How Bad are Irrational Rotations for Generating Pseudo-Random Numbers?

Monte Carlo simulation involves the estimation of probabilities or means based on the
corresponding statistics of randomly generated scenarios. Rather than generating truly
random numbers, most computer systems use pseudo-random numbers, which
appear random but in fact come from a formula.

The randomness of a random number generator can be assessed by statistical tests,
from numerical verification of theoretical results (such as Khintchine’s iterated
logarithm law) or tests such as Marsaglia’s ‘diehard’ suite designed specifically to
detect known flaws in simple generators. A good random number generator, such as
the Mersenne Twister algorithm, triggers a large number of Type Il errors, that is, the null
hypothesis of randomness is not rejected even though it is a false.

One of the simplest random number generators, known as irrational rotation, involves
taking an irrational number, such as a = sqrt(2), then defining the nth random number
as the fractional part of an. That generator fails many of the standard tests, but has the
advantage of simplicity and ease of implementation and therefore can be useful in
teaching and for research where reproducibility of results is of importance. Hardy and
Littlewood proved results on the sums of irrational rotations. The equi-distribution of
irrational rotations is an immediate consequence of Weyl’s criterion.

This project is to investigate the behaviour of pseudo-random walks, whose increments
are generated from a desired distribution from irrational rotations using the inverse CDF
transform method. Numerical experiments suggest that the extreme points of such
walks occur at time points related to solutions of Pell’s equation, and that the growth of
the extrema is slower than suggested by the iterated logarithm law. The purpose of the
projectis to develop hypotheses based on nhumerical investigations and then to prove
them using methods from number theory and/or Fourier analysis.
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