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Abstract

This paper develops a Monte-Carlo backtesting procedure for risk premia strategies and
employs it to study Time-Series Momentum (TSM). Relying on time-series models, empirical
residual distributions and copulas we overcome two key drawbacks of conventional backtesting
procedures. We create 10,000 paths of different TSM strategies based on the S&P 500 and a
cross-asset class futures portfolio. The simulations reveal a probability distribution which shows
that strategies that outperform Buy-and-Hold in-sample using historical backtests may out-of-
sample 1) exhibit sizable tail risks ii) underperform or outperform. Our results are robust to

using different time-series models, time periods, asset classes, and risk measures.
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1 Introduction

Many investment strategies such as risk-premia strategies are (back-)tested using historical data.
Rietz (1988), Barro (2006) and Farhi & Gabaix (2016) emphasize the importance of tail events for
understanding risk-premia. Historical data, however, contain few tail events, making it difficult
for a backtest to judge i) the true risks involved in a strategy and ii) the chances of a strategy to
outperform a benchmark in the long-term."

In order to overcome these backtesting problems, several papers have employed bootstrapping
procedures. Yet, existing bootstrapping procedures are unsuitable for our analysis as they i) do
not preserve the time-series and cross-sectional dependencies of returns and ii) re-employ the same
extreme residuals again and again. Thus, while boostrapping can replicate past historic tail events,
it cannot generate a sufficiently large variety of possible future tail events to robustly examine a
strategy. We develop a Monte-Carlo backtesting procedure that addresses these issues.

Monte-Carlo methods are popular in finance to price derivatives, and to stress test balance
sheets, yet are rarely used to assess risk-premia strategies. Our approach involves parameterizing
several plausible time-series processes by fitting them to actual data, and then empirically estimat-
ing the distributions of the residuals and their dependencies across assets using copulas to create
new generic residuals. We then backward transform our generated residuals, using the empirical
distributions and the estimated time-series processes, to create new returns with the same statisti-
cal properties as in the original data. This process gives us many different possible realizations on
which to test investment strategies, get an overall distribution of their outcomes, and examine their
characteristics.

We illustrate our approach using a set of investment strategies called Time-Series Momentum
(TSM). Jegadeesh & Titman (1993) first document Cross-Sectional Momentum (CSM) returns that

arise from a market-neutral portfolio of stocks that buys winners and sells losers ranked according

'Bailey & Lépez de Prado (2014), among others, criticize these backtesting procedures for hiding the asymptotic
properties of investment strategies.
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to their past relative performance. More recently, Moskowitz et al. (2012) and Hurst et al. (2017)
have documented the presence of Time-Series Momentum across asset classes. TSM takes a non-
market-neutral exposure in, for example, an index based on its past own performance.

It is not well-understood how such a simple rule can earn returns in excess of Buy-and-Hold
(BH) in historical backtests, making it the subject of much interest. Fama & French (1996, 2008)
call Momentum the ”premier anomaly” and a ”main embarassment” for the standard theory. Such
anomalies are usually explained either as a risk, a bias or a statistical artifact.? However, the
characteristics of a Time-Series Momentum strategy (it involves trading based on a set of fixed rules
and it combines multiple assets) that make it difficult to examine using conventional backtests, also
make it suitable to be analyzed within our framework.

Figure 1 shows how our methodology can be used, for example, to identify hidden risks or to
evaluate the chances of a strategy to perform out-of-sample: Panel A of Figure 1 shows a litera-
ture standard backtest based on the historical data from 1985.1-2009.12.> The data shown in this
panel reveal that a Long-Short Time-Series Momentum strategy (LS-TSM) has higher risk-adjusted
returns than BH. Tail events are crucial to understand this outperformance. Without the severe
market decline around month 200 (during a recession in the early 2000s), the strategy underper-
forms BH in the overall sample.

Panels B, C, and D show three of the 10,000 simulated paths from an autoregressive model with
24 lags. While Panel B confirms the conclusions of the conventional backtest of Panel A that out-

performance of this particular LS-TSM strategy can be a long-run outcome, Panels C and D reveal

2The first explanation views return anomalies as a risk compensation and stipulates that asset pricing is rational
and can be reconciled with a multi-factor version of the capital asset pricing model (CAPM) or arbitrage pricing theory
(APT). Contributors to this line of literature are, among many others, Fama & French (1993, 2016), Jagannathan
& Wang (1996), Rietz (1988), Barro (2006), and Farhi & Gabaix (2016). The second views return anomalies as
behavioral biases that result in mispricing. Explanations that follow this path include, among many others, De Bondt
& Thaler (1990), De Long et al. (1990), MacKinlay (1995), Shleifer & Vishny (1997), Grinblatt & Han (2005),
DellaVigna & Pollet (2009), and Hirshleifer (2015). The third views return anomalies as statistical artifacts, see e.g.
Lo & MacKinlay (1990), Black (1993), Kothari et al. (1995), Jorion & Goetzmann (1999), Mclean & Pontiff (2016),
and Harvey et al. (2016).

3Figure 1 computes a Long-Short Time-Series Momentum strategy with a 9-months lookback window on the S&P
500. Such a strategy shorts the S&P 500 if the cumulative return of the past 9 months is negative and buys the
S&P500 if the cumulative return of the past 9 months is positive. A rebalancing is conducted at the last day of each
month.
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Figure 1: Time-Series Momentum vs. Buy-and-Hold
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Notes: Panel A shows the performances of an unleveraged Long-Short Time-Series Momentum strategy with a
9-months lookback window and of a Buy-and-Hold strategy on the S&P 500 (monthly rebalanced) during 1985.1
and 2009.12. Table 3 summarizes these findings and reveals that Momentum achieves a monthly Sharpe ratio
of 0.20, Buy-and-Hold of 0.16. Panels B,C and D show three of the 10,000 paths obtained through simulations
based on an MA(12) model. Panels E and F are two excerpts from Panels C and D in which Momentum

significantly underperforms Buy-and-Hold.
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that this strategy may also significantly underperform. Later in Section 3 we document that this
particular LS-TSM strategy underperforms BH in more than 84% of the 10,000 simulated paths.
Other TSM strategies do outperform in both historical backtests and Monte-Carlo simulations.

Likewise, Panels E and F reveal two hidden risks of the LS-TSM strategy. Panel E reveals that,
after a drawdown of the market, LS-TSM shorts the market while BH is long when the market
recovers, thus, leading to a LS-T'SM underperformance of almost 40% over a period of 11 months.
Panel F shows that during an innocently looking sideways movement of the market, LS-TSM un-
derperforms by almost 50% in 25 months.

Convincing risk explanations of Momentum remain scarce. Berk et al. (1999), Johnson (2002),
Sagi & Seasholes (2007) provide rational models based on growth options, Chordia & Shivakumar
(2002) and Ahn et al. (2003) emphasize macroeconomic risk, Cespa & Vives (2012) and Albuquerque
& Miao (2014) highlight the role of information. While many of these explanations may apply to
CSM, few apply to TSM which, as a strategy, creates a portfolio exposure based on some past
history of returns, and is often not-market neutral. This is why we focus on a CSM strategy
that puts strategy crashes into the spotlight, see e.g. Barroso & Santa-Clara (2015) and Daniel
& Moskowitz (2016). We differ from these papers in that our method can also be used to reveal
out-of-sample risks, risk-return trade-offs, and possible data-snooping bias in the implementation
of the strategy.

In order to examine the significance of financial anomalies, out-of-sample tests have often been
suggested as another alternative to in-sample historical backtesting, see e.g. Inoue & Kilian (2005),
Rapach & Wohar (2006), Hubrich & West (2010), Clark & McCracken (2012), and Rossi & Inoue
(2012), and Mclean & Pontiff (2016). Since such tests typically require splitting the historical sam-
ple into two or more parts, they suffer to an even larger extent from a problem highlighted earlier,
i.e. the low number of tail events, which further reduces when the sample is split.

To overcome this data limitations, researchers create new generic returns by using bootstrap-

ping methods. However, proper bootstrapping of financial data needs to take into consideration the
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fact that returns are not independent and should not be directly bootstrapped. Instead, adjust-
ments need to be made to preserve the dependency structure of the series. One of those methods,
block bootstrapping, involves resampling blocks of returns. A second approach, and similar to our
method, involves fitting a statistical model, resampling the residuals, and then generating a new

pseudo-series by applying the estimated model to the residuals.

This latter method of bootstrapping has been employed in testing trading rules (Brock et al.
(1992), Conrad & Kaul (1998), LeBaron (1999), Sullivan et al. (1999, 2001), Maillet & Michel
(2000), Taylor (2000), Jegadeesh & Titman (2002), White (2000), Karolyi & Kho (2004), Qi & Wu
(2006)), Jegadeesh & Titman (2015), fund manager performance (Fama & French (2010), Kosowski
et al. (2006)), other predictive factors of returns (Harvey et al. (2016), Yan & Zheng (2017), and
the impact of leverage Engle & Siriwardane (2017). Some papers attempt to preserve the time-series
dependencies, while others preserve the cross-sectional dependencies. Yet, none preserve both, and

all suffer from the same lack of variety of tail events.

