





































































Circle Inversion

We know how to

i reflect at a point

P O Q

Q xp
p

in reflent at a line
n

e

P

Why not reflect in a circle

r

xp p

Q C

Q P reflection of P in C








































































How should Pm P'look like

i points on circle are invariant

a O P P are collinear

in If P circle

then P and P are close

ill If P 0 they P as

If P as then P 0

v reflection should be

self inverse PY P

u 0 is not defined

or set of as








































































βThis is all satisfied by

P P unique point on

the ray OF's.t

IOP 1 1 OP r

Let us try this out P
x

IOP IOP
r fp

C








































































Basic properties
107 distances are not preserved

1 P p

2 P inside C P outside C

Points on C are invariant

3 Some angles are preserved

p

p

Q

4 O P Q GP Q o

below anti 7 conformality








































































5
Prof The triangles

Δ PO Q and Δ Q'op

are Ila as

Ii G QOP 9 Q O P

and

ii IOPI IOP r I Q1 100 l

IOP

IOQ1

Hence 4 OPQ GP Q 0

as corresponding angles
g








































































4 If you know about comple

number Q

Reflection in unit circle 121 1

corresponds to

Z

I conjugate of z
Anti Conformality

In fact circle inversion

preserves all angles
between curves e.g








































































lines circles

Propositions En C curves

intersecting in P 0 with

angle α then ei ed
intersect in P with

angle α

fix








































































7

Before its proof consider
the following

Claim

p
p x

t
e

O
Q R R

Q

4 RPQ QQ P'R








































































Proof 19

p

I If
e

Q R R toe
Proof G Q P'R
180 4 R Q'P P'R'Q

4 P Q'O G P R'Q
4 OPQ GOPR

4 RPQ
claim








































































The proposition follows 70

by continuity

offff

R

I Jp
Q e

Then R Q P

β α

This shows the proposition








































































Clines circles lines
under inversion

lines 70 lines 7 0

lines 0 circles 70

circles 70 lines 0

circles 0 circles 0

i line containing 0

l
p

p








































































ii line not containing 0

Q C

xp l
Q

Ftp

111 Q orthogonal projection

of 0 on l

2 QQ P 0 4 OQP 90








































































K
3 As a Q'PO 90

P is on circle C

with diameter QQ

by Thales's Theorem

We have proven
Pel P e C

in circles through 0

This is just converse to ii

Remember P l P

1








































































For completeness here is the

argument

Q

C

a C P
P e

Q
x








































































45
A Q second intersection

of 00 and C

2 l perpendicular line

to 00T at Q

Not surprisingly

a QP O 4 OQ'P 90

3 Thales P e C
T










































iv circles not through 0

P L
P a

B

O B A A

C

1 Select L intersecting
C in diameter AB

2 Above Claim

B P'A AP B 90








































































3 By Thales P is on

circle C with diameter

A B

In summary
PEC P EC

Clines are sent to
clines

Better lines are

just circles through a








































































78Exercise 1 le

C2 C

e

Sketch the images of
Cn Ca la la under

reflection








































































V9Exercise 2

Cn C circles with centers On 02

Let PH P inversion at C

When is C Ci

Cz
P P

C

ÉA
B 82 B A

Hint A B and B A

GO PA 40 PB








































































QExercises
Consider 4 non intersecting

circles Cn Cn Cs Cy
such that

C touches C in Pn
i i i i i

Cy touches Cn in Py
Cr

G P
x Pe

Py P C
3

Cy








































































Prove that Pa Pa Ps P R

lie all on the same

circle using invertion

First Where would you
invert

Usually where most
circles meet to turn

these circles into lines

So try any circle
centered at say Pn








































































K

C PP live
out there

C PL

C p

Pit CY

P P2 P3 Py on circle

Pi Pi Pi Pi on line













































Exercises Pappus Circles

in Shoemaker's knife
images taken from

G

q

A a

B
D2

Cn
on

of a

Dr
h

2n radius Cu

80

A B








































































4Prove that
i The points of tangency

between the enscribed circles

all lie on a circle

ii The distance between

center of AB and On is

2 n radius Ca

Hint Use inversion

Hint 2 at A
Hint 3 that keeps Cn fixed













































F
7 C2 D2
c C1

m a

Ci
i

In
Ci

Co

m
A DI Di B

D

D circle with center A

orthogonal to Cn


















126Note conformality

Ci touches Dr Dr

Ci touches Di Di
ñ
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