured. It is related to the retarded electron Green’s
function of the free bath at the impurity probe location, via
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p(w) = —%Im Ggo(a)). Here, the real-frequency Green’s func-
tion Gjy(w) = <<CO(r;c(§o’>>0 is the Fourier transform of the
real-time propagator Ggo(t) = —if(0){{¢,,. (1), 680_(0)})0, and

6((;,) =% Ekégr) where &; is the weight of a single-particle bath

eigenstate k at the impurity position.
We consider the following paradigmatic cases for the DoS:

pi(w) = po (1 = |w/D))

pume(@) = po V1 = (w/D)?
Peaul@) = po exp|—(w/D)’
Perpn(w) ~ po |lw/D|

: Flat band (metallic) (Al)
: Nanowire (metallic) (A2)
: Gaussian (metallic) (A3)

: Graphene (semi-metal)
(A4)

prac(w) ~ po lw/ DI : TBG (diverging)  (A5)
In each case, pg is chosen such that the corresponding DoS
correctly normalizes to 1. Egs. A1-A3 describe metallic sys-
tems, with the flat band and nanowire having finite hard band-
widths D, while the Gaussian case has an infinite bandwidth
but still a characteristic width D. We obtain the semi-elliptical
nanowire DoS from a semi-infinite tight-binding chain model.
In Eq. A4 graphene is our chosen representative of the pseu-
dogap DoS class, with its low-energy Dirac cone spectrum
(in our calculations for graphene we use the full DoS of the
hexagonal tight-binding lattice [72, 84]). Finally, we consider
magic-angle twisted bilayer graphene in Eq. AS, which has
a power-law diverging DoS at low-energies due to flat bands
in the full band-structure coming from the higher-order van
Hove singularity in that material [85-87, 91].

In terms of a magnetic impurity embedded in these host
materials, metallic systems have a Kondo temperature Tx ~
De'/Po? [50], while the Kondo effect in TBG is strongly
boosted, Tx ~ D(poJ)* [91]. By contrast there is no Kondo
effect in neutral graphene, Tx = 0, due to the depleted DoS.

Appendix B: Solution of the Kondo impurity model

When the spin-flip terms embodied by finite J* in Eq. 7
are included, the model becomes a highly nontrivial quantum
many-body problem for which no generic analytic solution ex-
ists. As such, sophisticated numerical methods such as Wil-
son’s NRG technique are needed to obtain the full solution.
Note that basic mean-field methods totally fail to capture the
physics of the Kondo model, unlike the Ising case.

1. Numerical Renormalization Group

NRG is a numerically-exact, non-perturbative technique for
solving quantum impurity type problems [67, 68]. It was orig-
inally designed to deal with the metallic Kondo problem, but
has since been generalized to impurities in arbitrary structured
baths [68, 92]. Here we use full-density-matrix NRG [79] to
obtain the (local) impurity magnetization of the Kondo model
in the presence of impurity and bath magnetic fields, at finite



temperatures, as well as to calculate the impurity entangle-
ment negativity [64].

The NRG method involves the following steps [67, 68].
(1) The bath DoS p(w) is divided up into intervals on a log-
arithmic grid according to the discretization points +DA™",
where D is the bare conduction electron bandwidth, A > 1 is
the NRG discretization parameter, and n = 0,1,2,3,.... The
continuous electronic density in each interval is replaced by a
single pole at the average position with the same total weight,
yielding p%¢(w).
(ii) The conduction electron part of the Hamiltonian Hp,y, is
then mapped onto a semi-infinite tight-binding chain (called
the ‘Wilson chain’),

Hyann = Hgy = " D o (i foir o+ £t o) » (B
o n=0

where the Wilson chain coefficients {#,} are determined such
that the DoS at the end of the chain reproduces exactly the
discretized host DoS, that is —XIm (( foos f& 2 = pP(w).
For simplicity we have assumed particle-hole symmetry in the
free bath here. Due to the logarithmic discretization, the Wil-
son chain parameters decay roughly exponentially down the
chain, #, ~ A™"/%. However the detailed form of the 7, encode
the specific host DoS [68].
(iii) The impurity is coupled to site n = 0 of the Wilson chain.
We define a sequence of Hamiltonians Hy comprising the im-
purity and the first N + 1 Wilson chain sites,

A N-1
Hy =JS;-So+B(S;+87)+ Z Z A AP R AN A I

o n=0

(B2)

where we assume J° = J* = J and B; = By = B for simplicity.
‘We now define the recursion relation,

Hyor = Hy + )ty (i ofvro + Foiofye) - (B3)

such that the full (discretized) model is obtained as HYs =
limN_,w H N-

(iv) Starting from the impurity, the chain is built up suc-
cessively by adding Wilson chain sites using the recursion,
Eq. B3. At each step N, the intermediate Hamiltonian Hy is
diagonalized, and only the lowest N; states are retained to con-
struct the Hamiltonian Hy.; at the next step, with the higher
energy states being discarded. With each iteration we there-
fore focus on progressively lower energy scales. Furthermore,
the iterative diagonalization and truncation procedure can be
viewed as an RG transformation [67], Hy.1 = R[Hy].