In contrast, our Monte-Carlo procedure overcomes these drawbacks by using time-series models,
copulas, and the empirical residual distribution to generate a large variety of new residuals (instead
of resampling) while maintaining the dependency structure across residuals and time. Applying the
tools of Extreme Value Theory in this way is more commonly used in the risk management litera-
ture, which frequently uses Monte-Carlo methods for stress-testing, see e.g. Nystrom & Skoglund

(2002a,b).*

The paper proceeds as follows. Section 2 explains the methodology and its implementation.

Section 3 discusses the empirical findings. Section 4 interprets them while Section 5 concludes.

“Monte-Carlo methods have been employed by few papers in the literature on market anomalies. Evans & Lewis
(1994, 1995) use Monte-Carlo methods to study risk-premia in the bond and in the forward exchange markets, Conrad
& Kaul (1998) to assess Momentum (but without preserving the time-series or cross-sectional structure), Bollerslev
et al. (2011) to study the volatility risk premium, Creal & Wu (2016) to study time variation in bond term premia.
The way these papers employ Monte-Carlo methods is not directly related to what we do.
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2 Methodology and Implementation

We implement our methodology in four steps: First, we estimate a variety of plausible time-series
models (such as autoregressive or moving average models) to statistically describe the historical
returns of different assets. Next, using our estimated models, we back out the residuals and de-
termine their distribution using a Kernel estimator. We then apply the inverse of these estimated
distributions to a series of new random numbers to obtain generic residuals that have the same
statistical properties as the actual ones. Next, we reintroduce statistical features such as autocor-
relation and heteroskedasticity from our estimates into the new residuals to create generic returns
that have the same statistical properties as the ones in the historical data. Finally, we compute

various Momentum and Buy-and-Hold strategies using the generic returns.

2.1 Data Description

We use monthly futures prices on 27 different assets including 9 equity markets futures (S&P 500,
DAX, FTSE 100, CAC 40, AEX, IBEX 35, S&P/TSX 60, Nikkei 225, Hang Seng indices), 4 bonds
futures (US 30y Treasury Bonds, US 10y Treasury Notes, UK 10y Treasury Bonds, Japanese 10y
Treasury Bonds), 8 commodities futures (Gold, Silver, Crude Oil, Unleaded Gasoline, Heating Oil,
Cotton, Coffee, Wheat), and 6 currencies futures (EUR/USD, JPY/USD, GBP/USD, CHF/USD,
CAD/USD, AUD/USD). Before conducting any calculations, foreign denominated prices are all
converted into USD using the USD spot exchange rate. The series are rolled at the end of each
month into the front month contract. Prior to the availability of futures contracts we use excess
return spot indexes instead. This procedure allows us to construct a cross-asset class portfolio from
1989.2 to 2018.12. For the S&P 500 we can go back even a bit further an obtain an overall sample

ranging from 1985.1 to 2018.12.

We conduct all analysis parallel for both the i) S&P 500 and the ii) cross-asset class portfolio

of 27 assets, including the S&P500. We divide our data into two periods: i) in-sample 1985.1
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to 2009.12 (for the S&P500) and 1989.2 to 2018.12 (for the cross-asset class portfolio) ii) out-of-
sample 2009.12-2018.12. The in-sample period is what Moskowitz et al. (2012) also use. The
out-of-sample period serves as a robustness sample to check the predictions of both conventional
and Monte-Carlo backtesting procedures. In our calculations, we rely on excess return indexes (as
opposed to total return indexes) as the fundamentally different interest regimes in the two sample

periods may undermine any meaningful analysis.

2.2 Step 1: Estimating Time-Series Models

In this section we separately estimate the statistical processes underlying the returns of each of the
27 assets. We rely on autoregressive and moving average time-series models since those models are
most suitable to capture the dynamics behind Time-Series Momentum. As the previous literature
indicates, Time-Series Momentum effects are strong with lookback windows up to 12 months. This
finding determines the maximum number of lags that we choose for our analysis. Since there is no
model agreed upon by the literature that perfectly captures all the statistical properties of returns,
we estimate eight different basic models. As a robustness test, in Appendix C, we estimate eight
additional models with more advanced dynamics. This analysis supports our main conclusions that
we reach using the basic models. The sixteen models employed in this paper are not the only models
that one could examine, however, we believe they capture the salient characteristics of returns that
might make TSM strategies viable. We leave it to the reader to extend our analysis further by

including other models. The log return of the asset j is given by

Pjq

7,t-1

(1)

ri¢=1In

where P;; denotes the asset j’s excess return index value at time ¢. The first set of models that
we employ are simple autoregressive AR(n) Models. We estimate these models using three, six,

nine, and twelve lags, from a period of one quarter up to one year. Formally,
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n
Tid = M+ Y GkT -k + €t (2)

k=1
where pi; is a constant; ¢;j denotes the autoregressive coefficient at lag k; zj; = €j¢/0; ii.d.
distributed ¢(v) is the standardized residual and modeled as a standardized Student’s t-distribution
to account for fat tails. In our models, n = 3,6,9,12. The second set of models that we employ are

simple moving average MA (n) Models. Again, we estimate these models using three, six, nine,

and twelve lags, from a period of one quarter up to one year. Formally,

n
it = g+ Y O k€G ek € (3)
k=1

where 6 denotes the moving average coefficient. To summarize, we estimate the following eight
models for each asset class, using the in-sample data: Model 1: AR(3), Model 2: MA(3), Model
3: AR(6), Model 4: MA(6), Model 5: AR(9), Model 6: MA(9), Model 7: AR(12), Model 8:
MA(12).

Table 1, for example, contains the estimated coefficients for these eight models based on the
data for the S&P 500 during the period 1985.1-2009.12. As Table 1 shows, the lags in the AR and
MA models are mostly insignificant suggesting that Momentum may not be very strong in these

data.

2.3 Step 2: Creating New Residuals

We back out the standardized residuals z;; from the regressions of step 1 and estimate their dis-
tribution using a Kernel estimator. Figure 2 plots the residuals probability across all eight models
for the S&P 500. Having obtained the distributions, for each of the eight models, we create 10,000
paths of uniformly distributed true random numbers as the new residuals. Each path has a length
equivalent to that of the historical in-sample period. We then apply the inverse distribution function

to turn the new residuals into generic residuals with distributional properties identical to those of
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Table 1: Parameter Estimates for the S&P 500 Excess Return Index (1985.1-2009.12)

parameter value t-stat parameter value t-stat
Model 1: AR(3) u 0.01  4.30 Model 6: MA(9) u 0.01  3.88
o1 0.03 0.69 01 0.03 0.72
2 -0.06 -1.24 02 -0.06 -1.22
b3 -0.02  -0.53 03 -0.02  -0.32
04 -0.02  -0.44
Model 2: MA(3) u 0.01 4.23 05 0.08 1.68
01 0.03 0.66 Os 0.00 -0.07
0 -0.06 -1.22 0~ 0.02 0.42
03 -0.02  -0.39 0s -0.01  -0.25
09 0.03 0.59
Model 3: AR(6) u 0.01  4.06
b1 0.03 0.60 Model 7: AR(12) pu 0.01 3.76
2 -0.05 -1.10 b1 0.03 0.67
b3 -0.02  -0.38 b2 -0.06 -1.18
Pa -0.02  -0.49 b3 -0.01  -0.12
b5 0.07 1.60 o -0.03 -0.56
b6 -0.01  -0.19 for3 0.08 1.77
b6 -0.02  -0.39
Model 4: MA(6) u 0.01 4.01 b7 0.04 0.80
01 0.03 0.62 b8 -0.02  -0.45
02 -0.06 -1.21 fors 0.04 0.78
03 -0.01  -0.29 b10 -0.03  -0.69
04 -0.03 -0.56 11 0.03 0.58
05 0.08 1.76 b12 0.02 0.31
Os -0.01 -0.18
Model 8: MA(12) u 0.01  3.83
Model 5: AR(9) u 0.01 3.81 01 0.03 0.71
b1 0.03 0.71 02 -0.06 -1.18
P2 -0.05 -1.16 03 -0.01  -0.26
b3 -0.01  -0.20 04 -0.02  -0.41
Pa -0.03 -0.52 05 0.07 1.58
fors 0.08 1.71 Os 0.00 -0.03
0% -0.01  -0.28 07 0.02 0.49
o7 0.04 0.78 0s -0.01  -0.28
fors -0.02  -0.39 09 0.03 0.56
P9 0.04 0.77 010 -0.02  -0.42
011 0.01 0.26
012 0.02 0.36

Notes: This table shows the parameter estimates obtained from the models described in Section 2.2. The
underlying data are the monthly log-returns of the S&P 500 during the in-sample period 1985.1-2009.12.

the standardized residuals backed out from the historical data.

