Mathematics on the Chessboard



Muchsmacics Chess and Dominoes
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Problem 1. Consider a 8 = 8 chessbhaard and remaowe two
diametrically opposite comer unit squares. |s it possible to
cover [without averlapping) the remaining €2 unit squares with
dominoes?

[A domina is a 1 = 2 rectangle).
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Solution. Two diametncally opposite corner squares that have
been removed fram the onginal chesshaard have the same
colour. Clearly, then, since a domino covers one yellow unit
square and one red square, it is impaossible to cover the
remaining 62 unit squares with dominoes,



Problem 2. In each unit square of a 8 = & array we wnte one
of the numbers =1, 0 or 1. Is it possible that all sums on rows,
colurmns and the two diagonals are distinct?
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Summing 1, 0 and —1

Solution. Mal We have 2 8 + 2 = 18 sums. The masirmum
value of such a sum is 8 and its mimmum value is —8.

Therefare the 18 numbers lie in the st
[-8-7.....0,1... 8}

Since the above set contains ecactly 17 numbers, at least twao
of the above sums must be equal.
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Products of 1 and —1 on a 7 = 7 board

Problem 3. (a) Is it possible to fill the unit squares of a 7= 7
array with 1 or —1 such that the product of the elements in
each row is 1 and the product in each calumn is —17

(b) What is we consider a 8 » B board? In how many ways 7
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Products of 1 and —1 on a 7 = 7 board

Solution. Denote by aj. az. ... ar the product of the elements
in each row and by by, bs, ... by product of the elements in
each column.
Then ajas - as and bybs -« by represent the product of all the
elements in the array, so the must be equal. According to our
candition we have
a3y ay =1

whiile

biby b= (-1) = -1

which 5 3 contradictian.
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(b) For a 8 = & array, the abowve argument does not lead to any
contradiction. Remark that the on column 1, the first T unit
squares can be filled in 27 different ways [as each entry must
be either 1 ar —1) and the last unit square can be filled in anly
one way. Similarly, colurmns 2,3,4,5,6 and T can be filled in 27
ways each. The entries in first seven rows of the final colurmn
are unigquely determmined.
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Products of 1 and —1 on a 7 = 7 board

We still have to enter the number which appears in row
Bcolumn 8 There are two cases. If there are an even number
of —1's in the first seven rows and first seven columns then
there will be an odd number of 1's and an even number of —1
in the first seven entries of the final column while there will be
an even number of 1's and an odd number of —1 in the fist
seven entnes of the final row. This means that —1 in the final
raww, final column will give the correct products. On the other
hand, if there are an odd number of —1's in the first seven
rawvs and first seven columns then there will be an even number
of 1's and an odd number of —1 in the first seven entries of the
final calumn while there will be an odd number of 1's and an
even number of =1 in the first seven entries of the final row.
This means that 1 in the final row, final column will give the
correct products. Therefore the final answer is (27)7 1 =214,
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Products of 1 and —1 on a 25 x 25 board

Problem 4. Each unit square of a 256 = 25 board is filled with
1or-1. Denote by a5.a3z.....ams the products of the elements
by rowws and by by, b, ..., ey the product of the elements by

calumns. Prowve that

a +az+ o +am+bh+bat o+ bhgF0
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Solution.
Remark first that agas -+ a2 and also bybs -« bey represents
the product of all the numbers on the chesshoard. Therefare,

aaz o ax = biba - b, (1)

Denote by & (resp. p) the number of —1 between ay, a3, ...
a4 [resp. by, ba.. . beg). Then (1) reads

(-1)* = (-1)",
that is, & and p have the same parity. Mow

it+a&t o tam b+ the =

(25— k) -k +[25—-p)—p
= 225 — k — p]
= 2[5 — [k + P

which & never zem since k + pis even [why?)
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The Infected Chesshoard

Problem 5. Seven unit cells of a & = 8 chessbaard are infected.
In one time unit, the cells with at least two infected neighbours
(having a commaon side) become infected. Can the infection
spread to the whaole square?



Mmoot ica
an e
i sy cowrcd

The Infected Chesshoard

Solution. By looking at a healthy cell with 2,3 or 4 infected
neighbars, we observe that the perimeter of the infected area
doss not increase. Initially the perimeter of the contaminated
area is at most 4 = T = 28 so it never reaches 4 = 8 = 32,
Therefore, the infection cannot spread to the whole chessboard.
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Figure: A noemal call [white ] having two infected neighbours

e . e

Figure: A normal cell {white ] having teoo infected neighbours
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Figure: A normal cell {white] having three infected neighbowrs
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Figure: A noemal cell {white ] having feur infected neighbours
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The Infected Chesshoard

Similar variant. Initially, some configuration of cell of 3 given
it # r chessboard are infected. Then, the infection spreads as
follows: a cell becomes infected f at least two of its neighbars
are infected. If the entire board eventually becomes infected,
prove that at least mof the celk were infected initially.



Problem 6. The numbers 1.2, ... 81 are randomly written in
a 9 » 9 array. Prove that there exists a 2 = 2 subarray whaose
numbers have the sum greater than 137.
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Solution. There are exactly 8. 8 = B4 subarrays of type 2 » 2.

Figure: The top kft unit square of any 2 = 2 must be ane of the red
SqUAares
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Sums of 2 = 2 blocks

Let
S < 5 < £ S

be the sums of numbers written in these subarrays. Suppose
that the assertion of the problem does not hald, that is, the

largest of the surms in question satisfiss the ineguality
Sa4 = 137, This alo implies

Si4 54+ 5 < b4 13T = BT6B.
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On the ather hand, in the above sum same af the numbers in
the array are counted exactly once, some others are counted
twice and same of them are counted four times.

Figure: The numbers seritten in the red wnit squares are counted onlby
Len ]
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Figure: The numbers written in the red wnit squares are counted
eacthy teios



Ear e Sums of 2 = 2 blocks

i sy cowrcd

Figure: The numbers written in the red wnit squares are counted
exacthy four times
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We have therefore the lower bound

Si4+% 4+ +%4 = UBL4B04TO4T78)4+2(TT4+76
oo 4+ 50) + 449 448 + - + 1)
—  E7T4.

cantradiction. Therefare, at least ane of the sums in the 2 = 2
subarray is greater tham 137,