(v) The partition function Zy can be calculated from the diag-
onalized Hamiltonian Hy at each step N. Wilson showed [67]
that thermodynamic properties obtained from Zy at an effec-
tive temperature Ty ~ A™N/? accurately approximate those of
the original undiscretized model at the same temperature. The
sequence of Hy can therefore be viewed as coarse-grained
versions of the full model, which faithfully capture the physics
at progressively lower and lower temperatures. Useful infor-
mation is therefore extracted from each step, and physical ob-
servables can be obtained at essentially any temperature.
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In this work, we use an NRG discretization parameter A =
2 and retain N; = 3000 states at each step of the calculation.
Total charge and spin projection abelian quantum numbers are
exploited in the block diagonalization procedure.

Appendix C: Solution of the Ising impurity model

For an Ising impurity probing a fermionic environment,
the full Hamiltonian is given by Eq. 7 with J+ = 0. Even
though this is an interacting quantum many-body problem (its
fermionic representation involves quartic terms), it is trivially
integrable and therefore exactly solvable because the impu-
rity spin is conserved, [I—AI,S' ;] = 0. This means that exact
eigenstates are separable (product) states, [) = |S%); ® |¢)35,
with corresponding energies E = B(¢|ﬁba,h|¢)3 +B;S%+(By+
JS9)p(8ISE|¢)p. Given that S5 = 1[figy — fig;] and that for a
given impurity spin projection S the bath electrons with spin
o =7 and | are strictly decoupled, the effect of the impurity
on the conduction electrons can be entirely captured with a
modified boundary potential added to the free Hpun. We can
therefore write,

AS‘,,(r

A =B85+ 1SHA,I(SH (C1)
Si.o
where,
ST ST (A At A
Hypy = €4 (”m—) + Z & CkoCror > (€2

k

Sio . .. . .
and eej; = B,S, + J:Sjo is the effective boundary potential

(o = i% for 7 / | electron spin). Here g, = 6&;6‘00 is the
number operator for the local bath site to which the impurity
is coupled, and ¢y = > xcro as before. Each of the four

effective models ﬂi{;t: are simple free-fermion problems that
are easily solved. Here we are interested in calculating the
QFI for the Ising impurity system in an arbitrary structured
fermionic environment, characterized by its free DoS, p(w).
We therefore develop a Green’s function method to solve the
model exactly, which allows us to work directly in the thermo-
dynamic limit of the bath, with p(w) as the input. The impurity
magnetization (S7) is calculated exactly, and the QFI follows
immediately from Eq. 11.

The impurity magnetization is obtained from the free en-
ergy, (S%) = 0F/0B;, with F' = —T InZ where Z is the full
partition function. Since eigenstates are labelled by S%, we
can decompose Z = Zs; Z%i. From Eq. C1 it follows that

§: _ 750 Sio ST _ -B,SYT S
221 =71, 4, where Z,' = e™"°1/* and Z;"" is the par-

. . ASio . .
tition function calculated from H, | t: in Eq. C2. The impurity
magnetization follows as,

T_71
Z Z). (C3)

1
2y — | ——
<S’>_2(ZT+Zl

S0 . ~ASio .
To make progress we must calculate Z,”" . Since H, " is
B bath



quadratic, we may use,

nZy = f dw por” (@) x In[1 + /7], (C4)

where pm[ (a)) is the total (orbital-summed) DoS of H bmh

We separate this into a contribution p?, (w) from the free bath
(evaluated for eS = 0) and a contribution Apto[ (a)) due to
the 1ntr0duct10n of the boundary potential (evaluated for fi-

nite e "7, such that ,omt “(w) = o2 (W) + Apmt “(w). Since the

contrlbutlon to ZB’ coming from ptot(a)) does not depend on
§% or o, it cancels in the magnetization calculation, Eq. C3,
and therefore we do not need to evaluate it explicitly. We ob-

tain Apm’t “(w) = —1Im AGtot ?(w) from the change in the total
(orbital-summed) bath Green’s function due to the boundary
potential.

The free bath DoS at the impurity position p(w) =
—}Tlm Ggo(w) is related to the retarded local Green’s function
Ggo(a)) = (s cg(r))o, evaluated for the decoupled Hp,y;, and
can have arbitrary structure. We may write this Green’s func-
tion as G (w) = 1/[w + i0* — A(w)] in terms of an auxiliary
hybridization function A(w). Including the boundary poten-
tial, the Dyson equation yields,

Srr( )]

The difference in the local Green’s functions at the impurity

S(r
Cor

[G@)]” (C5)

position due to the boundary potential is then AG‘;&’(r(w) =

Gi&’a(w) - Ggo(w). Finally, we use Green’s function equations
of motion methods [50, 56] to express the fotal change in the
bath Green’s function due to the boundary potential, in terms
of this local change,

Sio [1 - —aA("’)] . (o)

AGy (@) = Gy (@) x 1= =

From this we obtain the total change in the bath DoS,

Apts(;’t’g(w), and hence the impurity contribution to the parti-
tion function from Eq. C4. The impurity magnetization fol-
lows from Eq. C3.