For the S&P 500 alone this process is straightforward, yet for the cross-asset class portfolio
it is not. The main reason is the dependency of residuals across assets, i.e. the time-varying
residual correlation. The appropriate tool that we employ to generate residuals with a time-varying

dependency structure relies on copulas. An m-dimensional copula is a joint distribution function
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on [0,1]™ with all marginal distributions being standard uniform. Let F' be a joint distribution
function and Fj, j, ..., m be the marginal distributions. Then there exists a copula C': [0,1]™ - [0,1]

such that

F(z1,....xm) = C(F1(x1), ..., Fn(Tm)) (4)

for all z1,x9,...., Ty € [-00,00]. Let O = {(v,X) : v e (1,00),% e R™™}. The Student’s t-copula can

be written as

Co(ur,uz, ..., tm) = tux (8, (u1), " (u2), . £ (1)) (5)

where t, ;. is the multivariate Student’s ¢ distribution with a correlation matrix ¥ with v degrees
of freedom. When using copulas to describe dependence between asset returns, we do not need to
make any assumptions about their marginal distributions. The process of using copulas also allows
us to estimate the dependence structure, separately from the marginal distributions. A major ben-
efit of this approach, as opposed to bootstrapping, is that we can generate returns for each asset,
and have the aggregate series match the correlation across assets. If however, we were to bootstrap
returns, each selection requires us to choose the unique set of returns across the assets at a certain
date in order to maintain their cross correlation structure.

We first transform the standardized residuals to uniform residuals by the Kernel empirical
CDF and then fit the t-copula to the transformed data. To estimate the parameters v and X
for each of the eight models we use a maximum likelihood approach. Once we have obtained the
parameter estimates we can use them to generate new uniformly distributed residuals maintaining
the correlation structure. We then apply the inverse distribution function to turn the new residuals
into generic residuals with distributional properties identical to those of the standardized residuals
backed out from the historical data. It is perhaps important to stress that this last step does not

impair the correlation structure.
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Figure 2: Residual Distribution of the S&P 500 Excess Return Index (1985.1-2009.12)
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Notes: This figure shows the Kernel distribution estimates described in Section 2.3 obtained from the residuals
backed out from the eight models described in Section 2.2. The underlying data used in the models’ estimation
are the monthly log-returns of the S&P 500 1985.1-2009.12.

2.4 Step 3: Creating Generic Returns

We use the generic standardized residuals obtained in step 2 as the input noise process into Models
1-8 to obtain generic returns with the autocorrelation patterns observed in the actual data. Table 2
compares the actual with the generic returns for the S&P 500 and the cross-asset class portfolio. For
the S&P 500, the table shows that the mean of the monthly generic returns matches the historical
data’s mean return of 0.60%. For the cross-asset class portfolio the mean is computed using equal
weights on all portfolio components. The table shows that the mean generic returns is slightly
higher than in the historical data (0.43% vs. 0.2%). For the variance, generic and historical means

are identical at second digit precision for both the S&P 500 nor the cross-asset class portfolio.

In order to verify the similarities between the generic and historic return distributions, we
conducted a two sample Kolmogorov-Smirnov test with the Null that the distributions are identical.

As Table 2, we fail to reject the Null in all of the cases by quite some margin — at the 45%
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significance level to be precise. In addition, we also test whether the distributions of squared
returns are identical. Again, we cannot reject the Null at the 45% significance level for neither the
S&P 500 nor the cross-asset class portfolio. These result support the conclusion that the generic

returns have properties comparable to the those of the historical returns.

2.5 Step 4: Computing Investment Strategies

We use both historic and generic returns to compute and compare a variety of Time-Series Momen-
tum investment strategies. Since volatility weighting (risk-parity) may increase investment returns
(see e.g. Kim et al. (2016)) we compute all our strategies in a volatility adjusted and unadjusted
variant. Volatility weighting usually has the goal of making returns across asset classes with differ-
ent risk levels more comparable (see e.g. Maillard et al. (2010)). The adjustment entails weighting
the return of asset j in period t by the asset’s own past volatility. Formally, this exponentially

weighted moving average volatility is given by

V12158 P5oo

12 12 1-k . 2
\/ » 12 e(-Da Yrt1 e (e = pje-1:0-12)

Gj-1= (6)

where pgg pso0 is the monthly variance of the S&P 500 log-returns during the in-sample period
1985.1-2009.12 which, as Table 2 shows, amounts to 0.21%. The effect of this term is that the
leverage factor for each asset is scaled relative the S&P 500. Thereby, assets with lower volatility
than the S&P 500 become more leveraged and assets with higher volatility are less leveraged. The
exponentially weighted moving average volatility. « € (0,1) is a constant governing the degree of
decay of the exponential weighting. f;-1:4-12 denotes the exponentially weighted return variance

during the 12 months period.

As benchmark we consider a simple Buy-and-Hold strategy. The period t return to this strategy

is given by:
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14 Time-Series Momentum: A Monte-Carlo Approach

= S exp(rye) - 1. ™)

where j = 1,2,...,27 € J. The volatility weighted benchmark equivalent is given by qpm voi-adj,t =
ﬁ Yjes @ji-1[exp(rje) — 1]. As the baseline Momentum strategy, we consider a Long-Short Mo-
mentum strategy. This strategy considers a signal within a lookback window that determines
whether to go long or short the next period’s return. The signal to go long or short is the sign
of the return that occurred during the lookback window. For example, using a nine-month look-
back window, one would short the asset for next period if the returns over those nine months were
negative. Various papers in the literature also use different holding-periods, periods to remain
long or short after receiving the signal, and they report strong Momentum effects for holding pe-

riods less than a year. In our paper, we use a holding period of one month which is common practice.

Our Long-Short strategy will thus be equivalent to the Buy-and-Hold strategy if the cumulative
return over the lookback window ¢t —k -1 — ¢t — 1 is positive, and shorts Buy-and-Hold otherwise.

More specifically, the period t return to this strategy is given by

1

Pt /Py q1_
S lep(ry) - 1]

SRR Ghere k= 1,3,6,9,12. (8)
oy, |Pjt-1/Pj-1-1]

qrLst =

P 1/Pje1-k

The volatility adjusted variant is given by ¢r.s vol-adjt = ﬁ Yjes i1 % [exp(rj) —1]x PP

As an additional Momentum strategy, we consider a Long-Cash Momentum, which yields returns
equivalent to Buy-and-Hold if the cumulative return over the lookback window t — k-1 —>t-1is
positive, and is 0 (not invested in the market) otherwise. More specifically, the return to this

strategy is given by

1

7l Z[exp(rﬂ) - 1] x max

JedJ

i = { Pjt 1/ Pj-1-k

0 h k=1,3,6,9,12. 9
’P‘7t_1/Pj7t,1,k|, } where b b ) 9 ()

Pj-1/Pjs-1- }

The volatility adjusted variant is ¢r.c vol-adjt = ‘—}]l Y jes Pje-1x[exp(rj¢)—1] xmax { Pt lPoion]’
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In addition we restrict our Momentum strategies when the cumulative returns reach zero, they will
stay at zero instead of potentially becoming infinitely negative. Any real-life implementation of
these strategies would require such limited liability. Having defined our core strategies, we will
now examine them using a range of parameter values. Appendix A offers, as a robustness test, an
alternative Time-Series Momentum implementation that makes use of exponential moving averages.
The results obtained under this alternative strategy are similar to those obtained under our main

TSM strategy.

3 Empirical Analysis

To evaluate the performance of various strategies, we use two main risk criteria: i) the sample
period Sharpe ratio and ii) the maximum drawdown during the sample period. The Sharpe ratio
includes a risk-free rate of zero. We do this because we intend to compare a momentum strategy
with a Buy-and-Hold strategy - and the risk free rate is the same between the two (given that we
implement our strategies using futures). Any conclusion reached about the comparison would be
the same regardless of the interest rate. We also consider the maximum drawdown because it allows

us to see the asymptotic risks on the downside.

3.1 Historical Backtest

Table 3 presents a summary of the performance in the historical data, as in a conventional backtest.
By examining the Sharpe ratio, we can see that a Long-Short Momentum strategy on the S&P 500
outperforms Buy-and-Hold in-sample (1985.1-2009.12) with a lookback window of 9 or 12 months.
With shorter lookback windows it does worse. The Long-Cash Momentum on the S&P 500 out-
performs Buy-and-Hold in-sample when the lookback window is selected to be 6 months or longer.
These results hold independent of any volatility-adjustment. The in-sample peak performance of
Momentum occurs at a lookback-window of 9 months. Thus, based on the conventional backtests

one should expect out-of sample outperformance particular at this lookback horizon.
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By examining the drawdown behavior, we can instantly observe one of the drawbacks of volatil-
ity adjustment. The volatility adjusted strategies on the S&P 500 have a worse drawdown behavior
compared to the unadjusted variants. Given that these variants leverage it is not surprising. What
is a bit surprising is that this behavior is not also captured when examining the Sharpe ratio. Even
though the 9M and 12M volatility-adjusted Long-Short strategies perform better in terms at Sharpe
Ratio than both their corresponding unadjusted counterparts, they perform significantly worse in
terms of their drawdown behavior in-sample. Relative to the LS-TSM strategies on the S&P 500,
the LC-TSM strategy achieves both higher Sharpe ratios and a better drawdown behavior in-sample.

Out-of-Sample (2009.12-2018.12), all 9M and 12M strategies on the S&P 500 (vol-adjusted and
unadjusted, Long-Short and Long-Cash) underperform their corresponding Buy-and-Hold bench-
marks both in terms of Sharpe ratio and drawdown behavior. Long-Cash strategies maintain Sharpe
ratios close to the ones observed in-sample, but Long-Short Sharpe ratios collapse across different
lookback horizons. Some Long-Cash strategies without volatility adjustment outperform Buy-and-
Hold (1Im and 6m) in terms of drawdown behavior.

The out-of-sample underperformance is also reflected in the overall sample where the Sharpe
ratios of the 9M and 12M unadjusted LS-TSM strategies are 0.15 lower than Buy-and-Hold (0.18).
Only the vol-adj. Long-Cash Sharpe ratios are marginally higher than their Buy-and-Hold coun-
terpart (0.21 vs. 0.20). To summarize, for the S&P 500, at a 9M horizon, all Momentum strategies
outperform Buy-and-Hold in-sample in terms of their Sharpe ratios but underperform out-of-sample.
In the next subsection, we will see that in 2009.12, our Monte-Carlo procedure would have indicated
that underperformance is a highly probably outcome in subsequent years.

Turning to the cross-asset class portfolio, we observe Momentum outperformance (relative to
Buy-and-Hold) in terms of Sharpe ratios across all strategies in-sample (1988.2-2009.12). Partic-
ularly, strategies with a 12M horizon are characterized by much higher Sharpe ratios. In terms
of drawdown behavior, all Momentum strategies outperform Buy-and-Hold. Without volatility-

adjustment, the the LC strategies beat the LS strategies. With volatility adjustment, at 12M, the
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LS strategy beats the LC strategy.

Out-of-Sample (2009.12-2018.12), the Sharpe ratios of all strategies including Buy-and-Hold are
significantly lower. At the 12M horizon, the volatility adjusted strategies slightly outperform, the
unadjusted strategies do not. Some of the other strategies underperform, some outperform. The
drawdown behavior of Momentum is better than that of Buy-and-Hold in all cases. LS and LC
perform similarly at all horizons both in terms of Sharpe ratio and drawdown behavior.

In the overall sample (2009.12-2018.12), all Momentum strategies outperform Buy-and-Hold
in terms of their drawdown behavior. At the 12M horizon the Sharpe ratios of Momentum is
higher than Buy-and-Hold. In summary, conventional backtests predict outperformance out-of-
sample of all 12M strategies which is unobserved in subsequent years. Our Monte-Carlo analysis
in the next subsection reveal the probabilities of outperformance for individual strategies. It thus
offers a rationale for why some of these 12M strategies which outperform in sample, subsequently

underperform out-of-sample, while others outperform both in- and out-of-sample.

3.2 DMonte-Carlo Backtest

Table 4 presents the summary results of our Monte-Carlo analysis. We only focus on strategies
that outperform Buy-and-Hold in-sample using the conventional backtest, in order to emphasize
one of our main arguments — that in-sample outperformance does not imply out-of-sample outper-
formance or the opposite. This is because conventional backtests cannot (by construction) speak
to the probability distribution of outperformance. Hence, our focus is on the 9M strategy for the
S&P 500 and the 12M strategy for the cross-asset class portfolio.

A benefit of our methodology is by examining the distribution of returns, we can assign prob-
abilities of outperformance. The upper half of Table 4 compares the best Momentum strategy to
a Buy-and-Hold strategy on the S&P 500 using simulations created from the 1985.1-2009.12 in-
sample, to examine these (‘probabilities). The probabilities shown in the table are computed as the

fraction of outperforming outcomes relative to the total 10,000 simulated paths. Despite using the
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Table 3: Risk Behavior of TSM Momentum Strategies (Historical Data)

S&P500 Cross-Asset Class Portfolio
In-Sample  Out-of-Sample Overall Sample In-Sample  Out-of-Sample Overall Sample
1985.1-2009.12  2009.12-2018.12 1985.1-2018.12 1989.2-2009.12  2009.12-2018.12 1989.2-2018.12
SR DD SR DD SR DD SR DD SR DD SR DD
Buy-and-Hold
Buy-and-Hold 0.16 -52.6% 0.24 -17.0% 0.18 -52.6% 0.14 -36.7% 0.01 -28.4% 0.10 -36.7%
Buy-and-Hold (vol.-adj.) 0.17  -544% 0.26 -22.9% 0.20 -54.4% 0.19 -25.7% 0.01 -27.9% 0.13 -27.9%
LS-TSM
1M Momentum 0.04 -44.0% -0.03 -31.1% 0.03 -44.0% 0.15 -15.0% -0.08 -18.4% 0.09 -22.5%
3M Momentum 0.05 -49.6% 0.05 -32.6% 0.05 -49.6% 0.17 -9.2%  0.02 -16.1% 0.13 -16.1%
6M Momentum 0.12  -58.4% 0.04 -29.0% 0.11 -58.4% 0.16 -21.6% 0.07 -16.0% 0.13 -21.6%
9M Momentum 0.20 -36.4% -0.02 -45.4% 0.15 -52.4% 0.19 -21.4% 0.04 -14.5% 0.15 -24.5%
12M Momentum 0.18 -39.6% 0.06 -31.9% 0.15 -39.6% 0.23 -22.2% 0.00 -17.8% 0.16 -32.6%
1M Mom (vol.-adj 0.03 -63.2% 0.03 -52.3% 0.03 -63.2% 0.22 -9.0% -0.07 -15.0% 0.13 -18.1%
3M Mom (vol.-ad] 0.06 -55.2% 0.10 -50.4% 0.07 -55.2% 0.23 -8.1% 0.08 -15.2% 0.18 -15.2%
6M Mom (vol.-ad] 0.14 -63.8% 0.13 -34.5% 0.14 -63.8% 024 -12.1% 0.11 -11.0% 0.20 -12.1%
9M Mom (vol.-adj 021 -37.4% 0.09 -51.8% 0.18 -52.6% 0.29 -11.3% 0.06 -11.9% 0.22 -16.5%
12M Mom (vol.-adj.) 020 -39.0% 0.14 -38.4% 0.19 -39.0% 0.33 -11.2% 0.03 -14.0% 0.23 -21.6%
LC-TSM
1M Momentum 0.15 -30.3% 0.15 -15.5% 0.15 -30.3% 0.23 -13.1% -0.04 -18.2% 0.15 -18.2%
3M Momentum 0.14 -27.0% 0.20 -17.3% 0.16 -27.0% 0.24 -10.1% 0.02 -17.5% 0.17 -17.5%
6M Momentum 0.19 -23.7% 0.18 -14.0% 0.19 -23.7% 0.23 -10.2% 0.05 -14.4% 0.17 -14.4%
9M Momentum 0.23  -26.6% 0.14 -21.3% 0.21 -26.6% 0.26 -9.6% 0.03 -14.2% 0.19 -14.2%
12M Momentum 021 -30.2% 0.17 -17.5% 0.20 -30.2% 0.28 -11.8% 0.00 -16.4% 0.19 -16.4%
1M Mom (vol.-adj 0.14 -32.0% 0.18 -24.1% 0.15 -32.0% 0.28 -9.6% -0.03 -17.8% 0.19 -17.8%
3M Mom (vol.-ad] 0.14 -33.3% 0.21 -28.5% 0.16 -33.3% 0.28 -9.3% 0.05 -14.0% 0.21 -14.0%
6M Mom (vol.-ad] 0.19 -30.5% 0.22 -24.4% 0.20 -30.5% 0.28 -6.7% 0.07 -11.6% 0.21 -11.6%
9M Mom (vol.-ad] 022 -32.0% 0.19 -30.9% 0.21 -33.6% 0.31 -6.5% 0.04 -13.0% 0.22 -13.0%
12M Mom (vol.-adj.) 0.21  -33.0% 0.21 -23.7% 0.21 -33.0% 0.32 -8.2% 0.03 -14.1% 0.23 -14.1%

Notes: This table summarizes the risk-adjusted performance of the different Momentum strategies in the historical data. There are three periods: in-
sample 1985.1-2009.12, out-of-sample 2009.12-2018.12, and overall sample 1985.1-2018.12 for the S&P 500. For the cross-asset class portfolio the in-sample
and overall sample periods begin in 1989.2 due to a lack of data availability. 1M means 1 month. The definition of each strategy are given in Section 2.5.
'SR’ denotes the the monthly Sharpe ratio calculated under the assumption of a risk free rate of 0%. 'DD’ denotes the maximum drawdown during the

sample period.
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best lookback window (9M), the methodology indicates poor probabilities for outperformance.