The full analytic solution of the generic Ising impurity
model presented above yields some immediate insights, dis-
cussed below.

1. B =0 case

Keeping By finite but setting By = 0 results in an impurity
response identical to that of a free spin, independent of the

specific bath used. This is because in this limit eTﬁT l} and
eeTﬁf j}, meaning that [],, ZS " is independent of S¢ in the

calculation of the impurity spin-resolved partition functrons
Z5i. From Eq. C3, these factors cancel out in the magnetiza-
tion calculation and we obtain (S =-3 tanh(B,/ZT) as for
an isolated free spin. Corrections to this result for small finite
By are expected to be small.
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2. Wide flat band limit

Quantum impurity problems are often studied [50] using
the flat band DoS Eq. A1, in the wide bandwidth limit D — oo.
In practice, this applies for finite bandwidths which are the
largest energy scale in the problem, D > J* B;, By, T. In
this case, the real part of the bath Green’s function Ggo(a))
vanishes, and so the auxiliary hybridization function takes the
form A(w) = w — i/(mpy). From this we see immediately

that (9A(w)/6w = 1 and hence AG[Ot “(w) = 0in Eqg. C6. In

turn, Z " is independent of S§ and o from Eq. C4, and the
1s01ated free spin result for the impurity magnetization (S =
—% tanh(B,/2T) is again found from Eq. C3.

3. Nanowire example

For By # 0 and arbitrary structured baths, we find a correc-
tion to the free spin result. However, in all cases considered,
the deviation is rather modest. To illustrate this, we take the
nanowire (1d chain) bath as a concrete example. The explicit
form of Eq. C2 then reads,

00

ST Sio AT A At A
Hyun = €4 (”00) + IZ (cj(rcj+lo' + c]+10'cj(r) . (€D
=

The corresponding free bath Green’s function at the impurity
location is G (w) = w/(2) — i1 - (w/20)> = ¢ with
cos¢ = w/2t. The local DoS seen by the impurity follows
from p,(w) = —}rlm Ggo(w), and is given by Eq. A2 with
D = 2t and py = 1/xt. The change in the local Green’s func-
tion due to the boundary potential is still given by Eq. CS.
Following Ref. [60], we can express the change in the real-

space Green’s functlon for site j > 0 due to the boundary

potential as AG " (w) = AGgO 7(w) X [1G O(w)]2/ . We note

that the latter factors [tG O(w)]zf = 72U are simply Cheby-
shev polynomials. Resumming the infinite series for all sites
J» we obtain explicitly,

AG I (w
MG (@) = —w @) ()
1 - [1Gyy(w)]
which agrees with the general calculation from Eq. C6.
Using these expressions, we find that the correction to the
free-spin magnetization is small except when the impurity-
bath coupling J* > D is very large.

4. Mean-field approximation
Further physical insight is gained from a mean-field ap-
proximation for the Ising impurity magnetization problem.
The mean-field Hamiltonian for the Ising impurity model
is obtained by decoupling the interaction term, assuming that
impurity and bath spin fluctuations around their average val-
ues are small. We can then write,

I:IMFT = I:Ibath + B;ﬁSA; + BgﬁSAS , (C9)

where the effective fields are Bfff B + J* <S > and Bel7r =
By + JZ<$’§>. Since the impurity and bath only talk to each



other through their average magnetizations in mean-field the-
ory, we can treat them as independent systems subject to the
self-consistency condition,

(S?) = —% tanh[BI +2J;<SB>] ’ (C10)
<§3> = % [{for) — oy - (C11)

Here <§8> depends on <§ §> through the effective boundary

field acting on the bath, Bgﬁ .

We again develop a Green’s function approach to solve the
equations, so that we can use any bath DoS of our choos-
ing. For a given free bath Green’s function Ggo(w), we can
incorporate the effect of the boundary field through the Dyson
equation,

[ So(w)]_l = [Ggo(w)]_1 - O'Bgﬁ, (C12)
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where o = i—% for bath conduction electrons with spins T / |.
The local spin-resolved occupancy then follows as

e .
oy == [ dofio) m[Gg)]

00

(C13)

with f(w) the Fermi function.

Although a simple approximation, we find by comparison
to the exact solution that in practice the mean-field result is
extremely accurate, especially at larger B; and T. In partic-
ular, the form of Eq. C10 unveils the rather elegant physical
interpretation that the Ising impurity magnetization is essen-
tially that of a free spin, but with a renormalized effective field
B; — B;ﬁ . Indeed, in most reasonable cases of interest we find
the renormalization to be small.
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