The probability of outperforming Buy-and-Hold in terms of the Sharpe ratio is less than 10%
for the Long-Short Momentum volatility adjusted and unadjusted strategies. For the Long-Cash
strategies, the probability is better, but still less than 25%. In terms of drawdown behavior, the
probability that the two Long-Short Momentum strategies outperform is less than 25%. The prob-
ability that the Long-Cash strategies outperform is more than 50%.

It is important to notice that the probabilities are similar in terms of their qualitative predictions
across the eight models.” For example, the Long-Short volatility un-adjusted Momentum strategy
has a probability of realizing a better Sharpe ratio of 2.6% under Model 1 and 7.2% under Model 7.
While the numbers are quantitatively distinct, both models have the same message: outperformance
is unlikely, only occurring in less than 10% of the 10,000 paths.

How do these findings relate to the findings in the historical backtests of Table 37 The simula-
tions predict that, in particular, the Long-Short strategies on the S&P 500 have a low probability
of outperforming Buy-and-Hold. This prediction also became clear in the light of the evidence in
Panel A of Figure 1 which essentially showed that in-sample outperformance was driven by a single
crisis. The Monte-Carlo predictions are realized by the out-of-sample underperformance shown in
Table 3. They also are realized by the relative out-of-sample outperformance of the Long-Cash over
the Long-Short TSM strategy.

Turning to the simulations of the cross-asset class portfolio, the lower half of Table 4 shows
the performances of various strategies with a 12M lookback window. They indicate, at best, an
approximately 50-50 chance for the Long-Short strategies to outperform Buy-and-Hold in terms of
the Sharpe ratio (Models 7 and 8). According to these models the strategies should outperform
with 75% probability in terms of their drawdown behavior. The range of probabilities across models
lie between 50% and 85% though. We do stress however, that given the 12M lookback window, we

should focus on the MA and AR models that include all the lags within the window, namely Models

5The additional 8 models that we examine in Appendix C also make similar predictions.
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7 and 8.

The Long-Cash strategies again have a higher probability of outperformance compared to the
Long-Short strategies. That is both in terms of the Sharpe ratio and drawdown behavior. In
Models 7 and 8, the outperformance probability for the Sharpe ratio is above 80%, and the prob-
ability of drawdown outperformance is greater than 95%. In the historical backtests of Table 3,
outperformance of all 12M Momentum strategies in terms of drawdown behavior occurs both in-
and out-of-sample, consistent with the Monte-Carlo simulated probabilities, and implying that this
was a highly likely outcome.

With respect to the Sharpe ratio, all portfolios deliver weak out-of-sample performance which is
mainly due to the decline in commodity prices during this period. Of the Long-Short strategies, one
strategy underperforms, while another strategy outperforms, broadly consistent with the Monte-
Carlo probabilities of 50-50. Of the Long-Cash strategies, one outperforms while another performs
similar to the Buy-and-Hold out-of-sample in Table 3. These two latter outcomes are again broadly
consistent with our Monte-Carlo probabilities that indicate an outperformance probability between
35% and 90%.

We now turn our focus on the two strategies that Monte-Carlo identifies as the best and weakest
strategies. The 9M Long-Short volatility unadjusted Momentum on the S&P 500 and the 12M
Long-Cash volatility unadjusted Momentum on the cross-asset class portfolio. Again, the in-sample
historical backtests of Table 3 suggest that both of these strategies should outperform out-of-sample
in terms of their Sharpe ratios. Figure 3 visualizes the distribution of the 10,000 cumulative returns
at the end of the simulated paths.

The Panels of this figure reveal two key problems: first, the lowest cumulative returns of the
Momentum strategy are lower than those of Buy-and-Hold, implying that the drawdown behavior
can be worse and that there are asymptotic risks attached to this strategy which the historical back-
test of Panel A of Figure 1 does not show; secondly, the peak of the cumulative return distribution

for a momentum strategy is left of that of Buy-and-Hold, implying that underperformance is more
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likely than outperformance.

The latter of these two findings is not surprising. The insignificant AR and MA parameter esti-
mates of Table 1 already suggested that evidence for structures in the data that allow for effective
Momentum strategies during 1985.1-2009.12 in the S&P 500 data is rather weak. Given the weak
significance of the estimates, and the fact that the stock market tends to increase over time, it is
not surprising to see a strategy that shorts the market sometimes underperform a strategy that is
long-only.

Figure 4 plots the cumulative return distributions for the 12M Long-Cash cross-asset class port-
folio. Two things are noteworthy. First, the Figure shows that the cumulative return of Momentum
does not fall as low as the cumulative return of Buy-and-Hold across all eight models. Secondly, the
Buy-and-Hold distribution is significantly more right-tailed than the Momentum distribution. The
former observation implies that this Momentum strategy has better drawdown behavior. The latter
observation implies that the better risk behavior (relative to Buy-and-Hold) comes at the expense
of giving up upside potential.

To summarize, by employing our Monte-Carlo approach, we can identify probabilities of out-
performance for TSM strategies relative to a benchmark. We then employed these probabilities to
rationalize findings observed in the historical data. In that data, strategies that outperformed the
benchmark in-sample tended to consequently out- or underperform out-of-sample. The Monte-Carlo
probabilities also identified the worst performing strategy (9M LS-TSM volatility unadjusted on the

S&P 500) as the one least likely to outperform.

3.3 Bootstrap Backtest

We previously listed some of the theoretical reasons why Monte-Carlo is a more appropriate proce-
dure than bootstrapping when used in examining investment strategies particularly in the context
of multi-asset portfolios. In this section, we empirically show that a bootstrapping procedure leads

to vastly different predictions compared to the Monte-Carlo simulations.
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Figure 3: Cumulative Returns (Monte-Carlo, S&P 500)
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Notes: The figure shows the distribution of the cumulative returns at the ends of the 10,000 simulated paths
for both the volatility unadjusted 9M LS-TSM strategy on the S&P 500 as well as the Buy-and-Hold strategy.
The definition of each strategy are given in Section 2.5.

Table 5 shows the results of a bootstrapping analysis in which the residuals (that were backed
out after the estimation in step 1) are randomly drawn to create 10,000 paths for each of the eight
models. For the univariate time-series (the analysis of the S&P 500), this approach leads to proba-
bilities similar to those of Table 3. This is to be expected since there is no cross-asset dependency
structure for a single asset.® It is worth mentioning that, although the probabilities are similar, the
simulated tail events will not offer as much variety of events as under Monte-Carlo. A rare event
study such as the one conducted in Figure 1 may therefore miss the more interesting events that
can happen to a strategy.

Focusing on the cross-asset class portfolio, we observe vast differences between 5 and 3. While
the Monte-Carlo simulations imply that the 12M LS-TSM strategies have a reasonably high chance

of outperforming the benchmark, particularly, in terms of drawdown, the bootstrapping simula-

A potential solution is cross-sectional bootstrapping whereby one draws the whole cross-section of residuals at a
certain point in time. This procedure has been employed by Kosowski et al. (2006), Fama & French (2010) and Yan
& Zheng (2017) for example, yet these approaches do not attempt to preserve the time-series structure.
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Figure 4: Cumulative Returns (Monte-Carlo, Cross-Asset Class Portfolio)
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Notes: The figure shows the distribution of the cumulative returns at the ends of the 10,000 simulated paths
for both the volatility unadjusted 12M LC-TSM strategy on the the cross-asset class portfolio as well as the
Buy-and-Hold strategy. The definition of each strategy are given in Section 2.5.

tions imply that such strategies will have a very low chance of outperforming out-of-sample both in
terms of Sharpe-ratio and drawdown behavior. In the light of the historical in- and out-of-sample
outperformance in terms of the drawdown behavior of these strategies, the bootstrapping results

are difficult to reconcile with the actual data.

Likewise, the 12M LC-TSM cross-asset class portfolio analysis seems distorted by bootstrapping.
In Model 6, for example, the Sharpe-ratio outperformance probability of the volatility adjusted strat-
egy is 52.2% under Monte-Carlo, but only 26.2% under bootstrapping. Similarly, the drawdown
behavior predictions, although qualitatively broadly consistent, substantially differ quantitatively.
Under Model 3, for example, the probability of drawdown underperformance of the volatility ad-

justed strategy is 6.8% using Monte-Carlo, but 30.5% using bootstrapping.
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4 Discussion

Conventional backtests of risk-premia strategies are mainly based on historical data. Few papers
employ simulations. Those who do rely on bootstrapping rather than Monte-Carlo methods. Boot-
strapping is problematic for at least two key reasons: i) it corrupts the time-series and cross-sectional
dependencies of a series; ii) it re-employs the same extreme residuals again and again. It is plausi-
ble, and conservative, to assume that future extreme events will look different compared to the past
and simulations should therefore employ a variety of extreme residuals. We develop a Monte-Carlo
procedure that addresses these two issues by using a combination of time-series models, empirical
residual distributions and copulas to generate new residuals with a realistic dependency structure.
We then apply this procedure to analyze a variety of Time-Series Momentum Strategies.

By analyzing such strategies first using conventional backtests, we find that some of them outper-
form a benchmark in-sample yet underperform out-of-sample, while others also outperform out-of-
sample. By construction, conventional backtests fail to tell us much about the chances to outperform
out-of-sample. In fact, a naive interpretation of a back-test would be to assume that in-sample out-
performance (underperformance) also implies out-of-sample outperformance (underperformance).
Our Monte-Carlo procedure shows the dangers of this logic by explicitly revealing a probability
distribution of strategy outcomes.

This distribution can be used to not only reconcile in-sample outperformance (underperfor-
mance) with out-of-sample underperformance (outperformance), but also in-sample outperformance
(underperformance) with out-of-sample outperformance (underperformance). Furthermore, we can
employ the probability distribution to separate robust and weaker strategies. To separate strategies,
we focused only on those strategies that outperform in-sample using conventional backtests. Our
Monte-Carlo procedure then identified one particularly weak strategy that subsequently underper-

formed out-of-sample in the historical backtest.”

It is beyond the scope of his paper to explore this latter channel further. In the future we plan to investigate the
procedure’s ability to separate strategies more systematically.
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In addition to revealing the probability distribution, the Monte-Carlo procedure also allows us
to study possible future outcomes during tail events. As alluded to earlier, this feature of our
approach is important because historical backtests contain few tail events. In the historical back-
tests it is often a single tail event that determines a strategy’s overall performance. Figure 1, for
example, illustrates how a strategy (9M LS-TSM vol.-unadjusted on the S&P 500) might behave
during possible future tail events. The figure reveals possible Momentum Crashes in economically
bad times (when the overall market declines or moves sideways).

The simulations help us interpret whether a strategy’s outperformance is a risk premium, a
behavioral bias or a statistical artifact. For example, in the case of the 9M LS-TSM vol.-unadjusted
strategy on the S&P 500, we find that the strategy embodies sizable crash risks and also that the
observed in-sample outperformance during 1985.1-2009.12 is rather unlikely to repeat. In the case
of the 12M LC-TSM vol.-unadjusted strategy on the cross-asset class portfolio, the simulations sug-
gest that the crash risk is rather low, but that the improved risk behavior is paid for by giving up
a good part of the right tail of the cumulative return distribution. The Sharpe-ratio, a simplified
risk-return measure improves, but due to its simplicity, masks this trade-off.

What is clear is that performance can vary widely between lookback windows and assets, and
the reasons for a lookback window/asset combination to outperform or underperform, may not be
the same reasons for another. However, by looking at their empirical distributions, we see that some
strategies exhibit outcomes that have characteristics of having a risk-premium - paying to give up
crash risks (12M LC-TSM vol.-unadjusted); and some strategies seem to have outcomes that are
statistical artifacts (9M LS-TSM vol.-unadjusted). This uncertainty creates real risks in the choice
of which window/asset combination to use

We also want to highlight a potential drawback of our approach (and other simulation approaches
such as bootstrapping in general). We make the assumption that the past structure of Time-Series
Momentum will be similar to its future structure. More concretely, the assumption is that the the

estimated parameters of Table 1, the empirical distributions of Figure 2, and the Copula parameters
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will be similar in the future. While the latter two assumption are less stringent- as the empirical
distributions and copula parameters are empirically observed to be relatively constant even over

long-periods of time, the former assumption is much stronger.

Appendix B provides a robustness test of the Monte-Carlo simulations that addresses this issue.
The parameters, distributions and copula are estimated from the overall sample (-2018.12) instead
of the in-sample period (-2009.12). The Monte-Carlo implications are very consistent with those
estimated from a shorter period. The simulations again identify the two 9M LS-TSM strategies on
the S&P 500 as the weakest strategies most likely to underperform the benchmark, and the two

12M LC-TSM strategies on the cross-asset class portfolio as the most robust strategies.

Another potential drawback of our analysis is the limited choice of time-series models that we
have employed. While the eight AR and MA models that we use are a natural fit in the context of
Time-Series Momentum, it is not clear whether Momentum may also be connected to heteroskedas-
ticity of error terms. Appendix C addresses this issue by employing a set of eight additional models
that use asymmetric GARCH models. The Monte-Carlo computations shown in Table 9 are again
very consistent with the main computations shown in Table 9. The outperformance probability of
Momentum is slightly higher across strategies, which confirms our prior that heteroskedasticity may

also be a factor behind Momentum.

Finally, we need to keep in mind, that absence of evidence is not evidence of absence. In the
analysis, we use a variety of statistical time-series models to describe historical asset returns. Based
on these models, and using simulations, we observe that some of these Momentum strategies such
as the 9M LS-TSM strategies on the S&P 500 underperform in the majority of cases. Thus, we find
absence of evidence for Momentum outperformance in these strategies - yet we cannot confidently
reject Momentum outperformance as the time-series models that we use potentially do not capture
the deeper reason for why Momentum works. Unfortunately, there may be a statistical dimension

important for Momentum that these models simply miss.
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5 Conclusions

Tail events are important drivers for the performance of many investment strategies. Historical data
contain few tail events. Conventional backtests that rely on such data therefore have difficulties
informing us about i) the true risks involved in a strategy and ii) the long-run chance of a strategy
outperforming a benchmark.

We develop a Monte-Carlo backtesting procedure amenable to analyzing risk-premia strategies.
Our approach combines elements from the risk management literature with elements from a small
literature that uses bootstrap procedures to test risk-premia strategies. It overcomes two key lim-
itations of standard bootstrapping procedures that i) corrupt the time-series and cross-sectional
dependencies of returns and ii) re-employ the same extreme residuals again and again.

Our method involves parameterizing several plausible time-series processes by fitting them to
actual data, empirically estimating the distributions of the residuals and the residual dependencies
across assets using copulas to create new generic residuals. We then backward transform our gen-
erated residuals, using the empirical distributions and time-series processes, to create returns with
statistical properties similar to those of the original data.

We illustrate our approach by analyzing a set of investment strategies called Time-Series Momen-
tum (TSM). We show that our approach reveals both the out-of-sample risks of such strategies and
the probability of their outperformance in the long-term. We find that strategies that outperform
in-sample using historical backtests may, out-of-sample, underperform or outperform consistent with
the predictions of our simulations. We also use this additional information to categorize different
TSM strategies as a risk-premia strategy or a statistical artifact. In the future we plan to examine

other risk-premia strategies using this approach.
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A Robustness: An Alternative TSM Strategy

As a robustness test we consider an alternative implementation of Time-Series Momentum. As an estimator for the

trend, &;+-1, of asset j we use the exponential weighted moving average of past observations,

o K
The1 A G-k
| Zkz Akl

where A € (0,1) is a parameter that governs the decay. We examine a variety of parameters that are in the

(10)

§jt-1 =

neighborhood of those parameters that (ex-post) lead to the highest Sharpe ratios in the in-sample backtests, i.e.
A € {0.99,0.95,0.90,0.85,0.80}. A higher (lower) A gives more (less) weight to more recent return realizations. We

calculate the Long-Short EMA strategy (LS-EMA) return as:

1
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where qrs-EMA,vol-adj,t = I—}” Ve Bit-1 % [exp(rj,t) — 1] x &j,t-1 is the volatility adjusted variant. If the estimated
trend is negative, the exposure becomes short. If the trend is positive the exposure is long. We also implement a

Long-Cash EMA (LC-EMA). More specifically, the return to this strategy is given by

1

7] Y [exp(rje) — 1] x max {&;,+-1,0} . (12)

jeJ

JLC-EMA,t =

where qrLc-EmM A, vol-adj,t = ﬁ Y jes bii-1 X [exp(rj) — 1] x max {&;,+-1,0} is the volatility adjusted variant. Table 6
shows the historical backtest results and 7 shows the Monte-Carlo backtests. Table 6 shows that the peak performance
(in terms of the Sharpe ratio) for Momentum strategies on the S&P 500 and the cross-asset class portfolio occurs at A =
0.85. The results are similar to those results from Table 3: i) in-sample outperformance does not necessarily translate
into out-of-sample outperformance ii) strategies with volatility leveraging exhibit a weaker drawdown behavior than
strategies that are volatility unadjusted.

Focusing on the most successful strategies (those with A = 0.85), Table 7 again emphasizes that the Long-Short
strategies on the S&P 500 are likely to underperform while the Long-Cash strategies fair better. Turning to the
strategies on the cross-asset class portfolio, here too, Monte-Carlo highlights the Long-Cash strategies as superior
to their Long-Short counterparts both in terms of their drawdown behavior and their long-run Sharpe-ratios. The
cross-asset class Long-Cash strategies are also the best performing ones by some distance. Overall, the Monte-Carlo

results derived from this alternative Momentum implementation are quantitatively similar to those found in Table 4.
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Table 6: Risk Behavior of EMA Momentum Strategy (Historical Data)

S&P500 Cross-Asset Class Portfolio
In-Sample  Out-of-Sample Overall Sample In-Sample  Out-of-Sample Overall Sample
1985.1-2009.12  2009.12-2018.12 1985.1-2018.12 1989.2-2009.12  2009.12-2018.12 1989.2-2018.12
SR DD SR DD SR DD SR DD SR DD SR DD
Buy-and-Hold
Buy-and-Hold 0.16 -52.56% 0.24 -17.0% 0.18 -52.6% 0.14 -36.7% 0.01 -28.4% 0.10 -36.7%
Buy-and-Hold (vol.-adj.) 0.17 -54.41% 0.26 -22.9% 0.20 -54.4% 0.19 -25.7% 0.01 -27.9% 0.13 -27.9%
LS-EMA
A =0.99 Momentum 0.14 -56.61% 0.24 -17.0% 0.17 -56.6% 0.17  -28.6% 0.03 -17.9% 0.12 -28.6%
A =0.95 Momentum 0.16 -37.66% 0.09 -38.1% 0.14 -58.8% 0.18 -17.9% -0.07 -20.5% 0.11 -27.8%
A =0.90 Momentum 0.20 -29.8% 0.00 -38.1% 0.15 -49.5% 0.21  -20.2% -0.01 -16.4% 0.15 -23.2%
A =0.85 Momentum 0.21 -35.41% 0.05 -29.7% 0.17 -38.6% 021 -21.1% 0.03 -15.4% 0.16 -23.1%
A = 0.80 Momentum 0.16 -48.14% 0.02 -29.7% 0.13 -48.1% 0.19 -20.1% 0.01 -16.7% 0.14 -23.2%
A=0.99 Mom (vol.-adj.) 0.17 -57.24% 0.26 -22.9% 0.19 -57.2% 021  -23.3% 0.02 -171% 0.15 -23.3%
A=0.95 Mom (vol.-adj.) 0.18 -36.95% 0.17 -45.0% 0.18 -57.8% 026 -12.2% -0.04 -171%  0.17 -21.0%
A=0.90 Mom (vol.-adj.) 0.21 -31.58% 0.09 -45.0% 0.18 -48.0% 0.30 -10.8% 0.02 -12.8% 0.22 -12.8%
A =0.85 Mom (vol.-adj.) 0.23 -36.78% 0.13 -34.0% 0.20 -36.8% 030 -11.1% 0.09 -9.5% 0.24 -12.4%
A =0.80 Mom (vol.-adj.) 0.18 -50.88% 0.12 -34.4% 0.17 -50.9% 0.29 -11.0% 0.07 -9.9% 0.22 -13.6%
LC-EMA
A =0.99 Momentum 0.15  -52.6% 0.24 -17.0% 0.17 -52.6% 0.16  -32.7% 0.02 -22.7% 0.11 -32.7%
A =0.95 Momentum 0.19 -31.5% 0.18 -18.4% 0.19 -32.2% 0.21  -19.3% -0.02 -21.5% 0.14 -21.5%
A =0.90 Momentum 0.22 -23.7% 0.14 -18.4% 0.20 -23.7% 0.25 -13.5% 0.00 -17.9% 0.17 -17.9%
A =0.85 Momentum 0.23  -26.4% 0.17 -17.3% 0.22 -26.4% 0.26 -9.6%  0.02 -15.6% 0.19 -15.6%
A =0.80 Momentum 021  -29.4% 0.16 -17.3% 0.20 -29.4% 0.25 -10.6% 0.01 -15.5% 0.18 -15.5%
A=0.99 Mom (vol.-adj.) 0.17 -54.4% 0.26 -22.9% 0.20 -54.4% 021  -24.0% 0.02 -22.4% 0.14 -24.0%
A=0.95 Mom (vol.-adj.) 0.19 -33.3% 0.22 -27.5% 0.20 -47.0% 0.26 -15.8% -0.01 -18.8% 0.17 -18.8%
A=0.90 Mom (vol.-adj.) 0.21  -29.9% 0.19 -27.5% 0.21 -39.9% 0.30 -10.0% 0.02 -16.1% 0.21 -16.1%
A=0.85 Mom (vol.-adj.) 0.22 -31.8% 0.21 -22.5% 0.22 -31.8% 0.31 -6.7% 0.05 -11.6% 0.23 -11.6%
A=0.80 Mom (vol.-adj.) 0.21  -33.7% 0.20 -24.1% 0.21 -33.7% 0.30 -7.9% 0.04 -11.8% 0.22 -11.8%

Notes: This table summarizes the risk-adjusted performance of the different Momentum strategies in the historical data. There are three periods: in-
sample 1985.1-2009.12, out-of-sample 2009.12-2018.12, and overall sample 1985.1-2018.12 for the S&P 500. For the cross-asset class portfolio the in-sample
and overall sample periods begin in 1989.2 due to a lack of data availability. 1M means 1 month. The definition of each strategy are given in Section A.
'SR’ denotes the the monthly Sharpe ratio calculated under the assumption of a risk free rate of 0%. 'DD’ denotes the maximum drawdown during the

sample period.
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B Robustness: Monte-Carlo Results for the Overall Sample

As pointed out in the discussion of Section 4, one potential drawback of our analysis is that it makes the implicit
assumption that parameter estimates of the times series processes, the empirical distributions and the residual depen-
dency structure remains stable. As a robustness test, Table 8 shows how the Monte-Carlo simulations turn out once
the features are estimated from the overall sample not just, the in-sample period. The table confirms that parameter
stability is not concern: it shows that the Monte-Carlo computations are consistent with those obtained in-sample in
Table 4. In Table 8, the 9M LS-TSM strategies on the S&P 500 are least likely to outperform, while the LC-TSM
strategies on the cross-asset class futures portfolio are most likely to outperform. Furthermore, the results are also

quantitatively very similar.
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C Robustness: Alternative Time-Series Models

The AR and MA models by themselves do not assume any sophisticated volatility dynamics. However, stock returns
empirically exhibit heteroskedasticity, and exhibit a negative correlation with lagged volatility in what is known as the
leverage effect Black (1976). We use the asymmetric EGARCH model as in Nelson (1991) to model these dependencies,
as the conditional variance responds asymmetrically to positive and negative shocks. Under an EGARCH(P,Q) process,

he conditional variance of asset j has the form

2 5 2 2 lej, ekl lej, ekl & €j,t—k
logoj, = kj+ . 7ilogos i+ D ok - E( Y|+ 2 i, (13)
i=1 k=1 Oj,t-k Oj,t-k k=1 Oj,t-k

where x; is the conditional variance model’s constant, v;,; is the GARCH component coefficient, a; x is the ARCH
component coefficient and ; ; is the leverage component coefficient. As an alternative asymmetric GARCH model
we also employ the GJR model of Glosten et al. (1993). Under an GJR(P,Q) process, the conditional variance of

asset j has the form

P Q Q
Ot =Ky + 2 ViiOhemi + 2 ik + 0 Ui kllej ik <0]€f oy, (14)
=1 k=1 k=1

where the binary indicator I[e;.-1 < 0] = 1, and 0 otherwise; ; is the conditional variance model’s constant, ~; ; is the

GARCH component coefficient, ;1 is the ARCH component coefficient and ;i is the leverage component coefficient.

Table 9 shows the results for a set of eight alternative time-series models: Model 9: AR(3)-EGARCH(1,1); Model 10:
MA(3)-EGARCH(1,1); Model 11: ARMA(3,3); Model 12: ARMA(3,3)-EGARCH(1,1); Model 13: ARMA(3,3)-
GJR(1,1); Model 14: ARMA(3,3)-EGARCH(1,3); Model 15: AR(12)-EGARCH(1,3); Model 16: MA(12)-
EGARCH(1,3). The Table shows that the Monte-Carlo computations are consistent with those obtained under
Models 1-8 in Table 4. Namely, the 9M LS-TSM strategies on the S&P 500 are least likely to outperform, while
the LC-TSM strategies on the cross-asset class futures portfolio are most likely to outperform. The Table shows
that the obtained probabilities slightly increase (compare Models 15 and 16 with Models 7 and 8), indicating that

heteroskedasticity plays some role in generating Momentum.
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D Robustness: Degrees of Freedom of the Student’s t-Copula

A legitimate concern is that our results are sensitive to the Student’s t-copula’s estimated degrees of freedom (DoF).
The financial crisis, for example, has revealed that the use of the Gaussian copula (Student’s t-copula with DoF = co)
as a statistical tool to price and manage the risks of Collateralized Debt Obligations (CDOs) is highly problematic, see
e.g. Li (2000) and MacKenzie & Spears (2014). To show that our results for the cross asset class portfolio are robust
to varying the copula form, we run the simulations with i) the Student’s t-copula estimated DoFx2 ii) the Student’s
t-copula estimated DoFx0.5. Table 10 shows the results. This table is qualitatively consistent with the results from
Table 4 in the sense that the new table also predicts the i) LC-TSM strategy to outperform the LS-TSM strategy
according to both risk measures ii) the LC-TSM strategy to outperform Buy-and-Hold in particular under Models 7

and 8. Quantitatively, the results exhibit only marginal deviations from those of Table 4 (within 5 percentage points).



43

Time-Series Momentum: A Monte-Carlo Approach

"G'g UOI109G Ul USALS oIe A39)RIls [oro JO UOIUYep oY, ‘A301eI)s PO-PUe-Ang ® Jo jey) uey)
9sIoM ST £899RI)S WNJUSWON HI0YS-3UOT NG PoIsnipeun A)[11e[0A & JO UMOPMRID oY) YoIym Ul (% ur) syjyed pajenuuis ())Q‘Ql 9Y} JO UOIJORI ) Soj0uap
(proH-Ang)ad xeIN > (N6 INSI-ST)Ad XeIN ‘Alreqruarg ‘ASoje1)s plof-pue-Ang © jo yer) wer) IoySiy st £399el)s WNJUSWOIN I0YG-SU0T NG polsnlpeun
A91[19e10A ® JO orpey odreyg o) yorym ut (9, ur) syjyed pejemnuais 000‘0T 9Y) Jo uordel] oYy sejousp (ploH-pue-Ang)adreyg < (N6 INS.I-ST)odreys :sejoN

%e'T %G1 %EeF %€ %9 %69 %8 %eF (proH-4ng)aa xeN > (fpe ‘10a WZT INSL-OT)Ad XeIN
%e'T %0°C %G % ¥ %L'G %0°L %G %0°G (PloH-Ang)ad xeIN > (INGT INSL-0T)Ad XN
BOFT  UFLT  %T9E  %9TE  %USTF  %UI'SF  %E8E  %8GE (PIoH-4ng)aa xeN > (*fpe oA eI INSL-ST)Ad XBIN
WELT  UFTT  %TEer  %TOF  %T8F  %L0S %8S %Ger (proH-4ng)aa xeN > (INZT INSL-ST)Ad XeIN
¢'0x 00 ‘TT°'6002-2 6861 ‘Ol[0j110J 9ssy-sso1) reye

%88 %UETS  %USTS  %T T %L6E %S9E %LIS  %IFS (proH-Angp)odreys < (‘fpe oA WZT INSL-DT)odreys
%T'06  %STIS  %L6F  %09S  %eer  %LO0F  %08F  %9'IS (proH-Ang)odreyg < (INGT INSL-DT)odreys
%6 TS BLLY  UILT  %9TT %601 %S6 %S LT  %E6T (pIoH-4ng )edreys < (‘fpe Toa NZT INSIL-ST)odreys
%WT'TS %68 %ETT  %USLT  %60T  %00T  %SET  %EeCl (proH-4ng)odreys < (NgT INSL-ST)odreys
¢'0xd0d ‘ZT'600Z-2'6861 OI[0J310J 19SSV -SS01) reye(

%60 %e'T %0°F %€ %29 %L %EF %EF (ProH-4ng)aa xeN > (‘fpe 1oa Wl INSL-OT)Ad XeIN
%T'T %ST %LY %eF %L'G %¥'9 %T'S AR (ProH-4ng)aa xeN > (INZT INSL-OT)Ad XeIN
%EFT  UFLT  %9CE %608 %0SE  %SLF  %S9E  %LGE (ProH-4Ang)aa xeN > (‘fpe oA WgT INSL-ST)Ad XN
%TLT  %9ECT  %0EF  %96E  %USLF  %90S  %ETF  %I'e (ProH-4ng)ad xeN > (INGT INSL-ST)Ad Xe
x40 ‘TT'600T-T 6861 OI[0J}I0 }9SSY-SS0I) reye(

%L UETS  UT'ES %TT9  %UV6E  %L9E  %FTE  %9FS (pPIoH-4ng )odreys < (‘[pe oA NgT INSIL-DT)odreys
%68 UTT® %I  %L'GS  UTEY  %LOV  %68F  %TTS (ProH-4ngy)edreys < (g1 INSL-DT1)edreys
WGTE %Y UVLT  %LTT %S0T %G6 WLLT  %F6T (ProH-4ng)odreys < (‘fpe oA NgI INSIL-ST)odreys
%9°TS  %UL6E  %USET  %TLT %9TT %L0T %LET  %8GI (prog-Angy)odreys < (NgT INSL-ST)odreys

8 PPOIN L IPPOIN 9 [PPOIN G [PPOIN ¥ [PPOIN € [PPOIN ¢ [PPOIN T [PPOIN

¢xd0d ‘TT°600%-2 6861 OI[0JHI0J }ossy-sso1) reje(

(o11e)-09UOTN ) SOI39)RI}G WNIUOWOIN ST JO Iotaeyog STy :0T °[qR],



UCD CENTRE FOR ECONOMIC RESEARCH - RECENT WORKING PAPERS

WP18/06 John Cullinan, Kevin Denny and Darragh Flannery: 'A Distributional
Analysis of Upper Secondary School Performance' April 2018

WP18/07 Ronald B Davies and Rodolphe Desbordes: 'Export Processing Zones
and the Composition of Greenfield FDI' April 2018

WP18/08 Costanza Biavaschi, Michat Burzynski, Benjamin Elsner, Joél Machado:
'Taking the Skill Bias out of Global Migration' May 2018

WP18/09 Florian Buhlmann, Benjamin Elsner and Andreas Peichl: 'Tax Refunds
and Income Manipulation - Evidence from the EITC' June 2018

WP18/10 Morgan Kelly and Cormac O Grada: 'Gravity and Migration before
Railways: Evidence from Parisian Prostitutes and Revolutionaries' June 2018
WP18/11 Kevin Denny: 'Basic Stata Graphics for Economics Students' July 2018
WP18/12 Ronald B Davies and Joseph Francois: 'Irexit: Making the Worst of a
Bad Situation' July 2018

WP18/13 Ronald B Davies: 'From China with Love: The Role of FDI from Third
Countries on EU Competition and R&D Activities' July 2018

WP18/14 Arnaud Chevalier, Benjamin Elsner, Andreas Lichter and Nico Pestel:
'Immigrant Voters, Taxation and the Size of the Welfare State' August 2018
WP18/15 Michael Spagat and Stijn van Weezel: 'On the Decline of War' August
2018

WP18/16 Stijn van Weezel: 'Apocalypse Now? - Climate Change and War in
Africa' August 2018

WP18/17 FM Kiernan: 'The Great Recession and Mental Health: the Effect of
Income Loss on the Psychological Health of Young Mothers' October 2018
WP18/18 Ronald B. Davies and Neill Killeen: '"The Effect of Tax Treaties on Market
Based Finance: Evidence using Firm-Level Data' October 2018

WP18/19 George Sorg-Langhans, Clemens Struck, and Adnan Velic: Solving
Leontief's Paradox with Endogenous Growth Theory

WP18/20 Alan Fernihough, Cormac O Grada: Population and Poverty in Ireland on
the Eve of the Great Famine

WP18/21 Cormac O Grada: The Next World and the New World: Relief, Migration,
and the Great Irish Famine

WP18/22 Lisa Ryan, Sarah La Monaca, Linda Mastrandrea and Petr Spodniak:
'Harnessing Electricity Retail Tariffs to Support Climate Change Policy' December
2018

WP18/23 Ciardan Mac Domhnaill and Lisa Ryan: 'Towards Renewable Electricity in
Europe: An Empirical Analysis of the Determinants of Renewable Electricity
Development in the European Union' December 2018

WP19/01 Ellen Ryan and Karl Whelan: 'Quantitative Easing and the Hot Potato
Effect: Evidence from Euro Area Banks' January 2019

WP19/02 Kevin Denny: 'Upper Bounds on Risk Aversion under Mean-variance
Utility' February 2019

WP19/03 Kanika Kapur: 'Private Health Insurance in Ireland: Trends and
Determinants' February 2019

WP19/04 Sandra E Black, Paul J Devereux, Petter Lundborg and Kaveh Majlesi:
'Understanding Intergenerational Mobility: The Role of Nature versus Nurture in
Wealth and Other Economic Outcomes and Behaviors' February 2019

WP19/05 Judith M Delaney and Paul J Devereux: 'It's not just for boys!
Understanding Gender Differences in STEM' February 2019

UCD Centre for Economic Research Email economics@ucd.ie




	WP19_06p.pdf
	Introduction
	Methodology and Implementation
	Data Description
	Step 1: Estimating Time-Series Models
	Step 2: Creating New Residuals
	Step 3: Creating Generic Returns
	Step 4: Computing Investment Strategies

	Empirical Analysis
	Historical Backtest
	Monte-Carlo Backtest
	Bootstrap Backtest

	Discussion
	Conclusions
	Robustness: An Alternative TSM Strategy
	Robustness: Monte-Carlo Results for the Overall Sample
	Robustness: Alternative Time-Series Models
	Robustness: Degrees of Freedom of the Student's t-Copula




